Ch.10 Autocorrelated Disturbances

(June 15, 2016)

In a time-series linear regression model setting,

Y, =x8+u, t=1,2,..,T, (10-1)
a common problem is autocorrelation, or serial correlation of the disturbance u,; across
periods.
Crample.
See the plot of the residuals at Figure 12.1 on p. 251 of Greene 5th edition. |

1 Time-Series Data

A particularly important aspect of real observable phenomena, which the random vari-
ables concept cannot accommodate, is their time dimension; the concept of random
variable is essential static. A number of economic phenomena for which we need to
formulate probability models come in the form of dynamic processes for which we have
discrete sequence of observations in time. The problem we have to face is to extend

the simple probability model,
= {f(2:6),0 € O},

to one which enables us to model dynamic phenomena. We have already moved in

this direction by proposing the random vector probability model

¢ = {f('rlaan "'7$T;0)70 S 9}
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The way we viewed this model so far has been as representing different characteristics
of the phenomenon (at the same time) in question in the form of the jointly distributed
r.v.’s Xy, Xo, ..., X7. If we reinterpret this model as representing the same character-
1stic but at successive points in time then this can be viewed as a dynamic probability

model. With this as a starting point let us consider the dynamic probability model in
the context of (S, F,P).

1.1 The Concept of a Stochastic Process

The natural way to make the concept of a random variable dynamic is to extend its

domain by attaching a date to the elements of the sample space S.

Definition|.
Let (S, F,P) be a probability space and T an index set of real numbers and define
the function X (-,-) by X(-,-) : S x T — R. The ordered sequence of random variables
{X(-,t),t € T} is called a stochastic process. [

This definition suggests that for a stochastic process {X (-, t),t € T}, foreacht € T,
X(+,t) represents a random variable on S. On the other hand, for each s in S, X (s, -)
represents a function of ¢ which we call a realization of the process. X (s,t) for given
s and t is just a real number.

Three main elements of a stochastic process {X(-,t),t € T} are:

(a). its range space (sometimes called the state space), usually R;
(b). the index T, usually one of R, R, = [0,00), and

(c). the dependence structure of the r.v.’s {X (-, t),t € T}. O

In what follows a stochastic process will be denoted by {X;,t € T} (s is dropped
and X (t) is customary used as continuous stochastic process) and we are concerning

exclusively on discrete stochastic process.
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The dependence structure of {X;,¢ € T}, in direct analogy with the case of a
random vector, should be determined by the joint distribution of the process. The
question arises, however, since 7 is commonly an infinite set, do we need an infinite
dimensional distribution to define the structure of the process 7

This question was tackled by Kolmogorov (1933) who showed that when the stochas-
tic process satisfies certain regularity conditions the answer is definitely “no”. In par-
ticular, if we define the “tentative” joint distribution of the process for the subset (¢; <
to < ... < tr)of T by F(X4,, Xty o, X4p) = Pr(Xy, < 21, Xy, < 29,..., X4, < 27),
then if the stochastic process {X;,t € T} satisfies the conditions:

(a). symmetry:
F(th,XtQ,...,XtT) - F(Xt Xt
tion of the indices 1,2,...,T (i.e. reshuffling the ordering of the index does not

i Xty ooy X)) where 51,52, ..., jT is any permuta-

change the distribution).

(b). Compatibility:
limg, oo (Xt Xty ooy X)) = FI(Xyy, Xty ooy Xip,) (€. the dimensionality of

the joint distribution can be reduced by marginalisation); U

then there exists a probability space (S, F,P) and a stochastic process { Xy, ¢t € T} de-
fined on it whose finite dimensional distribution is the distribution F/(X;,, X4,, ..., Xi,.)
as defined above. That is, the probability structure of the stochastic process {X;,t €
T} is completely specified by the joint distribution of F'(X3,, X4, ..., X¢,.) for all values
of T (a positive integer) and any subset (t1, s, ..., t7) of T.

1.1.1 The First Two Moment of a Stochastic Process

Given that, for a specific ¢, X; is a random variable, we can denote its distribution and
density function by F(X;) and f(X;) respectively. Moreover the mean, variance and

higher moments of X; (as a r.v.) can be defined as standard form as:
E(X:) = / o f (o) dy = pue
B~ = [ (e (oo = (1)

Tt

BE(Xy)" = p, 721, teT.
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The linear dependence measures between X;, and X,
U(ti’ tj) = E[(th - Mh)(th - Mtj)]’ ti7tj € T7

is now called the autocovariance function. In standardized form
U(ti, tj)
o(ti)v(t;)’

is called is autocorrelation function. These numerical characteristics of the stochas-

T(ti,t]’) = ti,tj c T,

tic process {X;,t € T} play an important role in the analysis of the process and its
application to modeling real observable phenomena. We say that {X;,t € T} is an
uncorrelated process if r(t;,t;) = 0 for any ¢;,t; € T,t; # t;.

Crample |

One of the most important example of a stochastic process is the normal process. The

stochastic process { X, t € T} is said to be normal (or Gaussian) if any finite subset of

T, say ti,ta, ..., tr, (X4, Xty ..., Xip) = X/ has a multivariate normal distribution, i.e.

1
f(tha Xt27 s XtT) = (QW)_T/2|VT|_1/2 eXp[_é(XT - /J'T),V;I(XT - I*I'T)]a

where
[ 1 i [ U2(t1) ’U(tl, tg) Coe U(tl, tT) i
125 ’U(tQ, t1> U2(t2) Coe ’U(tg, tT)
KT = E(XT> = VT = [ |
L j%% i | U(tT,tl) . N UQ(tT) i

As in the case of a normal random variable, the distribution of a normal stochastic
process is characterized by the first two moment but now they are function of ¢.

One problem so far in the definition of a stochastic process given above is much
too general to enable us to obtain an operational probability model. In the analysis
of stochastic process we only have a single realization of the process and we will have
to deduce the value of y; and v(t) with the help of a single observation. (which is
impossible !)

The main purpose of the next three sections is to consider various special forms of
stochastic process where we can construct probability models which are manageable in

the context of statistical inference. Such manageability is achieved by imposing certain

® 2016 by Prof. Chingnun Lee 4 Ins.of Economics,NSYSU,Taiwan



Ch.10 Correlated Disturbance 1 TIME-SERIES DATA

restrictions which enable us to reduce the number of unknown parameters involved in
order to be able to deduce their value from a single realization. These restrictions come

in two forms:
(a). restriction on the time-heterogeneity of the process; and

(b). restriction on the memory of the process.

1.2 Restricting the Time-Heterogeneity of a Stochastic Process

For an arbitrary stochastic process {X;,t € T} the distribution function F(X3;6;) de-
pends on ¢ with the parameter ¢, characterizing it being function of ¢ as well. That is, a
stochastic process is time-heterogeneous in general. This, however, raises very difficult
issues in modeling real phenomena because usually we only have one observation for
each t. Hence in practice we will have to estimate #; on the basis of a single observa-
tion, which is impossible. For this reason we are going to consider an important class
of stationary process which exhibit considerable time-homogeneity and can be used
to model phenomena approaching their equilibrium steady — state, but continuously

undergoing “random” functions. This is the class of stationary stochastic processes.

Definition |,
A stochastic process {X;,t € T} is said to be (strictly) stationary if any subset
(t1,ta,...,t7) of T and any 7,

F(th, "'7XtT) = F(Xt1+77 ceey XtT+T)' .

That is, the distribution of the process remains unchanged when shifted in time
by an arbitrary value 7. In terms of the marginal distributions, (strictly) stationarity

implies that

F(Xt) — F(Xt+7-), t € T,
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and hence F(X;) = F(X;,) = .. = F(X;,). That is stationarity implies that
Xy, Xty ooy Xy are (individually) identically distributed.

The concept of stationarity, although very useful in the context of probability the-
ory, is very difficult to verify in practice because it is defined in terms of distribution
function. For this reason the concept of the second order stationarity, defined in terms

of the first two moments, is commonly preferred.

Definition |
A stochastic process {X;,t € T} is said to be (weakly) stationary if

E(Xy) = p forallt;
v(ti ty) = E[(Xy, — )Xy, — )] =Ye-n)s ity €T
These suggest that weakly stationarity for {X;,t € 7} implies that its mean and vari-

ance v%(t;) = 7 are constant and free of ¢ and its autocovariance depends on the

interval |t; — t;|; not ¢; and ¢;. [ |

Crample |

Consider the normal stochastic process in the above example. With the weakly sta-

tionarity assumption, now

[ 2 | [ Yo Y1 - - - T-1 ]
2 YT Y - - - YT-2
pr = B(Xy) = v = ) L ) ’
L 1% ] i YT—1 . P Yo i

a sizeable reduction in the number of unknown parameters from 7"+ [T'(T + 1)/2] to
(T'+1). [

It is important, however, to note that even in the case of stationarity the number of
parameters increases with the size of the subset (t1, ..., ¢7) although the parameters do
not depend on ¢ € 7. This is because time-homogeneity does not restrict the 'memory’
of the process. In the next section we are going to consider 'memory’ restrictions in
an obvious attempt to ’solve’ the problem of the parameters increasing with the size
of the subset (t1,ts,...,t7) of T.
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1.3 Restricting the Memory of a Stochastic Process

In the case of a typical economic times series, viewed as a particular realization of a
stochastic process {X;, ¢ € T} one would expect that the dependence between X;, and
X;, would tend to weaken as the distance (¢; —1;) increases. Formally, this dependence
can be described in terms of the joint distribution FI(X;,) = F(Xy,) = ... = F(Xy,) as

follows.

Definition. | (Asymptotically Uncorrelated):

A time series {X;, t € T} is said to be asymptotically uncorrelated if there exists a

sequence of constants {p(7),7 > 1} defined by

r(t,t+71) = Jutrr | < p(1), forallteT,
Ve Vet
such that
0<p(r)<1 and Zp(7)<oo. |
7=0

1.4 Some Special Stochastic Processes

We will consider briefly several special stochastic processes which play an important
role in econometric modeling. These stochastic processes will be divided into paramet-
ric and non-parametric process. The non-parametric processes are defined in terms of
their joint distribution function or the first few joint moments. On the other hand,
parametric processes are defined in terms of a generating mechanism which is com-

monly a functional form based on a non-parametric process.
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1.4.1 Non-Parametric Process

A common used non-parametric process which forms a basis of most parametric pro-

cesses is the white noise process.

Definition |

A stochastic process {g;, t € T} is said to be a white-noise process if

(a). E(g) =0;

o ift=r1

(b). E(eer) :{ 0. ift£T [

Hence, a white-noise process is both time-homogeneous, in view of the fact that it
is a weakly-stationary process, and has no memory. In the case where {g;, t € T} is

also assumed to be normal the process is also strictly stationary.

1.4.2 Parametric Stochastic Processes

The main difference between the type of time series considered, white noise and the one
to be considered in this section is that the latter are defined in terms of a generating

mechanism; they are “derived” stochastic processes from a white noise process.

Definition|.

A stochastic process {u;, t € T} issaid to be a autoregressive of order one (AR(1))

if it satisfies the stochastic difference equation,
Up = QU1 + &, (10-2)

where ¢ is a constant and ¢; is a white-noise process. |

We first consider the case that |¢| < 1. Let the index set 7* = {0,4+1,+2, ...} and
assume that X_1 — 0 as T'— oo. Define a lag-operator “L” by

LX, = X4,
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then the AR(1) process in (10-1) can be rewritten as
(1 — ¢L)Ut = &,
or

Uy = (1 - ¢L)_15t
= (1+¢L+d*L* + ...)g
= &+ (bgtfl —+ ¢2€t72 + ..

o0
- Z (bzgtfi )
1=0

from which we can deduce that

E(u) = 0,

(1) = Elupupy,) =F { (Z ¢i8t_i> (Z ¢i5t+r—j> }
_ O'Z (Z ¢i¢i+7—>
— O‘?ng (Z ¢22>

0.2

= — £ '(b‘r, 7—20

(1-¢2)
Hence, for |¢| < 1, the stochastic process {X;, t € T*} is both weakly-stationary and

asymptotically uncorrelated since the autocovariance function

2

O¢

v(T) = —=¢" =0, as T — 0.

(1—¢?)
Therefore, if any finite subset of T*, say t1, ta, ..., tr of a AR(1) process, (us,, Uty, ..., Uty ) =

u’, has covariance matrix

B Y
6 1 ¢ . . T2

Blupug) =ofp—om | 0 | =atm (10-3)
PREEEES
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where
[ 1 R Gt
¢ 1 o . . 7
1
D)
(1—¢?)
¢T'—1 1

It is straightforward to show by direct multiplication that

PP =1
for
[ J/1—-¢2 0 . . . 0]
—¢ 1 0. . 0
p_ 0 —$ 10 . 0 (10-4)
0 0 —¢ 1
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2 OLS Estimation

We showed in Section 8.1 that in the presence of autocorrelation in the disturbance,
the OLS estimator @ for (10-1) is unbiased and consistent. However it is inefficient

relative to the GLS estimator.

2.1 Estimating the Appropriate Covariance Matrix for OLS Estimators

Following White’s suggestion for heteroscedasticity, Newey and West’s (1987) robust,
consistent covariance of ,[;' estimator for heteroscedastic and autocorrelated disturbance

(HAC) with an unspecified structure is at (8-9), repeated here,

VaT(B)HAC’
T L T

= (X'xX)™! (Z erxX, + Z Z wieres (XX, + XHX;)> (X'x)™!
t=1 =1 t=l+1

(10-5)

Here, e; is the tth OLS residual and
[

w=1-——0o:

The maximum lag L must be determined in advance to be large enough that autocor-

relations at lags larger than L are small enough to ignore.

Crevcise 1.
Reproduce the results at Table 12.1 on p. 267 of Greene 5th Edition.
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3 Testing for Autocorrelation

Most of the available tests for autocorrelation are based on the principle that if the
true disturbances u; are autocorrelated, this fact will be revealed through the autocor-

relation of the OLS residuals e;, because

Vi = x8+uw
= X\B+e,.

The simplest indicator is the slope estimator in the artificial regression
€t = Trep_1 + Uy,
ie.

s i€ 10-6
t=1 “t

If there is autocorrelation, then the slope in this regression will be an estimator

r =

of p = Corr[u;,us—1]. The complication in the analysis lies in determining a formal
means of evaluating when the estimator is “large”, that is, on what statistical basis to

reject the null hypothesis that p equals zero.

3.1 The Durbin-Watson Test

The most extensively used test for AR(1) disturbance is the Durbin-Watson test de-
veloped by Durbin and Watson (1950,1951). The DurbinWatson statistic was the
first formal procedure developed for testing for autocorrelation using the least squares
residuals. Before making formal statement about the test, we have the following lemma

which is used to prove this test.

| Lemmal

Let z and v be T' x 1 random vector such that z = Mv, where M = I — X(X'X) !X’
and X is a T x k nonstochastic matrix of rank k. Furthermore, let r = 2z’ Az/z'z, where

A is a real symmetric matrix. Then
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(a). There exists an orthogonal transformation v = Hé such that

Tk
Ik 62
p = iz 100 (10-7)
i

where uy, ug, ..., up_ are the T'— k nonzero (ordered) eigenvalues of MA, the
rest being zero and 0; ~ N(0,1). (That is, u; is function of X. Therefore the

distribution of r is unknown.)

(b). If s of the columns of X are linear combinations of s of the eigenvectors of A and
if the eigenvalues of A associated with the remaining 7" — s eigenvalues of A are

renumbered so that
A< A <L < A,
then

)\i <wu; < >\’L'+kfs (Z = 1727 7T - k) O

From the above lemma the following corollary can be deduced.

Covollary |
The r in (10-6) is bounded by

rp <r <ry,

where
T—k
Zi—l /\1622
r ot _
L T—k 52 )
Dot 0
and
T—k 2
Ty = [ |
S
i=1 "1
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The importance of this results is that it set bounds on r which are independent of
X. We now turn to the test Hy : p = 0, of the AR(1) disturbances in the linear model:

yr = x0+u;
Uy = Put—1+€t7 t:1727”'7T7

where ¢, is a white noise process and —1 < p < 1.

The Durbin-Watson d-statistics is written as

T . 2 'A 2_9 2
d = Zt:l(et et—l) _ € Ae _ Zt:Q(et eiei—1 + 6t—1) ~ 2(1 . corr(et, et—l))a

ZtT=1 e; e'e D1 €

where

1 —1 0 0 |

-1 2 =1 0 0

o -1 2 -1 0

A —

) 0

) ) .o =1 2 -1
| 0 ) 0 -1 1 |

Therefore a small value of d would like to reject Hj for testing a positive p.
The eigenvalues of A are
(i —1)

{ COS T

}, i=1,2..T.

The eigenvector of A corresponding to the zero eigenvalues Ay is (1,1, ...,1)’; which is
the regression vector corresponding to a constant term in the regression model. (Notice
that, in this discussion, as well as in the statistical table, the existence of a constant

is implicitly assumed.) From the Corollary above and using the fact that e = Me we

have
dL < d < dU7
where
LS
T—k )
Zi:l 51'2
and

dyy — Zf;’“ it k107
= T—k :
Ziil 522
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Since the \; are the same in any regression models with 7" observations and k re-
gressors including the constant term, the distribution of d;, and dy; have been computed
critical values by DW.

Three hypotheses of interest with respect to AR(1) disturbance processes are
DW(a). Hy:p =0 versus H; : p > 0;
DW(b). Hy: p =0 versus H; : p < 0; and

DW(c). Hy:p =0 versus Hy : p # 0. O

For testing DW(a)., the null hypothesis is rejected if d < F(d)s% which is guar-
anteed if d < F(dp)sy for the un-availability of F'(d)sy. Equivalently speak, the null
hypothesis is accepted if d > F(d)sy which is guaranteed if d > F'(dy)s%.

It is important to emphasize that:
(a). the statistical tables of Durbin and Watson assume the existence of a constant,
(b). no allowance is made for missing observations, and

(c). the DW test was derived under the assumption that X is nonstochastic and thus is
not applicable, for example, when lagged values of the dependent variable appear

among the regressors. U

3.2 The Box Q test

Box and Pierce (1970)’s @ test is carried out by referring

k
Q=TY #(e),
j=1
where 7; is the estimation of the jth covariance in wu,; from ey,.i.e.

§ €1E¢_i
. t=j4+1 “tCt—j

J T
Zt:1 e?
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When the null hypothesis, p = 0, @ is approximately distributed as x%. On the other
hand, if the null hypothesis is inappropriate, the average value of () will be inflated. A
refinement that appears to have better finite-sample properties is the Ljung-Box (1979)

statistics:

T(T +2) Z; 63{

Jj=1

The limiting distribution of @)’ is the same as that of Q.
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4 GLS when X is known

As a prelude to deriving feasible estimator for 3 in this model, we consider full gener-
alized least squares estimation assuming that 3 is known. In the next section, we will

turn to the more realistic case in which ¥ must be estimated as well.

4.1 Generalized Least Squares Estimators
If the parameters of 3 are known, then the GLS estimator,
B = X' X)'X'sly
= (X'P'PX) 'X'P'Py
can be computed directly.

For the disturbance AR(1) process, u; = pu;—; + €, as we have shown in (10-3)
that for P'P = X1,

[ /1—=p2 0 . . . 0]
—p 1 0 . . 0

p_ 0 —p 10 0
L0 0 —p 1

The data for the transformed model therefore are

[ V1-pY1 ] [ V1=
Yy — p1 xh — px)
Y — pYs X, — X,
Py = PX = , (10-9)
| Yo —pYro1 | L X — X7y |
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and
[ V1= | [ V1= ]
U2 — pUy €2
Uz — pPu2
Pu = =
| Ur — pur—1 | i er J

Since E(1/1 — p?uy)* = 02, thus
E(Puu'P’) = o’Ir

as expected.

4.2 Maximum Likelihood Estimators

If the parameters of the disturbance process are known, then GLS and the maximum
likelihood estimation of the AR(1) model are equivalent. To obtain the likelihood func-

tion for normally distributed disturbances, we use the multivariate normal density.

If the parameter in the AR(1) disturbances p is known, then the Gaussian MLE of 3
is identical to the GLS.

Proof.
From (10-3) that we assume

y =XB+u, Eud)=o’%,

Because u ~ N(0,02%) and X is nonstochastic, we view the observed sample y as
a single draw from a N(X3,02X). The sample likelihood could be written down
immediately from the formula for the multivariate Gaussian density:
_ _111/2 1 _
FiB) = (@072 e |5y = XBY )y — X))

1/2

— (20) 72 |0?P'P)| L (y - X8/P'P(y - xm} |

exp {— 597
3
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with log likelihood

L(B) = (=T/2)log(27) + 1og\a—2PP| YP'P(y — X3). (10-10)

20?2

Because
1 1
5 log 0*P'P| = 5 log{o*" - |P'P|}
T 1
= -3 log o2 + §log{|P’P|}
T, 1 , . .
= -3 log o7 + §log{\P |P||}, (" P is symmtric)

T
= ——logo? +log|P|

2
T 1
= -5 logo? + 3 log(1 — p?). (10-11)

Substitute (10-11) and (10-9) into (10-10) we obtain that

L(B,02) = (=T/2)[log(27) +logo?] + ;log(l — )
L=r 1 < y -
202 (Y1 —x8) - Qgg; —pYi1) — (xe — px—1)'B]".

(10-12)

The sums of squares terms is the residual sums of squares from the transformed
classical regression model in (10-9). If p is known, then the MLE solution is GLS for
B. [ |
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5 FGLS When X is Unknown

We consider specifically the case the disturbance is a AR(1) process but with an un-

known p.

5.1 Feasible Generalized Least Squares Estimators

For a FGLS of 3, all that need is a consistent estimator of €2(p). Since the OLS B is

consistent, we can use the OLS residual e; in the first step,

Zthz €tCi—1
T
Et:l 6%

as a consistent estimator of p. With this Q = Q(p), the FGLS is in the second step

p=

B=(XQ'X)'X'Qly.

For the second step of FGLS, there are two possibilities:
(a). Full FGLS. This estimator is the Prais-Winsten (1954) estimator.

(b). FGLS omitting the first observation. This estimator was first suggested by
Cochrane and Orcutt (1949).

5.2 Maximum Likelihood Estimator

Full maximum likelihood estimators can be obtained by maximizing the log likelihood

in (10-12) with respect to 3,02, and p, i.e.
1
L£(B,02,p) = (=T/2)[log(2m) +log ] + 5 log(1 = p°)
1—p? 1 2
- 202 Y1 —x18) - 20?2 tz; —pYi1) = (x¢ — px-1)' B
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The solutions are nonlinear functions and the numerical methods in Ch. 3 are needed.
However, for a given p, the MLE of B and ¢? are the usual ones, GLS. The problem
is to estimate p. One possibility is to search the range —1 < p < 1 for the value that
with the implied estimates of the other parameters maximizes £*(3, 02, p), which is

analogous to the Hildreth-Lu estimator.

Crercise 2|
Reproduce the results at Table 12.2 on p.275 of Greene 5th edition. ]

Kaohsiung Harbor, Taiwan.

End of this Chapter
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