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Summary: This article extends the kink threshold regression model with a constant threshold
to a panel data framework with a covariate-dependent threshold, where the threshold is modeled
as a function of informative covariates. We suggest an estimator based on the within-group
transformation and propose test statistics for kink threshold effect and threshold constancy.
We establish the asymptotic joint normality of the slope and threshold estimators and derive
the limiting distributions of the test statistics. Our asymptotic results show that the inclusion
of a covariate-dependent threshold does not affect the asymptotic joint normality of the slope
and threshold estimates in the kink threshold regression model. Monte Carlo simulations show
that the finite-sample proprieties of the proposed estimator and test statistics are generally
satisfactory.
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1. INTRODUCTION

Since their introduction, threshold models have received much attention in econometrics, applied
economics, and other fields; see Tong (1990) and Hansen (2000), among others. The threshold
literature often assumes that the regression function has either a jump or a kink at a threshold
point. For instance, Chan (1993) and Hansen (2000) have focused on the threshold models with
a jump at the threshold point, whereas Chan and Tsay (1998), Hansen (2017), and Zhang et al.
(2017) have focused on kink threshold regression (KTR) models. The kink threshold model is a
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2 L. Yang et al.

subclass of threshold models subject to the requirement that the regression function is everywhere
continuous, but the slope has a kink at a threshold point.

It is worth noting that the KTR models differ from the classical regression kink design studied
by Nielsen et al. (2010) and Card et al. (2015). Regression kink design was popularised by
Card et al. (2015) as a modification of the widely applied regression discontinuity design. The
thresholds in the articles on regression discontinuity design and regression kink design are used to
determine the treatment variable, whereas the thresholds in the KTR models specify a nonlinear
effect, and hence KTR is not a quasi-experimental variation. In the classical regression kink
design, the parameter of interest is the change in the slopes at the policy threshold; however, the
parameter of interest is the slope coefficient itself in the KTR model investigated in the present
article.!

Hansen (2017) proposed a KTR model with an unknown threshold for time-series data. Zhang
et al. (2017) extended the KTR model with an unknown threshold to the panel data framework.
However, all these papers assume a constant threshold, which might be impractical in applications.
To illustrate this, consider the classical application of the KTR model in the nonlinear effect of
public debt on economic growth in Hansen (2017). As noted by the literature, including Reinhart
and Rogoff (2010), Cochrane (2011), and Krause and Moyen (2016), (high) inflation can erode
the real value of public debt burden, and thus, higher inflation might plausibly ease negative
growth effects of debt. On the contrary, other studies emphasise that the opposite might be true
(e.g., Akitoby et al., 2017, and Kriwoluzky et al., 2019)—that is, that inflation, as a form of
sovereign default, could increase the risk premium and affect the debt tolerance of investors (and
hence increase public debt costs), which might reinforce the negative growth effects of debt.
Overall, the two aforementioned effects can lead to the debt threshold depending on inflation;
nevertheless, given the two opposing forces of inflation, the net effect of inflation on the debt
threshold depends on which effect dominates and hence remains unclear. Thus, a covariate-
dependent threshold model appears to be more suitable and more useful than a constant one
in applications. However, in terms of a covariate-dependent threshold, only a few cases have
appeared in the empirical literature so far.”> Moreover, an asymptotic distribution theory for
estimation and testing in the covariate-dependent threshold models is still invalid.

In this article, we propose a panel KTR model with a covariate-dependent threshold (PKTR-
CDT), where the threshold is modeled as a function of informative covariates. The proposed
model is an extension of the KTR model with an unknown constant threshold described by
Hansen (2017) and Zhang et al. (2017). In estimation and model specification testing, we suggest
an estimator based on the within-group transformation (following Hansen, 1999) and propose
test statistics for kink effect and threshold constancy. Then, assuming a fixed threshold effect, we
derive the asymptotic properties of the proposed estimator and test statistics when the number of
individuals, N, tends to infinity under a fixed time period 7. As in the KTR models with a constant
threshold described by Chan and Tsay (1998), Hansen (2017), and Zhang et al. (2017), we show
that the slope and threshold estimators are jointly asymptotically normal with /N convergence
rate and a non-zero asymptotic covariance—that is, that the inclusion of a covariate-dependent
threshold does not affect the asymptotic joint normality of the slope and threshold estimates in
the KTR model. We also establish the limiting distributions of the proposed test statistics, and

! We highly appreciate a referee’s raising this point with us.

2 For example, Dueker et al. (2013) extended the classical smooth-transition autoregressive models by allowing for a
state-dependent threshold and applied their model to forecast US short-term interest rates; more recently, Yang and Su
(2018) introduced a flexible KTR model with a covariate-dependent threshold for time-series data and applied the model
to investigate the relationship between debt and growth.

© 2021 Royal Economic Society.
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Panel kink threshold regression 3

we assess the finite-sample performances of the estimator and test statistics through Monte Carlo
simulations.

The remainder of this article is organised as follows. Section 2 introduces the PKTR-CDT,
describes least-squares estimation of the model parameters, and proposes test statistics for thresh-
old effect and threshold constancy. In Sections 3, the Monte Carlo simulation study is described,
and simulation results are reported. Section 4 concludes. We present a detailed and formal proof
of the asymptotic results of the proposed estimator and test statistics in the Appendix, and we
extend the PKTR-CDT to the dynamic panel context in the online Appendix.

2. PANEL KTR WITH A COVARIATE-DEPENDENT THRESHOLD

Consider the following panel KTR with a covariate-dependent threshold,
yir = By (i — Vi— + By (Xie — vi)+ + Bhzi + i + i, 2.1

fori=1,2,...,N and t =1,2,...,T, where y;, x;, and ¢; are scalars, and z; is an [-
dimensional vector of regressors that include the covariates ¢;; (defined in the next equation).3
«; represents the unobserved individual heterogeneity, which can be correlated with x;, and z;.
(xiy — Yi)— = min[x; — 4, 0] and (x; — y;)+ = max[x; — Y, 0] denote the negative part and
positive part of x;; — y;, respectively. The slope with respect to x; equals B, if x; < y; and

equals ,Bf if x;; > y;. Thus, the regression function has a kink at x;; = y;. ¥4 iS a covariate-
dependent threshold, which is specified as a linear combination of informative covariates

qir = (q1.its - - - » qr.ir) explaining variation in thresholds over i and #; that is,
Yie = Yo + Yidir, (22)
where Yy represents an unknown threshold intercept, and y; = (y11, ..., yix) is a vector of

unknown slope parameters. Here, ¢;; cannot include the variables in x; contemporaneously
because of the problem of perfect multicollinearity.

Note that the model defined in (2.1) is a panel version of Yang and Su’s (2018) KTR with a
covariate-dependent threshold. The model can also be treated as an extension of Zhang et al.’s
(2017) panel KTR with an unknown constant threshold, which is a special case of our model
when V= 0k><l~

As in Chan and Tsay (1998) and Hansen (2017), we restrict our model to the context in
which the slope with respect to x;; has a kink, but the regression function is continuous in the
regressors x;; and z;. Considering the slope change has the advantage of capturing inverted
V-shaped relationships, which is important given that the economic literature often suggests
an inverted V-shaped relationship between economic variables. As in Zhang et al. (2017), we
restrict attention to the estimation and inference in the PKTR-CDT model when N — oo and
T is fixed. Furthermore, we also restrict the model to the case in which the regression segments
and threshold setting are linear rather than nonparametric (or nonlinear). This linear setting is
useful and reasonable in cases of moderate sample sizes, where nonparametric methods may
work poorly.*

3 tis important to include g;; in z;, for testing the kink effect against the linearity, which ensures that the linear model
is nested in the kink threshold model (2.1) under the null 8;” = 8 1+ However, this does not affect the consistency of the
proposed estimator of PKTR-CDT given the presence of the kink threshold effect, because whether or not to include g;;
in z;; does not affect the conditions under which Theorem 2.1 holds.

4 It would be useful to extend our model to a nonparametric threshold specification. We thank an anonymous referee
for raising this point with us.

© 2021 Royal Economic Society.
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2.1. The estimates and asymptotic properties

For convenience, we rewrite the model in a more compact form. Denote 8 = [B;, ,31*, BT,
Yy = (o, y)) s and x;(y) = [(xi — ¥i)—, (Xir — Vit)+» 2,,]". Then, model (2.1) can be rewritten as

yie = B'xi(¥) + i + €. (2.3)
To eliminate the individual effect «;, we take averages of (2.3) over the time
i =B'X(y) + o +&, (2.4)

where y; = T~/ ZLI YVir, Xi(y) =T ZzT:I xi(y), and & = T~ Zszl ¢i. Then, we remove
individual-specific means by taking the difference between (2.3) and (2.4),

Yie = ﬂ/jéit()’) + Eirs (2.5)

in which i = y; — y;, X¥4(¥) = x4(¥) — X:(¥), and &; = &;; — &;. o

Let §; = (Ji1, ..., Vi), %i(¥) = @ (p), ..., Xu(p)), and & = (&1, ..., &) Let Y, X(p),
and & denote the data stacked over all individuals, ie., Y = (y{,...,yy), X(¥)=
FE((p), ..., %)), and & = (], ..., &y)". Thus, (2.5) can be rewritten as Y =X(p)B +¢.
For any given y, and y/, we can estimate the slope coefficient 8 as follows:

A . . . .
By)=[X»Xy)] X'@)Y. (2.6)
The parameters of the covariate-dependent threshold can be estimated as
y = (9o, 7)) = argmin SSRyz(y), 2.7)
yel

where SSRyr(y) = (¥ = X(»)B()) (¥ — X(»)B(¥)).T =Ty x I'j,and Tgand I'y = I'yy x
[ x -+ x T'y; are the parameter spaces and are assumed to be compact. Once the estimates
¥ = (o, |) are obtained, a natural estimate for g is given by B(f'). The least-squares estimator
has been widely used in the threshold literature; see, e.g., Hansen (1999), Hansen (2017), Zhang
etal. (2017), and Yu and Fan (2020), among others. Recently, Yu and Fan (2020) documented that
the threshold parameters may not be identified uniquely in the discontinuous threshold models
with a threshold boundary, leading to a difficulty in calculating the least-squares estimator of the
threshold parameters, but in the continuous PKTR-CDT model this difficulty disappears.’

In applications, one may specify I'g as [x(.15n3), X©.853m], With x(,;, being the nth-order
statistic of x;, and set I'y; as [—7max, Tmax], in Which 7. = max{|xo.15nm)l, |X©.85m1} for
j=1,2,..., k. Furthermore, to implement the minimisation in (2.7), we suggest a two-step
approach based on concentration and grid search. First, for any given yy, we compute the sum
of squared errors SSRyr(y) = SSRNT()/O, ) for each y; € I'. Second, we compute the mini-
mum SSR (Yo, (Vo)) = arg mln SSR ~r(¥0, ¥1), and we estimate the threshold parameters by

(o, 7)) = (Jo, 7/(#p)) = argmin SSRNT()/O, 7/(%))- As suggested by Hansen (1999), it might be
Yo

undesirable to select values for the threshold parameters (7, /) that sort too few data into one
or the other regime. In application, we suggest that the aforementioned grid search be restricted
to values of (9, /) such that a minimal percentage of the observations (say, 10% or 15%) lies
in both regimes; the robustness of the results may be verified by using different choices of the
percentage.

3 This is illustrated by Monte Carlo simulations in an unreported appendix. We thank an anonymous referee for raising
this point with us.

© 2021 Royal Economic Society.
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Panel kink threshold regression 5

The estimation procedure described above works well in the case in which a few covariates are
used to model the covariate-dependent threshold. There may be a practical difficulty in the case
of large-dimensional g;;, and the present article does not discuss how to select relevant covariates
¢;; among many potential covariates. For a discussion of large-dimensional ¢;, and how to select
qi1, please refer to Lee et al. (2018).

To derive the asymptotic distribution for the proposed estimator of 8 = (B’, y’), define the
true value

80 = (By. ¥)' = argmin L(B, y), (2.8)

BeB,yel

where L(B,y) = Z:T=1 E[9; — B'#y(y)])? is the squared error loss. For any given y € I, the
concentrated squared loss is

T
L(y) =) El3i — B &), (2.9)

t=1

in which B(y) = (ZIT:I E [J’c'it(y)jc'{t(y)]) ] Zthl E [¥;,(y)y::]. By concentration, py is the min-
imiser of L¢(y) and By = B(yo).
Let1l;,(y) = 1(xi < yi), and T;(y) =1,(y)— % Zthl 1; (). Similarly, we can define 17 ()
and Tf(y). Let §; () = qil; ) — X2 €l 1), i ) = €l ) — 7 22, €l ;)
Xi(y) )
ein(0) = i — B'Ei(y). ha(0) = =240 = | —B17(r) — B TH(p) |.and Dy(y) = — 2 =
—Br G ) — Bl (v)
0 0 0l d »
0 0 0, i ai W
051 O O 01 Opie |- Denote hiy = hi(0o), e = ei(6o), Di = Di(yo), hi =
L) i) 0 0 0
Gy ) dd @) Ot Ot Opse
(hil, hi2, ey h,‘l)/, and e = (6[1, €idy v, 6,‘,)/.
To establish the asymptotic distribution of 9, we need the following assumptions.

ASSUMPTION 1. (i) Foreacht, w; = (Y, Xir, 2y, q},) are independently identically distributed
(i.i.d.) across i; (ii) for some r > 1, E|yy|* < oo, E|x;|¥ < 0o, E|zy|* < oo, and E|qy|*" <
ooy (iii) Eleul|(xis, 2j, qis, i 2 1 < s <T)] = 0.

ASSUMPTION 2. (i) wj; has a probability density function f, ,(w), where Wi = (Yir, Xir, 2y 41,);
(it) (wj;, wi5) has a joint probability density function fy ;s (iii) x;; has a conditional proba-
bility density function given q; = q, satisfying max,<,<r fq..(x|q) < fq < 00; and Fy is the
corresponding conditional cumulative distribution function of x;, conditional on q;,.

ASSUMPTION 3. inf,crdet Q(y) > 0, whereQ(y):ZrT:l E[x:(p)X,(y)] and T is
compact.

ASSUMPTION 4. ﬂi" — By isaconstant,and B € B C R'*2, where B is compact.
ASSUMPTION 5. yg = argmin,, . L°(y) is unique. O

These assumptions are almost the same as those in Hansen (2017) and Zhang et al. (2017).
The difference is the inclusion of g;, in Assumptions 1-2, in which we assume the 4r-th moment

© 2021 Royal Economic Society.
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6 L. Yang et al.

condition to ensure that the central limit theorem and the weak law of large numbers hold, and we
impose strict exogeneity of the regressors and the covariates affecting the threshold. This rules
out dynamic panel data models, which will be discussed in the online Appendix. Assumptions
3-5 are identification conditions. Assumptions 3 and 4 ensure that the projection coefficient S(y)
is well defined and the parameter spaces for y and f8 are compact. Assumption 5 rules out the case
of multiple best-fitting threshold parameters y. Hansen (2017) and Zhang et al. (2017) showed
that the slope and threshold estimators in KTR with an unknown constant threshold are jointly
asymptotically normal for time-series data and panel data, respectively. We extend the asymptotic
theory to panel KTR with a covariate-dependent threshold.

THEOREM 2.1. Under Assumptions 1-5, as N — oo,

VN® — ) -5 N, V), 2.10)
where V.= G~'SG™', S = var(h}e;), and G = E(h}h;) + Y.]_, E(Dyey).
Proof. See the Appendix. O

Theorem 2.1 indicates that the inclusion of the covariates g;; in the covariate-dependent thresh-
old does not affect the asymptotic joint normality of the slope and threshold estimates in the
PKTR-CDT model. Following the proof in the Appendix, we can easily verify that such an
asymptotic joint normality also holds in Yang and Su’s (2018) KTR with a covariate-dependent
threshold for time-series data.

As discussed in Hansen (2017), statistical inference based on the asymptotic distribution may
perform poorly in small samples because the least-square criterion is nonquadratic with respect
to the threshold parameters y, possibly leading to poor quadratic (e.g., normal) approximations
unless sample sizes are quite large. In applications, we can construct confidence intervals for
the threshold parameters by inverting the following test statistic for the null Hj : y = y, against

H, : y # w, given by
Sx(») — 63 (P)
6y(P)/N

bl

Fn(y) =

where 65(y) = SﬁNT(y). The null hypothesis is rejected for large values of F(yo). Following
Hansen (2017) and Zhang et al. (2017), a bootstrapping procedure is proposed to compute the
confidence intervals for the parameters.

Algorithm A. Confidence intervals for parameters

Step 1. Use the original sample (yi, Xir, 2, g;;)’s to estimate model (2.1), and obtain the
parameter estimates (3, ) and the residual &, = fi;, — ;, in which #; = y;, — ﬁ’x,-,(f/) and
i = %Z?:l .

Step 2. Generate i.i.d. draws u}, from the N(0, 1) distribution for i =1,..., N and t =
1,...,T,andset &f = &,u}, and y; = B'xu(P)+ f; + ;.

Step 3. Use the observations (v, xi, 2}, ¢/,)’s to estimate the KTR model with a covariate-
dependent threshold, yielding the parameter estimates (/Ai*, P*) and 67{,2(37*) = %(Y* —
X(}?*)B*(?*))/(Y* — X(?*)[B*(ff*)), in which ¥* denotes the data of vi stacked over all in-
dividuals. e )

Step 4. Compute the F-type statistic Fj () = WO P iy which 62(p) = v (¥ —

. A .o . A 6;(/2(?*)/1\/
XPB @)X — X(F)B(P)).

© 2021 Royal Economic Society.
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Panel kink threshold regression 7

Step 5. Repeat Steps 1-4 B times, and obtain a sample of simulated coefficient estimates and
the test statistic {B*(b), YD), F;\‘,yb(f/)},f:l.

Step 6. Create 1 — o bootstrap confidence intervals for the slope parameters 8 =[S, /31+ BT
by the symmetric percentile method: the estimates plus and minus the (1 — «) quantile of the
absolute centered bootstrap estimates. For example, for 8, the confidence interval is B]’ 47,
where g;_ is the 1 — a quantile of |B;* — B} |.

Step 7. If necessary, compute the bootstrap standard errors for the parameters 8 and y by using
the sample of simulated coefficient estimates. For example, for 8, the bootstrap standard error

is S =\ 5 S8 (B B) — AR where B = LY B,
Step 8. Calculate the 1 — « quantile ¢j_, of the simulated F' statistics {F, b(f/)}f:l. Then, one
can create a 1 — « bootstrap confidence interval for y as CJ = {y : Fn(y) = ¢]_,}.

Following Hansen (2017), we next consider inference on the KTR function in the proposed
PKTR-CDT model:

g@lw) = B'x(y) +a, 2.11)

where w = (.X', Z/, q/v Ot)/, x()’) = [(-x - V()’))ﬂ (x - y(y))+9 Z/]/’ and y(y) =% + yl/q’ and o
denotes the unobserved individual heterogeneity stacked over all individuals. For clarity, the
KTR function is conditional on w, which is slightly different from Hansen (2017); however, as
in Hansen (2017), our theory will also take w as fixed.

In the PKTR-CDT model, the KTR function is not differentiable at x = yy + y{ q; i.e., the
regression function is continuous but not differentiable. As discussed in the literature (e.g.,
Hirano and Porter, 2012; Woutersen and Ham, 2013; Fang and Santos, 2014; Fang, 2014; Hong
and Li, 2015), the nondifferentiability implies that, even though Theorem 2.1 shows that @
is asymptotically normal, g(9|w) will not be asymptotically normal at x = yg0 + ¥;,¢, where
Yo = (Yoo, ¥4;) s the true value, and asymptotic normality is likely to be a poor approximation
for yy close to x = yy + y/q. As can be seen, when g = 0, this problem degenerates to the case
in Section 6 of Hansen (2017).

We then extend the analysis in Hansen (2017, p. 235) to the PKTR-CDT model. As in Hansen
(2017), although the KTR function is not differentiable at x = yy + p/q, it is directionally
differentiable at all points, implying that both the left and right derivatives are well defined. The
directional derivative of a function ¢(#) : R*+3 — R in the direction & € R'T*+3 is

¢ + he) — P(6)

do(h) = lim (2.12)
e—0t &
Thus, we can calculate the directional derivative of g(#|w) in the direction h = (h/,, h/y)/ in
which hy, = (hy,, b)) and hy, = (hy,,, ..., hy,,)":
go(h|w) = x(y)'hg + gy(hy|w), (2.13)
where
gy(hy|w)
—B; (hy, +4q'hy,) Cifx < v+ ¥(g
=1 -h (’ﬁ +Xi flih%) — B (h;) + Y qz'h;l,-) Cifx=wn+rg .
—B7 (hyy +q'hy,) Cifx >y + (g

in which i, = hy, 1(h,, < 0) and h = hy, 1(hy, > 0) fori = 0,11, ..., lk.

© 2021 Royal Economic Society.
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8 L. Yang et al.

Because (2.13) is continuous in &, on the basis of Theorem 2.1, we can immediately obtain the
following asymptotic result following Hansen (2017) and Fang and Santos (2014, Theorem 2.1).

COROLLARY 2.1.
N d
VN (@1w) — g@0lw)) > ga,(Zlw), (2.14)
where Z ~ N(0, V), and gg(h|w) is defined in (2.13). O

Note that Corollary 2.1, which is based on Theorem 2.1 and Fang and Santos (2014, The-
orem 2.1), is a generalised version of Hansen (2017), and when g = 0, our result degenerates
to Hansen (2017). For x # yo0 + ¥4,4, we have a normal asymptotic distribution, as shown in
Corollary 2.1; however, at x = yyo + ¥4, the asymptotic distribution is a nonlinear transforma-
tion of a normal random vector and will be biased, with a bias depending on the covariate ¢ and
the relative magnitudes of ;" and /314'. For example, if 8; =1, 8; = —l,andgq =(1,...,1),
then g, (hy|w) = —|h,,| — Zle |1y, |, leading to the asymptotic distribution in Corollary 2.1
having a negative mean.

In our PKTR-CDT model, as in Hansen (2017), we face the same problem in constructing the
confidence intervals of the KTR function because of the non-normality in Corollary 2.1. According
to Corollary 3.1 of Fang and Santos (2014), Corollary 2.1 implies that the conventional bootstrap
is inconsistent, as illustrated by Hansen (2017). Therefore, Fang and Santos (2014) suggested
that one can approximate the distribution of VN (g(élw) — g(0y|w)) by that of go(ﬁ (9* —
0)|w), where 0* is the bootstrap distribution of 6 and 8o(h|w) is an estimate of gg(h|w). When
g(0|w) is Lipschitz continuous, Hong and Li (2015) suggested that gg(k|w) can be estimated
as

B,y +hyen|w) — g(B, plw)
VNey ’

in which we assume that, for some sequence ¢y > 0, we have ey — 0 and ~/Ney — oo. The
above method is known as “the numerical delta method.”

Zo(hlw) = x(P)hg + (2.15)

2.2. Testing for the kink threshold effect and threshold constancy

One of the reasonable and important questions is to test whether the panel KTR model is sig-
nificantly different from the linear panel model y; = Bix; + B5zir + o + &;, which is nested
in (2.1) when z; includes ¢q;. Thus, we consider the null hypothesis of a no-kink threshold
effect HO1 B = ,3;r against the alternative hypothesis Hl1 B # ﬂf’. Denote the usual fixed-
effect estimator of the linear model as (,31, ﬂz), and obtain the residual &; = ii; — #;, in which
iy = yir — Bixi — ﬁézit and ii; = %ZLI it;. Then, the error variance estimate in the linear
model is 63 = + SN 3T &2, On the other hand, denote the error variance estimate of the
proposed covariate-dependent threshold model as 65, (P) = %(Y — X(?)B(}?))/(Y — X()?)/}(f/)).
Likewise, we denote the error variance estimate of Zhang et al.’s (2017) constant thresh-
old model as 64().° Then, a standard test for the null hypothesis of linearity can be given

6 In the panel KTR model with a constant threshold, to test the null hypothesis of no kink effect, one can directly extend
2 A2
Gy—65(0)

Hansen’s (2017) test statistic to the panel framework by constructing the following test statistic: W]C = 2o/
N

© 2021 Royal Economic Society.
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Panel kink threshold regression 9

by
~2 A ~ _
O kL AN Bl 102} (2.16)
6yP)/N yel UN(Y)/N
Another important problem is to determine whether the threshold is constant. To this end,
consider the following null hypothesis: HZ : y; = 0. Then, a natural test for the null hypothesis
of the constant threshold against the covariate-dependent threshold model (2.1) can be given

by

W, = 5800 —63®) o1
SR(PIN '

THEOREM 2.2. Suppose Assumptions 1-5 hold. As N — oo, under HO1 we have

i GMOT'WRI[RQ'»MR] R QT »G»)

Wi — sup 5 (2.18)
yel GT
and under Hoz, we have
ZG 'R,[R,G 'R, 'R.G"'Z
W, -4 ARG R R, (2.19)

o7 '
where Q_l()’) = (ZtTZI E[xlt(y)xl/[(y)])_ly G% = ZZTZ] E(Slzt)r Rl = [1’ _17 01)([]/: Z~
N(O, S), S = var(h;e,-), G = E(h;h,) + Zthl E(Di,ei,), and R2 = [ka(1+2), Ik], and G(}’) isa

zero-mean Gaussian process with covariance kernel

T
Ky, o) = E (GG (yo) = Y E (¥u(v)¥,(v2)E7) -
=1

Proof. See the Appendix. O

As discussed in Hansen (1996, 2017) and Zhang et al. (2017), the limiting distribution of the
test statistic W is the supremum of a quadratic form of the Gaussian process, and hence it is
generally not straightforward to tabulate the critical values. In practice, we can follow Hansen
(2017) and Zhang et al. (2017) to use a parametric bootstrap procedure to calculate the p values
or critical values.

Algorithm B. Testing for kink effect and threshold constancy

Step 1. Use the original sample (yj;, X, 2, g;,)’s to estimate the linear model y; = Bx; +
Bozii +a; + en and the constant threshold model yie =B (x,, y) + /31 (x,, V) + ﬂzz,, +
o + e”, and obtain the residual e = ul — u and & = i1, u , in which u” = y,, ,31x,t

BZZU’ i= T Zt luzt’ and & uzt - yll /31 (xlt J/)— - /31 (xzt )/)+ ﬂzzlt, i =T Z[ 1 u
Step 2. Generate 11 d. draws u}, from the N(0, 1) distribution for i =1, , N and t =
1,...,T, and set ei* = &lus and v = Bixu + Bz + 0L + &l Set &5 = é“u* and y;* =

B (e — v)- + B G — v)s + ﬂzzn + 0§ + &5

Step 3. Use the observations (y4*, x;, z},, g/)’s and (y5*, Xir, 2y, q},)’s to estimate the linear
model and the covariate-dependent threshold model (2.1), and compute the F-type statistics W)
and W,.

Step 4. Repeat Steps 1-3 B times so as to obtain two samples Wi (1), Wi(2), ..., W(B) and
Wi), Wy (2), ..., W;(B) of simulated W; and W, statistics.
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Step 5. The empirical p values can be obtained by calculating the percentage of the simulated
statistics that exceed actual value when the number of B is sufficiently large.

3. MONTE CARLO SIMULATIONS

In this section, we conduct Monte Carlo simulations to examine the finite-sample performances of
the proposed estimation procedure and the test statistics for kink effect and threshold constancy.
We adopt the following three data-generating processes (DGPs):

DGP 1: y;=0.4(x; — yi)- +0.8(xis — vi)+ + 22 + o + uy
DGP 2: y; =04(x; —y)- +0.8(xi — ¥)+ + 2zi + o + uy
DGP 3: Vit = 0.4)61'[ + 2Z,’[ —+ o + uy,

where x;; = 0.25¢t; + ug i + Uy i, Zie = 0.50; +ug i + 1z, and y; = 0 4 0.5¢;, in which ¢;, =
s Ug,ir ~ 1.1.dN(0.5, 1), and o; ~ i.i.dN(0, 1). The constant threshold y is set as zero. The
innovation processes u;, Uy ;;, and u. ;, are independent of each other. u;, follows i.i.d.N (0, 0.5%).
uy i and u; ;, follow i.i.d.N (0, 1). The number of replications is 1,000.

We first evaluate the finite-sample properties of the proposed estimator, comparing with the
constant threshold model proposed by Zhang et al. (2017). To this end, we focus on DGP 1 and
DGP 2. Note that DGP 1 is accompanied by a covariate-dependent threshold, and hence using the
constant threshold model is inappropriate and might lead to biased estimators; however, DGP 2
contains a constant threshold, and thus using the proposed covariate-dependent threshold model
is not necessary but should be harmless.

Table 1 presents the summary statistics (i.e., mean and standard deviation) for the estimates
based on the constant threshold model. From Table 1, it can be seen that the constant threshold
model proposed by Zhang et al. (2017) works reasonably well when DGP 2 is used (i.e., the
DGP does not contain a covariate-dependent threshold). However, the results show that if the
covariate-dependent feature in the threshold is ignored, the estimates might be seriously biased and
have large standard errors, caused by the misclassification of observations because of threshold
misspecification.

From the summary statistics reported in Table 2, it can be seen that the proposed estimator
seems to be unbiased, and the accuracy of the model improves as either N or T increases. When
N changes from 50 to 200, the standard deviation decreases by almost half, which is consistent
with the ~/N convergence rate implied by Theorem 2.1. In sum, the proposed estimator has good
properties in finite samples, even if the true DGP is without such covariate-dependent features in
the threshold.

Table 3 reports the empirical sizes and powers of the test statistics. The empirical sizes of W)
and W, are close to the nominal size 5%. When the sample size is small (i.e., N x T = 500),
the power of the test W; is low. However, the powers of the test W, are reasonably high when
N x T > 1000. Moreover, the empirical powers of W, are very high for all cases considered. In
sum, the proposed tests perform well in finite samples.
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Table 1. Estimates of the parameters on the basis of Zhang et al. (2017)’s constant threshold model.

DGP 1 Y0 =0 B =04 B =038 Br=2
T N Mean  Standard Mean  Standard Mean  Standard Mean  Standard
deviation deviation deviation deviation
10 50 0.288 0.648 0.482 0.067 0.750 0.055 1.683 0.021

100 0.209 0.496 0.484 0.052 0.739 0.038 1.684 0.014
200 0.220 0.358 0.491 0.035 0.735 0.025 1.684 0.010
20 50 0.233 0.469 0.487 0.048 0.740 0.035 1.684 0.014
100 0.229 0.357 0.492 0.035 0.736 0.025 1.684 0.010
200 0.235 0.238 0.496 0.023 0.734 0.017 1.684 0.007
50 50 0.231 0.306 0.494 0.030 0.735 0.022 1.684 0.009
100 0.230 0.229 0.495 0.021 0.734 0.016 1.684 0.006
200 0.239 0.160 0.497 0.015 0.733 0.011 1.684 0.004

DGP 2 =0 B =04 f}fr =0.8 Br=2
T N Mean  Standard Mean  Standard Mean  Standard Mean = Standard
deviation deviation deviation deviation
10 50 0.009 0.266 0.393 0.057 0.805 0.037 2.000 0.019

100 —-0.007  0.172 0.394 0.039 0.802 0.024 2.000 0.013
200 —0.001 0.117 0.398 0.027 0.801 0.017 2.000 0.010
20 50 0.000 0.168 0.396 0.038 0.802 0.024 2.000 0.013
100 —0.001 0.112 0.398 0.026 0.801 0.017 2.000 0.010
200 0.004 0.077 0.400 0.019 0.801 0.011 2.000 0.007
50 50 0.001 0.097 0.400 0.023 0.801 0.014 2.000 0.008
100 0.004 0.073 0.400 0.016 0.801 0.010 2.000 0.006
200 0.003 0.052 0.400 0.012 0.800 0.007 2.000 0.004

4. CONCLUSION

This article proposes a panel KTR model with a covariate-dependent threshold (PKTR-
CDT). We suggest an estimator based on the within-group transformation, following Hansen
(1999), and we construct test statistics for kink effect and threshold constancy. The asymp-
totic joint normality of the slope and threshold estimators is established, and the limiting
distributions of the test statistics are derived. An interesting finding is that the inclusion of
the covariates ¢; in the covariate-dependent threshold does not affect the asymptotic joint
normality of the slope and threshold estimates in the KTR models. Monte Carlo simula-
tions show that the finite-sample proprieties of the estimator and test statistics are generally
satisfactory.
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Table 2. Estimates of the parameters obtained by using the estimator proposed in Section 2.

DGP1 Y0 =0 y; =0.5 B =04 B =08 Br=2
T N Mean Standard Mean Standard Mean Standard Mean Standard Mean Standard
deviation deviation deviation deviation deviation
10 50 —0.004 0.294 0489 0.148 0.384 0.073 0.807 0.050 1.993 0.098
100 0.000 0.189 0.494 0.101 0.396 0.048 0.803 0.034 1996 0.067
200 0.003 0.130 0.497 0.067 0.399 0.035 0.802 0.024 1997 0.046
20 50 0.004 0.172 0489 0.099 0.396 0.046 0.803 0.034 1.993 0.065
100 0.004 0.126 0.498 0.068 0.400 0.034 0.802 0.023 1.998 0.046
200 0.000 0.084 0.499 0.047 0.399 0.022 0.800 0.017 1999 0.031
50 50 0.000 0.111 0496 0.062 0.398 0.029 0.800 0.020 1.997 0.041
100 0.003 0.074 0.497 0.044 0.399 0.019 0.801 0.014 1998 0.030
200 0.002 0.053 0.498 0.024 0400 0.015 0.800 0.010 1999 0.017
DGP2 10 =0 =0 B =04 B =08 Br=2
T N Mean Standard Mean Standard Mean Standard Mean Standard Mean Standard
deviation deviation deviation deviation deviation
10 50 —-0.005 0.272 —-0.016 0.191 0.388 0.066 0.803 0.039 1.990 0.129
100 —0.003 0.185 —0.015 0.130 0.397 0.046 0.802 0.028 1.989 0.088
200 —0.001 0.125 —0.008 0.092 0.399 0.032 0.801 0.020 1.994 0.063
20 50 0.005 0.176 —-0.013 0.126 0.397 0.043 0.802 0.028 1.991 0.087
100 —0.001 0.129 —0.008 0.087 0.400 0.032 0.801 0.020 1.994 0.059
200 0.001 0.088 0.000 0.061 0.399 0.022 0.800 0.014 2.000 0.042
50 50 0.000 0.103 —0.004 0.080 0.399 0.027 0.800 0.016 1.997 0.055
100 0.003 0.072 —-0.003 0.057 0400 0.017 0.801 0.012 1.998 0.039
200 —0.001 0.054 —0.002 0.036 0400 0.014 0.800 0.008 1.998 0.025
Table 3. Empirical sizes and powers of the test statistics.
Test for kink effect (W) Test for constancy (W)
Size (DGP
Size (DGP 3) Power (DGP 1) 2) Power (DGP 1)
T N B =04 ;81* =0.6 ﬂf =0.8 y = 0.0 1 =03 y1 =0.5
10 50 0.053 0.759 1.000 0.051 0.770 0.978
100 0.057 0.967 1.000 0.059 0.954 1.000
200 0.065 1.000 1.000 0.048 1.000 1.000
20 50 0.053 0.980 1.000 0.056 0.970 1.000
100 0.054 1.000 1.000 0.049 0.999 1.000
200 0.050 1.000 1.000 0.056 1.000 1.000
50 50 0.056 1.000 1.000 0.048 1.000 1.000
100 0.057 1.000 1.000 0.059 1.000 1.000
200 0.042 1.000 1.000 0.057 1.000 1.000
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APPENDIX: PROOFS OF THE MAIN RESULTS
This appendix provides the proofs of Theorems 2.1 and 2.2 in the paper. To this end, we first prove the
following Lemma, which is used to prove Theorem 2.1.
LEMMA A.l1. Under Assumptions 1-2, we have

E[1(yii < Xi < v2i) ] < Jo lvoe — youl+ C fy llyia — vl (A.1)
where y; i = vo; + yl’jqi,forj =1,2
Proof of Lemma A.1. First, we consider the expectation conditional on ¢;; ,

E[1(yui < X < voir) | 4] = Fe0i0) = Fy(riin), (A2)

where F is the conditional cumulative distribution function of x; conditional on g;;.
By the mean value theorem and Assumption 2, we have

Fy(yair) = FqOrrio) < Jy [vaie — viae]
= fq |V02 + ¥hqi — (VOI + y{lqit)|
< falve —val + fo |(va — 7)) @i

< fylve — voul + fq vz — vl llgael - (A.3)
Taking the expectation over both sides of the inequality, we have
ELE [1 (v < Xi < voue) | 4a]] < Jy lvoe — youl + fo Iz = yul E llgall - (A4)
By the law of iterated expectation and Assumption 1 (E|q;|| < C < o0), we therefore have
E [1 ()’l.it =X = J/z,ir)] = J_Cq [v02 — youl + C]_Cq Iy —wul. (A-a

Proof of Theorem2.1. Definee;(0) = yi: — B'%:(y) = &x + (B’ — BX:u(y) + Byl¥u(yo) — ¥4(y)]. Then,
we can write SSRyr(0) = + ZlN:l Z;T:1 e2(0).

The estimator § = (ﬁ’, p) = arg mingeBxpSﬁNT(O) solves the first-order condition—that is,
¥ 2 iy ha(@)eq() = 0. The true value 8y = (B, y;) minimises L(B, y) = Y., E[3i — B'%:(»)I*,
and hence we have Zthl E[hi(0y)e;(6,)] = 0. [l

Following Hansen (2017) and Zhang et al. (2017), we complete the proof of Theorem 2.1 by verifying
the following conditions:
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Condition 1.6 — , 8.
Condition 2. ﬁ SN S huei—>aN(0, S).

Condition 3. Q0) = Y_,_, E[hy(0)h},(0)] + X|_, E[(— 27 hi(0))ei(0)] is continuous in 0, and Q(6) =

0.
Condition 4. v(0) = ﬁ Z,N:l Z,T:1 [h;(0)e;i(0) — E[h;(0)e;(0)]] is stochastic equicontinuous.

We first verify Condition 1. For any given x;, x;(p) is continuous in y, and hence ¥;(y) = x;(y) —
% ZL] x;(y) is also continuous in y. Furthermore, ¢;(6) and eizt(O) are continuous in 6. By the triangle
inequality, we have the following bound:

121 < lxaO)I* + 230 lxi )12
< lzall® +x2 4+ C2 + Igal*C2, + 5 30 {llzisl* + x2 + CZ, + llgis I7C2 ),

in which Cr, = sup{|_yo| 2y € [y} and Crl = sup{||y1l| : y1 € I'1}. Furthermore, we have () = (¥ —
B'x:(y))? <252+ 2B%|%,(»)|*, where B = sup{||B|| : B € B}. Thus, under Assumption 1, we have
E[e2(#)] < oco. Then, by Lemma 2.4 of Newey and McFadden (1994), E[e2(6)] is continuous in 6 and

T

N T
% ) {Zei(f)) - E[e?,«))]}” = 0,(1).
i=1 =1

=1

sup
0eBxTI

Given the compactness of B x I' and the uniqueness of the minimum true value 6, by assumption, Theo-
rem 2.1 of Newey and MaFadden (1994) established Condition 1: 0 — » bo.

Condition 2 follows by the standard central limit theorem (Assumption 1).

We next establish Condition 3. From the expression of Q@)= ZL] E[hi(0)h,(6)] +
ZtT:l E[(—%hi,(o))ei,(o)], we note that the elements of the matrix E[h;(0)h}(0)] are quadratic
functions of B, and e;(f) is continuous in 6 = (B,y). Thus, Q(#) is continuous in f.
Next, we observe that y enters Q(#) through one of the following forms (or its transpose):
Elxy()xis(0)1 Exu)zis], ENL) 1)1, Elwy 1)), and Elg]w; 1,(»)]. By Assumption 1, there
is a C satisfying (E||w;]|*)"/" < C < oo. Thus, by Lemma A.1 and Holder’s inequality, we obtain

E|wil(yii < xi < vaid)|” < ElNwal P (E[1 (e < 30 < p2i0l)°

< C(fqlvor — vorl + C fy lyia — yu D",
where t© = 4. Therefore, E[w;l;;(¥)] is continuous in p. Similarly, we can show that
Elxy()xis(»)], Elxi(¥)zis], E[1:(¥)1i5(¥)], and E[gw;1;,(p)] are also continuous in y. We therefore
conclude that Q(@) is continuous in #. Evaluated at 6y, we find Q(6y) = Q. Thus we obtain Condition 3.

We next establish Condition 4. We write m;(0) = (mL(0),m2(0), m}(0)Y, in which
m;(0) = hi(0)ei(9), m;(8) = &u(P)iu — B'%u(P)), mi0) =~ 1)+ B 15 i — B'%a(¥)],
and m;(0) = —[B; §; () + B d@; Wi — B'%u(p)].

Noting that the first part is linear in B, and the second and third terms are quadratic in B, it suffices
to show the stochastic equicontinuity with regard to y = (yo, y1'). We thus simplify notation by writ-
ing m; (@) = m}(y). Note that y enters all the terms in m;(6) through one of the following forms (or
its transpose): E[yixis(¥)], Elxi(y)xis(¥)]; Elxa(y)zis], Elwie1is(P)], Elgjwilis(p)l fort, s =1,..., T.
Under Assumption 1, m}(y) has a bounded 2r-th moment, and the envelop condition holds. For any
8 set N(8) =672 and set Y.x = Vo, }’f,k]/’ k=1,...,N;, to be an equally spaced grid on I'. No-
tice that the distance between the grid points is 0(#). Define m},, = min[m}(y.,_i), m}(y.,)] and

my, = max[mj(y. 1), m;(y.1)]. Then, for each y = [y, y{I’, there exists y.x = [yox, ¥ ,]’ such that
2

m}, < m;(y) < m};. Thus,[m],, m}};]brackets m}(y). Using the bound ofEHw,-,l(yi,,k,l < Xit < Virx)
we can obtain

E”mi/k —m;, H = E”mir(y’.k) - m,‘;(y.k—l)” 1

< Cf " vox = voxal + Cllyix = via-i I} < O(N; 7) = O(8?).
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It follows that N(8) = 82 are the L? bracketing numbers and H,(8) = In N(8) = O(|In §|) is the metric
entropy with bracketing for the class {m};(y) : ¥ € I'}. Hence, Condition 4 holds by (2.17) of Doukhan et al.
(1995). a

Proof of Theorem 2.2. For convenience, let Ry = (1, —1,01,,), z; = (g}, 25,), and B, = (B5,. B3,)'s
and the true value 6y = (By;, Bor> Boars Boas Yoo, ¥,) - Therefore, under B, = By, = Bor and for any fixed
y € T, (2.1) can be rewritten as

yi = (i = Yuo))_ Bor + (xa — va(¥o))1 ot + g Bzt + 25, Bozz + i + €3
= (xir — ¥a(P0)) Bo1 + q;,Boz1 + 25, Boxz + i + €
= (xir = ¥a()) Bor + (Vo — voo)Bor + q;; (Boar + (1 — Yo Bor) + 25;, Bz + i + &5t
= (xir — Yu(¥))_ Bor + xi — va(¥))5 Bor + (Yo — voo)Boi
+4q;; (Boar + (1 — vo)Bor) + 25, Bonz + i + €t
= x,(¥)Bo(¥) + (o — Yoo)Bor + i + s (A.6)

where Bo(¥) = (Boi> Boi» Booy + (21 — vor)' Bors Biny)'-
Thus, for any fixed y € I', by Theorem 1 in Hansen (1996), we have

VN (B () = BF ()

1 & T
R| |:N 25",{()’)5@()’)} |:N fo()’)éi:|
i=1

i=l1

VNR,[BO) - o]

L RO G, (A7)

and for any fixed y, yo) € I', as N — oo, we have

N
P 1 o .
O(ya): va) = Nzx,-(}’a))xi(ﬂb)
i=1

a.s. T
=5 Q0 ve) = ) EGa)E (o), (A8)
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noting that

> 1 N T R
6 (y) = NZZeit(}')
i=1 t=1
1 L& NI
= Y a2 [ - AW v 1Y w0
i=1 t=1 i=l r=1
. NI )
+[B0) = B 5 2D %) [Bo) — o)
i=1 t=1
1M ) X LT
= yrXa- gy (B - o)) ¥ L L s
, N T .
+ VN B = )] 5 0 kN [Bn) — Bur)]
i=1 t=1
1 N T
= N E 0N+ 0,0
i=1 t=1
T
—> D E@E) =07, (A9)

Then, under H| : By; — B = R Bo(y) = 0, we have

N(@E* = 6%(y)

W=,
— NIR;B(y) - OV[R (X' (WX () 'R [RB(y) — 0]
yel" 2(}’)
_ f NIB(») — Bo)TRI[R, Q' ()RR [B(y) — Bo»)IVN
yel“ 2(7)
’ -1 ;-1 =1 pr -1
_d)squmQ ()R [R;Q (Z)Rl] Ri Q™G (A10)
yer or
O

We turn next to the test statistic W,. Denote § = arg mingepxr SﬁNT(O) and - = arg minger SﬁNT(O)
subject to R>0 = 0, where R, = [0«(+2), It]. The first- and second-order conditions for 6 yield

1 N

ISSRyr(0) 0 1 Tnw d
— = T;N;g 20) = Zﬁe,(me,(o)

i=l1

Yoo oe 2 &
Z_—[ “il )} (0 = = Y H®e®
i=1

2\~

-2
= _—Z7Zy(), Al
i ~(0) ( )
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PSSRyr(0) —2 o D
W = W Z Z ﬁhiz(o)eir(o)

i=1 t=

: oh;/(8)
gj{ ,,ao,e,,w) [— 20 ]eit(o)}

1t

Il
z| e
Mz

i

T
> [Ri®)h;,6) + Di(8)ei(9)]

1 1=1

I
=R
Mz

i

=2Gy(0), (A.12)

where Zy(0) = N~"2 3L 3L, hi(0)ei®) and Gy(0) = N~' 3L, 3L [hi(0)I},(8) + Di(6)ei(6)).
The first-order condition for the solution of 6 is

ISSRyr(60) -2 .
) i IV N (0) (+k+2)x 1 ( )

Taking Taylor’s expansion of the unconstrained first-order conditions at 6, gives

2 200 = 0= —2 Z0(8) + 2G () (9 - 90) , (A.14)

JN VN
where 1 is a value between § and 0. Therefore, from conditions of the proof of Theorem 2.1, as N — oo,
we have
(1) b —, 6,;
(2) 07—, 0y as 6 —, 0;
3) Zy(Oy) —a Z ~ -’V‘(O, S); ’
4) Gy(by) —, G =Eh)+>,_, E(Dyey).
The equation (A.14) can be rewritten as
VN (8= 80) = G5 @) Zn(80) + 0,(). (A.15)
Thus, by Theorem 2.1 we obtain

JN (é - 00) 4 G'Z~N®©,G'SG). (A.16)

Next, under HZ : Ry0 = 0y, = R0, using a similar argument in Condition 1 of the proof of Theo-
rem 2.1, we have oc — , 0. Hence, a Taylor’s expansion of 9SS RNT(O) /001y_p,. at by gives

) . ) .
ﬁzN(oc) = ﬁZN(oo) +2Gy(0Y) (0C - 00)
-2 N
= 700+ 26 (@) (e — ) + 0, (1), (A17)

where 67 is a value between ¢ and 6. Substituting (A.17) in the first-order condition for 0c yields

[ZN(ow] 3 [GN(oo) R, ] [ﬁ(éc: 00)] N [o,,(n]
(Lo R, 0y V'Nic 01

0(1+k+2)><1:|
= , A.18
|: 0k><1 ( )
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where A is the solution of the first-order conditions of Lagrangian multipliers. From (A.15) and (A.18), we

obtain

VN (bc — 8)) = G5/ @) Zy(8) + G5 @R, [RGB R;]
XRzGXII(oo)ZN(ao) +o0,(1)
= VN (é - 00) + Gy B)R, [R:Gy (60)R)]

X Rov/N (9 - 00) +o,(1),

noting that (A.19) can be rewritten as

JN (9C - 9) = G (60)R) [R.G R 00)R;] ' Ruv/N (é - 00> +0,(1).

Finally, a Taylor’s expansion of S/Ej?NT(éc) at @ gives

SSRr(Bc) = SSRyr(8) + %ZN@) [6c - 8]
+% [oc — 8] 2G,0% [o. — 0]

= $SRoa(®) + [fc - é]/ Gv(60) [c — 8] + 0, (1),

Combining (A.20) and (A.21), we have
SSRur(8c) — SSRyr(9)
_ [é - 00] R, [R.GY 0)R;] ' R, [é - 90] +o,(1),

and a Taylor’s expansion of SﬁNT(é) at @, gives

—~ ~ —~ -2 ~
SSRu(®) = SSRya(lo) + = Zu (@) [6-00]
Iy .7 T
+5 [0 - 00] 2G (6 )[0 _ 00]
= SSRy1(8y) + 0,(1)

T
14 =2 2
Y EE) =0},

t=1

where 0" is a value between  and 0,.

© 2021 Royal Economic Society.
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Thus, we have

W,

L. Yang et al.

62(90) — 63() _ NISSRyi(Bc) — SSRyr()]

GxP/N SSRy(0)
VN [é - 00] R, [R:G3' 00 R;] " Ro/N [9 - 00] "
= = +o0
SSRyr(8) !
Z\(00)G ' ()R, [RzG#(é’o)R;]*1 R,G ' (00)Zy(6y) Lou(D)
SSRy1(0) !
1—1 pr —1 pr1-1 -1
Z'G"'R,[R,G sz] RG'Z (A4
or
]
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Online Appendix for “Panel Kink Threshold
Regression Model with a Covariate-Dependent
Threshold”

APPENDIX: EXTENTION TO DYNAMIC PANEL CONTEXT

This appendix extends the panel kink threshold regression model with a covariate-
dependent threshold (PKTR-CDT) to the dynamic panel context. In the dynamic panel
data models, since lagged dependent variables enters as independent variables, it is well-
known that the usual fixed effects estimator may be inconsistent. In this case, we can
use instrument variable to establish a consistent estimator. In this appendix, we briefly
discuss the dynamic panel kink threshold regression model with a covariate-dependent
threshold. Despite the necessary technical modifcations, all the issues discussed in this
paper can be extended to the dynamic panel data context.

B.1. Dynamic panel kink threshold regression model with a covariate-dependent
threshold

Following Arellano and Bond (1991) and Seo and Shin (2016), we consider the AR(1)
panel data model
Yir = B1 (wie — vie)— + B7 (Tie — Yie)+ + Bolys + Bayin—1 + i + €ar, (B.1)

fori=1,2,...,Nand t=2,3,...,T, where ¢ is assumed to be a martingale difference
sequence. The regressors x;; and covariates ¢;; are predetermined or strictly exogenous
variables. Here, to eliminate the individual effect «;, we take the first-difference trans-
formation of (B.1)

Ayir = By A(@ir — vit)— + BT A(@ir — vit)+ + BoAqy, + B3AY;1—1 + Aeir,  (B.2)

where A is the first difference operator, i.e., A(zi—vit)— = (it —Yit) = — (Ti =1 —Yi—1)—
and A(zi —vit)+ = (Tit — Yie)+ — (@i =1 — Vit—1)+. It is easily seen that Ay;, is function
of €;; and €;,—1 and Ay; ¢ is function of €; ;—1 and €; 41—, hence Ay; ;1 is correlated
with Ag;;—1. To fix this problem, we follow Arellano and Bond (1991) to estimate the
parameter 6 = (6, 81, B85, B3,7')" by the generalized method of moments (GMM). By
construction, we have the following moment conditions

E(yi—jAey) =0, for j=2,...;t —land t=3,...,T, (B.3)
and if (x4, q;,;) are predetermined, we have
E(z;sAeit) = E(q,Aey) =0, for s<t—1and t=3,...,T, (B.4)
or if (z4,q;,) are strictly exogenous, we have
E(zisAeit) = F(q,,Aey) =0, for s=1,...,T and t = 3,...,T. (B.5)

/ / / 3
Let wit = (Yi1, -+, Yt—2,Tity- -+, Tit—1, i1, - -+ Q5 4—1) for (zir, q;;) are predetermined
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or Wit = (Yils- s Ytm2, Tily - s Tims Qhys - - - o)’ for (z41,q;,) are strictly exogenous,
w; = diag(w;s, ..., w;r) (i.e. w; is a block diagonal matrix), and Ae; = (Aeg;s, ..., Agir)’.
Thus, the moment equations in (B.3), (B.4) and (B.5) can be written as

E(w,Ae;) = 0. (B.6)

B.2. The estimates and asymptotic properties

Let it(y) = ((wir — vie) = (Tie = Yie) 4> @igs Yire—1)'s B = (87,87, 85,83) , Awip(y) =
it () — Ti—1(7), Ayi = (Ayis,..., Ayir)’, and Awmi(v) = (Awis(v), ..., Azir(y))"
Let AY, AX(v), Ae and W denote the data stacked over all individuals, i.e., AY =
(Ayt, ..., Ayn), AX () = (AZi (), ..., Az (7)), Ae = (Ael,...,Acy) and W =
(w],...,wh)". Thus, (B.2) can be rewritten as AY = AX (v)3 + Ae.

Thus, for any given =, the GMM estimator of 3 is given by

B(v) = [AX'(/)WANW'AX ()] AX'(7)WAyW'AY, (B.7)

where Ay is the optimal weighting matrix such that Ay —, [E(W'AeAe'W)]~! =
Q! in which Ay and Q are assumed to be positive definite.
Therefore, we obtain the GMM estimator of 3 and + by

4 = argminAé&’ (v )W ANyW'Aé(y), and B = B(%), (B.8)
~el
where Aé(y) = AY — AX (7)3(7).

Following Seo and Shin (2016), the two-step optimal GMM estimator can be obtained
as follows:

Step 1. Estimate the parameter 8 by setting Ay = I or Ay = (NN w/Hw;) ™!,
where H is a (T — 2) square matrix which has twos in the main diagonal, minus ones in
the first subdiagonals and zeroes otherwise,' and collect residuals, Eeit.

Step 2. Estimate the parameter 6 by setting

1~ 1L~ 1L o
I / ) e — | — ! ) _ W
Ay = N ; w;Ag; Ag;w; (N ; szé‘l) (N ; Aslwl>] , (B.9)
where &31 = (&:ig, ey &SZ‘T)I.

The true value of 6 is denoted by 6. Define K(0) = (Kg(v), K+(8)), where

BBy Al ( yw; — B AL (’Y)wz)
E(By Aq; (v)wi — B Aq (v)ws)
)= M

)
in which A17 () = 15;(7) = 15, 1 (7): Aqir (v) = 45 (V) — @3 1( ) @ (V) = @i 1 (7)
)

AL (y) = (Alg(y),..., Al (y)) and Ag; (7) = (Agg (), A (7). Similarly
we can define A1} (%), Agj,(v), gt (), A1+( ) and Ag; (7).

To obtain the asymptotic properties of the GMM estimator, we make the following
assumption.

2 -1 0 0
lporT—6,H=| -+ 2 7L 0|

Kp(v) = —E(wjAz;(v)), K~(6) =

o -1 2 -1
0 o -1 2
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Assumption Bl1. (i) For each t, wi = (yit, Tit, q};) are independently identically dis-
tributed (i.i.d.) across i; (ii) For somer > 1, Ely;|*" < 0o, Elwy|*" < 00, E|g,u|*" < oo,
and Ele;|'" < oo; (iii) e;x is a martingale difference sequence.

Assumption B2. (i) wi; has a probability density function (PDF) f.,, ,(w), where w;; =
(Yit, Tit, @iy); (1) (Wig, wis) has a joint PDF f,, ,.; (iii) x4 has a conditional probability
density function given q;, = q, satisfying maxi<i<t fq..(z|q) < fq < o0; and Fy is the
corresponding conditional cumulative distribution function of x; conditional on q;,.

Assumption B3. The true value of 0 is fized at 8g. Oy are interior points of ©, where
® is compact. § is finite and positive definite.

Assumption B4. Let K = K(60y), then K is of full collumn rank.

Assumptions Bl and B2 are the same as in section 2, except that &; is a martin-
gale difference sequence in the dynamic panel data model. Assumptions B3 and B4 are
standard in the GMM framework for identification.

THEOREM B.1. Under Assumption B1-B4, as N — oo
VN (6-60) 5 N (0, (K'R7'K) ). (B.10)

In the GMM estimator, the slope and threshold estimators are also jointly asymptoti-
cally normal with the same convergence rate in Theorem 2.1.

B.3. Testing for kink threshold effect and threshold constancy

In this section, we propose test statistics for kink threshold effect and threshold con-
stancy in the dynamic panel kink threshold regression model with a covariate-dependent
threshold. Under the linear nulll hypothesis Hy : 8y = i, for any given v € T, we
consider the sup-Wald statistic for testing kink effect given by

N{By (v) = B (n)P?
W3 = su - B.11
Pl @ (VN () - B () —
where (VN (5; (7) = B (7)) = RY[K (1R (O()Kp(¥)] " Rs, in which Ry =

B M), KO(r) = (Kp(v), K~(0(7))),
N

N NN (B (AL (v)ws — BF ()AL (v)w;
Ko =| ZN (1_(7) ) 1+(7) +/(7) ) ’
N (B (Ag (vw = B (1) Ag (v)w )
and
A 1 & 1 Y N
(0() = D Wi AE (V)AL () w; < > ngéz('y)> < > Aéz(v)’wl) ;
=1 =1 =1
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Under the null H : v; = 0, a test statistic for threshold constancy can be given by
~ A A —1 A -1 o
Wi = N0 R, (RQK’Q IKR4> R0, (B.12)

where Ry = (Ogx(k3), It), K = K(8(%)) and © = Q(8(5)).
The limiting distributions of the statistics in W5 and W, are given as follows.

THEOREM B.2. Let V(v) = K’ﬁ('y)ﬂ_lKg('y). Suppsose that infcp det(V(y)) > 0
and Assumptions B1-B/j hold. As N — oo, under Hi we have

d _ _ —1 _
W3—>sugZ’1K5('r)V "v)Rs [R5V (v)Rs]  RyV ' (v)Kj3(v)Z1, (B.13)
~YE

and under HZ, we have

Wi -5 3, (B.14)
where Z1 ~ N(0,Q71).

The limiting distribution of Wj is not straightforward to pivotalize the statistic and
tabulate the critical values. Thus, the p-values can be simulated following the similar
bootstrap procedure in Section 2.2.

Proof of Theorem B.1: Let Ag;(0) = Ay; — Ax;i ()8, 6:(0) = wiAe;(0), &(v) =
wiAz;i(v), 9 = 9i(6p) = wiAeg; and & = &(vy). Then, we can rewrite the moment
indicator g;(0) as

9i(0) = gi + &iBy — &i()B (B.15)

=9i— &) [B—Bol = [&(¥) — &l Bo- (B.16)

We follow the proof of Seo and Shin (2016) to verify that asymptotically normal al-

so hold for our model. To this end, we first establish consistency and then derive the
asymptotic normality.

As shown in Seo and Shin (2016), the rank condition in Assumption B4 is sufficient to

show that F(g;(0¢)) = 0 if and only if 8 = 0 for consistency.
By the linearity in the slope parameters for a fixed -+, we have

N
Bev) — By = [En (M ANEN ] A g+ 3 D (6 — &) Bo | (BT

where En(y) = N7t Zf\_;l &i(y) and gy = N7t Ef\il gi- We can show that Ay —, Q71
gy —p E(gi) = 0 and En(y) —p £(v) = E(&(y)) uniformly by the standard weak law
of large number (WLLN), and thus we have

() = By 2 [¢(MQEM)] T EQT € - £(7)] Bo, (B.18)

B
where £ = E(&;). Since gn(0) is continuous in 8 for any given ~, using the continuous
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mapping theorem , (B.16) and (B.18) yields that

an(B(Y),7) = gn —En(v) [B(‘Y) - /30] + [Ev — En (V)] Bo
25 (1) [ el)] " E€mn ) - €] B (B19)

The term in the first brackets in the right hand side is positive definite and &(v) = &

if and only if v = ~,. Therefore, plimy_,..gn(B(),¥)AnIn(B(7),7) is continuous
and uniquely minimized at v = =, and the convergence is uniform, which implies the
consistency of the estimator.

We next establish the asymptotic distribution. Let Jx (0) = g () Angn(0), Jn(6) =
E(gl(0))ANE(g:(0)) and Dy = 2K’ Angy. We first show that for any hy — 0

VNRy ()
sup =o0p(1), B.20
lo-6o<hy 1+ VN[0 — 60| o) (520

where Ry (0) = Jn(0) — Jn(80) — Jn(0) — D'y (0 — 6p). To show this, we need to prove
that

sup  [len(8)] = 0p(1), (B.21)
10—l <hn

where ey (0) = VN (gn(0) — E(gi(0)) — gn) is a centered empirical process. Note that,
if the empirical process VN (Gn(0) — E(gi(0))) is stochastic equicontinuous, then (B.21)
holds. However, g;(6) is a sum of three terms in (B.15), of which the first and second
terms are free of 8. For the last term, note that 3 is bounded and the same argument
in condition 4 of proof of Theorem 2.1 is sufficient to show that v N(éx(v) — E(&(7)))
is stochastic equicontinuous. Thus, we obtain (B.20). Therefore, as in Seo and Shin
(2016), using Theroem 7.1 of Newey and McFadden (1994) we have VN (6 — 6y) —4
N(0,(K'Q7'K)~1).

|
Proof of Theorem B.2: Under H{ : By; = B5; = Bo1, (B.17) can be rewritten as
VN (B(v) = Bo)) = [En (1) AnEn ()] " En (1) AnvNa, (B.22)
where B, (v) = [Bo1, Bo1, Bos + (Y1 — Yo1)'Bo1, Bos)’- Thus, we have
VNR; (B(v) = Bo(v)) = VN (B (%) - B ()
= Ry [EN(MANE ()] Ex(M) ANV NGy
5 Ry [ (i) €z
= R3V71(7)K/pa(7)Z17 (B.23)

where V (v) = K/B('y)ﬂflKg('y) and Z; ~ N(0,Q7"). Applying the standard WLLN
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and the continuous mapping theorem, we obtain

W = sup VB (), (Rg K@ (0 Ka(v)] Rs)  RBWVE

d - _ -1 _
— sup ZyKp()V 'Ry [RVT (v)Rs] RV '(1)Kp()Z1.  (B.24)
~e
Next, given the presence of kink threshold effect, the asymptotic distribution of Wy is
X7 by the normality proved in Theorem B.1. The proof is standard and we omit it to
save space.





