Ch. 17 Maximum Likelihood Estimation

April 16, 2014

1 Introduction

The identification process having led to a tentative formulation for the model, we
then need to obtain efficient estimates of the parameters. After the parameters have
been estimated, the fitted model will be subjected to diagnostic checks. This chapter
contains a general account of likelihood method for estimation of the parameters in

the stochastic model.

Consider an ARM A (from model identification) model of the form

Y, = c+dYii+ Yoo+ ..+ 0Y e+ biei
+92€t72 + ...+ qutfqa

with e; white noise:

E(e) = 0
E(ee)) — {02 fort=r

0 otherwise
This chapter explores how to estimate the value of (¢, ¢1, ..., ¢y, 01, ..., 0,,0%) on

the basis of observations on Y.

The primary principle on which estimation will be based is maximum likeli-
hood estimation. Let 6 = (¢, ¢1, ..., ¢p, b1, ..., 0, 0%)" denote the vector of popula-
tion parameters. Suppose we have observed a sample of size T' (y1,¥2, ..., yr). The

approach will be to calculate the joint probability density

fYT,YT,1 ----- Yl(yT)yT—h'“ayl;e)v (1)

which might loosely be viewed as the probability of having observed this particular
sample. The maximum likelihood estimate (M LE) of 0 is the value for which
this sample is most likely to have been observed; that is, it is the value of @ that
maximizes (1).

This approach requires specifying a particular distribution for the white noise

process ¢;. Typically we will assume that €, is Gaussian white noise:

g, ~i.i.d. N(0,0?).
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2 MLE of a Gaussian AR(1) Process

The most important step to study the MLE is to evaluate the sample joint distri-
bution which are also called the likelihood function. In the case of identical and
independent sample, the likelihood function is just the product of marginal density
of individual sample. However, in the study of time series analysis, the depen-
dence structure of observation is specified and it is not correct to use the product

1

of marginal density to evaluate the likelihood function." To evaluate the sample

likelihood, the use of conditional density is needed as seen in the following.

2.1 Evaluating the Likelihood Function Using (Scalar) Con-
ditional Density

A stationary Gaussian AR(1) process takes the form
)/t :C+¢Yt—1+€t7 (2)
with &; ~ i.i.d. N(0,0?%) and |¢| < 1 (How do you know at this stage ?). For this
case, 0 = (¢, ¢, 0?).
Consider the p.d.f. of Y7, the first observations in the sample. This is a random
variable with mean and variance

and

EY) = n=

Var(Y1) = &
Since {&,}f2_ is Gaussian, Y] is also Gaussian. That is, Y ~ N(c¢/(1—¢),0?/(1 —
$?)). Hence,

fvi(W1;0) = fyi(y1;0,0,07%)
1 1 {y —[e/(1 = 9)]}?

Ve d-) 2 /-

Next consider the distribution of the second observation Y5 conditional on the
observing Y7 = y;. From (2),
Yo =c+ @Y + eo. (3)

Tt is to be noticed that while ; is independently and identically distributed, Y; is not inde-
pendent, however.
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Conditional on Y; = y; means treating the random variable Y; as if it were the
deterministic constant y;. For this case, (3) gives Y5 as the constant (¢ + ¢y;) plus
the N(0,0?) variable 5. Hence,

(Ya]Yi = y1) ~ N((c + o), 07),
meaning that

1 1 (yz —C— (by1)2
exp |—=-

fYQ\Y1<y2’y1; 9) = \/W 5 o2

The joint density of observations 1 and 2 is then just

fram (y2>y1; 9) = fYQ\Y1<Z/2’y1; 9)le(913 9)-

Similarly, the distribution of the third observation conditional on the first two
is

0)— ! 1 (ys —c— )’
fY3|Y27Y1 (?/3|yz,y1,9) = \/W exp _5 . p

form which

fYS,YQ,Yl (y37 Y2, Y1, 0) = fY3|Y2,Y1 (y3|3/2, Y1, H)fYQ,Yl <y27 Y13 0)
fY3|Y2,Y1 (3/3|Z/2> Y1, H)fY2|Y1 (y2|y1; e)fYI (3/1; 0)-

In general, the value of Y7, Ys, ..., Y;_1 matter for Y; only through the value Y;_q,
and the density of observation ¢ conditional on the preceding ¢ — 1 observations is

given by

fYt|Yt—17Yt—2,...,Y1 (yt|yt—17 Yt—2, -+, Y135 0)

= fyivi, (Welye-1;0)

_ 1 1 (yt —C— ¢yt_1)2
= eXp _—

vV 2mo? 2 o?
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The likelihood of the complete sample can thus be calculated as

fYT,YTfl,Yng ----- Yl(yT7yT—17yT—27"'7y17 ) le y17 HfYt|Yt 1 yt|yt 1 ) (4)

The log likelihood function (denoted £(8)) is therefore

T
L(0) =1og fy,(y1;0) + > _ 108 fruy, ., (uelyi—1; 0). (5)

t=2

The log likelihood for a sample of size T from a Gaussian AR(1) process is seen
to be

1

£(6) = — loa(2x) — 5 loglo?/(1 - ¢%)] -

{y = [e/(1 = @)]}*
20%/(1 = ¢?)

—[(T — 1)/2]1og(27) — [(T — 1)/2]log(0?) = > [ b= oy} (6)

202
=2

2.2 Evaluating the Likelihood Function Using (Vector) Joint
Density

A different description of the likelihood function for a sample of size T' from a
Gaussian AR(1) process is some time useful. Collect the full set of observations in
a (T x 1) vector,

y = (le,YVQ, ...,YT)/.

The mean of this (7" x 1) vector is

EMYh) Iz
E(Y) f
Ey)=|  |= = 1,
L E(YT) ] | M

(© 2014 by Prof. Chingnun Lee 4 Ins.of Economics,NSYSU,Taiwan
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where = ¢/(1 — ¢). The variance -covariance of y is

R T
6 1 ¢ . . T2
QZE[(y—u)(y—u)’]Zﬁﬁ =Y
qs’l;—l 1
where
R R
o 1 ¢ . P2
1
M

g

The sample likelihood function is therefore the multivariate Gaussian density:
_ 1 _
Fr(y:0) = 2m) 207 P exp | o (y = w)/'Q 7y — )|
with log likelihood

£(6) = (~T/2)log(2m) + 3 log 07| — (y — 2 (y — ). (7

It should be noted that (6) and (7) must represent the identical likelihood func-
tion. It is easy to verify by direct multiplication that L'L = V~!, with

[ J1—¢2 0 . . . 0]
— 1 0. . 0
L 0 610 . 0
|0 0 —¢ 1]
Then (7) becomes
1 / 1 ! _— !/
L(6) = (=T/2)log(2m) + 5 log |o 'L — S(y — o "L'L(y — p). (8)

(© 2014 by Prof. Chingnun Lee > Ins.of Economics,NSYSU,Taiwan
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Define the (T" x 1) vector y to be

y = Liy—uw)

[ V1—-¢2 0 . . . 0]l [Yi—u]
—¢ 1 0. . 0 Yo —p
_ 0 - 10 . 0 Y3 —p
0 0 . . —¢ 1| | Yr—p]
[ V1=V —p) ]

(Yo —p) — oY1
_ (Ys — 1) — o(Ya

— 1)
— 1

)

| (Y —p) —o(Yr1 — )
[ VT=¢2[Yi—c/(1—¢)] ]
Yo —c— oY,
Y —c— Y,

Yr—c—oYr_

The last term in (8) can thus be written
1 1

L TR e

- {i] (1= )i — /(1 — ) + [L} S (¥ - Y

20 20 —

The middle term in (8) is similarly
1 1
3 log |c?L'L| = 5 log{c " - |L'L|}

1 1
= 3 log 0" + 3 log |L'L|

T 1
= -3 log o + 3 log{|L/||L|} (since L is triangular)

T
iy log o? + log |L|

T 1
= -3 log o + 5 log(1 — ¢%).

Thus equation (6) and (7) are just two different expressions for the same magnitude.

(© 2014 by Prof. Chingnun Lee 6 Ins.of Economics,NSYSU,Taiwan
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Either expression accurately describes the log likelihood function.

2.3 Exact Maximum Likelihood Estimators for the Gaus-
sian AR(1) Process

The MLE 6 is the value for which (6) is maximized. In principle, this requires

2

differentiating (6) with respect to ¢, ¢ and o* and setting the derivatives equal to

zero, we obtain
c=2+(T-2)(1-¢)]"

Y

T-1
Vi+t(1-0)) Y +Yr
t=2

(Vi — ¢ = (1= 62 '0%g+ S 1(Yi = ) = 6(Yis — &))(Yies — ) = 0,

]~

t

Q
[\&]
Il
ﬁ
——
=<
|
&
(3]
—
|
<=
N
T Il
N g Sl

(Vi —¢) = ¢(Yia - 0)]2} :

In practice, when an attempt is made to carry this out, the result is a system of
nonlinear equation in 6 and (Y7, Ys, ..., Y7) for which there is no simple solution for
in terms of (Y3, Ys, ..., Yr). Maximization of (6) thus requires iterative or numerical

procedure described in p.21 of Chapter 3.

2.4 Conditional Maximum Likelihood Estimation

An alternative to numerical maximization of the exact likelihood function is to
regard the value of y; as deterministic (that is, fy,(y1) = 1) and maximize the

likelihood conditioned on the first observation
T
fYT,YT,l,YT,Z,..,YQ\Yl(ZUT, Yr—1,Yr—2, - y2’y1§ 9) = H fYt‘Yt—l(yt‘yt—l; 9)7
t=2

the objective then being to maximize

L(6) = —[(T—1)/2]log(2m) - (T —1)/2]1og(c”) = > {(% —C= Y1) ]

= (T 1)/2]log(2r) — [(T — 1)/2]log(0?) — 3 [ﬂ ©)

(© 2014 by Prof. Chingnun Lee 7 Ins.of Economics,NSYSU,Taiwan
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Maximization of (9) with respect to ¢ and ¢ is equivalent to minimization of

T

Z(yt —C— ¢yt71)2 =(y - Xﬁ)’(y - XB), (10)

t=2

which is achieved by an ordinary least square (OLS) regression of y; on a constant

and its own lagged value, where

Yo I
Y3 Ly
c
= , X = , and B3 =
y B { & }
| yr | L1 oy

The conditional maximum likelihood estimates of ¢ and ¢ are therefore given by

(-l Bl 1)

ZtT:Q Yt—1 23:2 yt271 ZtT:Q Ye—1Yt

The conditional maximum likelihood estimator of o2 is found by setting

oL —(;; 1) +i {@t - gbyt‘l)Q} ~0

Oo? 204
t=2

or

T 4
_ > i 53

T A2 2
~2 (e — ¢ — dye—1)
U_Z[ T—1 T—1°

It is important to note if you have a sample of size T" to estimate an AR(1) process

by conditional MLE, you will only use T — 1 observation of this sample.

(© 2014 by Prof. Chingnun Lee 8 Ins.of Economics,NSYSU,Taiwan
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3 MLE of a Gaussian AR(p) Process

This section discusses the estimation of a Gaussian AR(p) process,
§/t =C + gbl}/;—l _'_ ¢21/;,—2 + + qbp}/;—p + €t7

where all the roots of 1 — ¢ L — ¢oL* — -+ — ¢, [P = 0 lie outside the unit circle
and ; ~ i.i.d. N(0,0%). In this case, the vector of population parameters to be
estimated is 0 = (¢, ¢1, P2, ..., Pp, 2.

3.1 Evaluating the Likelihood Function

We first collect the first p observation in the sample (Y7, Y5, ...,Y,) in a (p x 1) vector

yp which has mean vector p,, with each element

C

Tl —br— . —

and variance-covariance matrix is given by

i

Yo ga! Y2 - - - Tp-1
4! Yo Mo - - Tp-2
Y2 gs! Yoo - - - Tp-3
0'2Vp = . . . .
L ’Yp—l 7;0—2 7p—3 CEEEEI Yo ]

The density of the first p observations is then

e 1
Foprros W Yp—1s o y1;0) = (2) PP o2V Y2 exp {_

27‘2(}’13 - #p)lvg:l(}’p - ”p)}

2 _ 1 _
= (2m) (e )PPV exp {—th(yp—up)’Vpl(y—up)}-

For the remaining observations in the sample (Y11, Y}+2, ..., Y7), conditional on

the first ¢ — p observations, the tth observations is Gaussian with mean

C+ PrYi—1 + PaYi—2 + .. + Opli—p

(© 2014 by Prof. Chingnun Lee 9 Ins.of Economics,NSYSU,Taiwan
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and variance o2. Only the p most recent observations matter for this distribution.

Hence for t > p

fnm_l,...,Yl(tht—l,--~>y1;9) = fYt|Yt—1,‘.,Yt—p<yt|yt—17"7yt—p;0)

1 _(yt —C— P1Yi—1 — P2Yp—2 — ... — ¢pyt—p)2

vV 2mo?

P 202

The likelihood function for the complete sample is then

fYT,YT,1 ..... Y1(yT7yT*17"'Jy1;0)

and the loglikelihood is therefore

JYo Y1t (Ypr Yp—1, Y15 0)
T

X H TviYior,io, WY1 - Yeop; 0),

t=p+1

LO) = log fvyver..viYr,yr—1,...,y1;0)

D p 2 1 -1
= —Zlog(2r) — £1 “log |Vl —
2og(?f) 20g(0)+20g| o

T—p
2
T

log(27m) —

2

1 _
53 = 1)V, Yy —m,)

P log(az)

o Z (Yt —c— d1ys1 — Payr2 — ... — ¢pyt—p)2'

t=p+1

202

Maximization of this exact log likelihood of an AR(p) process must be accomplished

numerically.

3.2 Conditional Maximum Likelihood Estimates

The log of the likelihood conditional on the first p observation assume the simple

form

E*(G) = 10ngT,YT_1,..,Yp+1|Yp ,,,,, Y1(yT7yT—17--yp+1|yp:--°ay1§0)

T— T —
= — P log(27m) — P log(o?)
2 2
T
_ Z (Yo —c—d1yi1 — Poyr—2 — ... — ¢pyt—p)2
202
t=p+1
T
T—p T—p ) g2
= ——5log(2m) — — " log(¢?) — > Pt (11)
t=p+1
(© 2014 by Prof. Chingnun Lee 10 Ins.of Economics,NSYSU,Taiwan
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The value of ¢, ¢, ..., ¢, that maximizes (11) are the same as those that minimize

T

Z (?/t —C— Q1Yi—1 — P2Yp—2 — ... — ¢pyt—p)2-

t=p+1

Thus, the conditional MLE of these parameters can be obtained from an OLS
regression of 3; on a constant and p of its own lagged values. The conditional MLE

estimator of o2 turns out to be the average squared residual from this regression:

T
67 = 3 (= = Y1 — D — e — D)

It is important to note if you have a sample of size T" to estimate an AR(p) process

by conditional MLE, you will only use T' — p observation of this sample.

(© 2014 by Prof. Chingnun Lee 11 Ins.of Economics,NSYSU,Taiwan
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4 MLE of a Gaussian M A(1) Process

This section discusses the estimation of a Gaussian M A(1) process,
}/;j =pu+te+ 9{:}_1 (12)

where 0] < 1 and &; ~ i.i.d. N(0,0?). In this case, the vector of population param-

eters to be estimated is @ = (p, 0, 0%)'.

4.1 Evaluating the Likelihood Function Using (Vector) Joint
Density

We collect the observations in the sample (Y1, Y3, ..., Y7) in a (T x 1) vector y which

has mean vector p with each element p and variance-covariance matrix given by

[ (1+6%) 0 0 S 0 ]
0 (14 6%) 7 S 0
0 0 1+6* . . . 0
Q=Ey—py—p) =0
0 0 0 Co (1467 ]

The likelihood function is then

_ _ 1 _
fYT,YT—l,...,Y1<yT7yT—17 ---,?/1;9) = (27T) T/2|Q| 1/2 exp [—5(}’ - H)IQ 1(}’ - H)] .

Using triangular factorization of the variances covariance matrix, the likelihood func-

tion can be written

T —1/2
fYT,YT_l,‘..,Yi (yT7 Yr—-1,---, Y15 0) = (27T)7T/2 [E dtt] exp [__ Z dtt]

and the loglikelihood is therefore

L(8) =10g fyvpypy.n(Yr, yr—1, -, Y1; 0)
T T .
T 1 th
=-3 log(27m) — 3 ;_1 log(dy) — E d—t,

where

14+60%2+0*+ .. +6%

_ 2
e S )

(© 2014 by Prof. Chingnun Lee 12 Ins.of Economics,NSYSU,Taiwan
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and

_ O1+ 0%+ 0" +...+6%] _
yt_yt_/"t_ 1_1_62_’_94_’__}_02(,5_1)1%—1

Maximization of this exact log likelihood of an M A(1) process must be accomplished

numerically.

4.2 Evaluating the Likelihood Function Using (Scalar) Con-
ditional Density

Consider the p.d.f. of Y7,
Yi = p+er + 0eo,

the first observations in the sample. This is a random variable with mean and

variance
EY) = n
Var(Yy) = o*(1+6%).
Since {&;};°_ is Gaussian, Y; is also Gaussian. Hence,
Y1 ~ N(u, (1 +6%)0?)
or

:0) = fri(yisp,0,0%)

_ L exp [_1 . M}
V2 /o2 (L 1 6%) 2 o2(1+6%)]

Next consider the distribution of the second observation Y5 conditional on the ”ob-

serving” Y) = y;. From (12),
YvQZM‘i‘EQ—i‘QSl. (13)

(Following the method in calculating the joint density of the complete sample of AR
process.) Conditional on Y; = y; means treating the random variable Y] as if it were
the deterministic constant y;. For this case, (13) gives Y, as the constant (u + 0e)
plus the N (0, 0?) variable e5. However, it is not the case since observing Y; = 1,
give no information on the realization of ¢; because you can not distinguish ¢;

from ¢; even after the first observation on ;.

(© 2014 by Prof. Chingnun Lee 13 Ins.of Economics,NSYSU,Taiwan
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4.2.1 Conditional Maximum Likelihood Estimation

To make the conditional density fy,y; (y2|y1;0) feasible,® we must impose an addi-

tional assumption such as that we know with certainty that ¢y = 0.

Suppose that we know for certain that ¢g = 0. Then

(Yileo = 0) ~ N(u,0?)

or
oy 1 1 (g —p)
I

Moreover, given observation of y;, the value of £; is then known with certainty as

well:
€1 =11 — M.
Hence
(Ya|Yy = y1,80 = 0) ~ N((p + b21),0°),

meaning that

1 1 (yo — p—021)?
Tvavico=0(Y2ly1,€0 = 0;0) = o exp {_5 (42 > 1)
1

Since €7 is know with certainty, €5 can be calculated from
€9 = Yo — b — bBeq.

Proceeding in this fashion, it is clear that given knowledge that ¢y = 0, the full

sequence {1, &g, ...,er} can be calculated from {yi, v, ..., yr} by iterating on

€ =Y — p—0g1

2Tt means to make the information of observation on Y; = y; useful.

(© 2014 by Prof. Chingnun Lee 14 Ins.of Economics,NSYSU,Taiwan
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fort =1,2,...,T, starting from £y = 0. The condition density of the tth observation

can then be calculated as

fYt|Yt,1,Yt,z,...,Yl,aO:O(yt|yt—1,yt—27-'-;y17€0 =0§9) = fYt|8171(yt|€t—1;0)

1 2
— eXp — —gt .
V2mo? [ 202 }

The likelihood (conditional on gy = 0) of the complete sample can thus be

calculated as the product of these individual densities:

fYT,YT_l,YT_Q,..‘,Yl\sozo(yTa Yr—1,Yr—2,.--, |€o = 0; 9)
T

= fY1|sO:o(y1\€o = 0; 9) : H fmm,l,m,g,...,yl,eozo(yt\ytfl, Yi—2, .-, Y1,€0 = 0; 9)-
=2

The conditional log likelihood function (denoted £*(8)) is therefore

ﬁ*(g) = 10ngT,YT,1,YT,2 ..... Y1|50:0(yT>nyl>yT72a---73/1‘50:()30)

S
N

= —g log(27m) — glog(JQ) — Pt (14)

In practice, the data implied in the log likelihood function can be calculated from

the iteration:
(Y; —p) = (1+6L)e;

and then we obtain (the reason why invertibility is needed) for t = 1,2,...,T,
e = (L+0L)7 (Y, —p)

= (Yi—p) = 0(Yio1 — ) + (Yiz — p) — oo 4+ (1) 7107 (Y1 — ) + (=1)'0'e,
and setting ¢; = 0 for 7 < 0, i.e.

g = 0

e = M—p)

gg = (Ya—p) —0(Y1—p) = (Ya—p) —Oey;

er = (Yo —p) = 0(Yr1 — ) + 0 (Yro —p) — .+ (1) 1071 (Y1 — o).

(© 2014 by Prof. Chingnun Lee 15 Ins.of Economics,NSYSU,Taiwan
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Although it is simple to program this iteration by computer, the log likelihood
function is a fairly complicated nonlinear function of 1z and 6, so that an analytical
expression for the MLE of p and 6 is not readily calculated. Hence even the condi-

tional MLE for an M A(1) process must be found by numerical optimization.

It is important to note if you have a sample of size T" to estimate an M A(1)
process by conditional MLE, you will use all the T" observation of this sample since

it is conditional on £y = 0 and not on first observation Y.

(© 2014 by Prof. Chingnun Lee 16 Ins.of Economics,NSYSU,Taiwan
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5 MLE of a Gaussian M A(q) Process

This section discusses the estimation of a Gaussian M A(q) process,
Yi=p+e +0ie1+ 00+ ...+ 0, (15)

where all the roots of 1 + 6L 4 --- 4+ 0,L% = 0 lie outside the unit circle and
g; ~ i.i.d. N(0,0%). In this case, the vector of population parameters to be esti-
mated is @ = (u, 61,60y, ..,0,,0%)".

5.1 Evaluating the Likelihood Function

The observations in the sample (Y3, Y5, ..., Y7r) in a (T x 1) vector y which has mean
vector p with each element p and variance-covariance matrix given by (2.
The likelihood function is then

_ _ 1 _
JYor Yroa,, Y1<yT7yT—1a--~7y1;0) = (27) T/2|Q| 1/26XP —5(}’—#),9 1(3’—#) .

Maximization of this exact log likelihood of an M A(q) process must be accom-

plished numerically.

5.2 Evaluating the Likelihood Function Using (Scalar) Con-
ditional Density

Consider the p.d.f of Y7,
Yi = U +ée1+ 6180 + 92871 + ...+ ququrl-

A simple approach is to condition on the assumption that the first ¢ value of € were

all zero:
€o=€_1=..=€c_¢g41 = 0.
Let €q denote the (¢ x 1) vector (e1,e_1,...,6_4+1)" . Then
(Vileo = 0) ~ N(u,0%)

or

Fla-o(ynleo = 0:0) = —=—=cxp {‘5 T
1

(© 2014 by Prof. Chingnun Lee 17 Ins.of Economics,NSYSU,Taiwan
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Next consider the distribution of the second observation Y5 conditional on the

"observing” Y} = y;. From (15),

Yé :/,L+€2—|—91€1 +92€0+...—|—9q€,q+2. (16)

Moreover, given observation of y;, the value of £; is then known with certainty as

well:

1=y —pand g =¢c_1 = ... =€_g42 = 0.

Hence
(}/'2’3/1 =Y, €0 = O) ~ N((M + 9151)702)a

meaning that

1
sz\Y1,so:0<y2|’y1,€o = 0;0) = — exp {_5 .
1

Since €7 is know with certainty, €5 can be calculated from

€9 = Y2 — jo — Ore1.

Proceeding in this fashion, it is clear that given knowledge that €y = 0, the full

sequence {1, &g, ...,er} can be calculated from {y,ys, ..., yr} by iterating on
er =Y — p—bher — oo — ... —O4ei4

fort =1,2,...,T, starting from €y = 0. The likelihood (conditional on g = 0) of the

complete sample can thus be calculated as the product of these individual densities:

fYT,YT,l,YT,Q,...,YI|eO:0(yT,yT—h Yr—2, -.-,y1\€0 = 0; 9)
T

= fvileo=0(¥1]€0 = 0;0) - H SYilYio1 Ve o Vieo=0 (Yt | Y1, Ye—2, - Y1, €0 = 0; 9).
t=2
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The conditional log likelihood function (denoted £*(8)) is therefore

£*(0) = 10?;fYT,YT,1,YT,2 ,,,,, y1|50:o(yT,yT_1,yT_2,.-.,y1!€o=0;9)
T 22
t

T T
= —Zlog(2m) — =log(c?) — Y —L. 1
3 loglen) = 5 logle”) = 3 o a7

It is important to note if you have a sample of size T" to estimate an M A(q) process

by conditional MLE, you will also use all the T" observation of this sample.
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6 MLE of a Gaussian ARM A(p, q) Process

This section discusses a Gaussian ARM A(p, q) process,
Yi=ct+oYia+ Yot ..+ 0 p+er+0ie 1+ 0oer o+ ... + 046,

where all the roots of 1 — ¢ L —--- — ¢, L7 =0and 1 + 6L +---+6,L7 = 0 lie
outside unit circle and &; ~ i.i.d. N(0,0%). In this case, the vector of population

parameters to be estimated is 0 = (¢, @1, ¢a, ..., ¢p, b1, 02, ..., 0,4, 0%)'.

6.1 Conditional maximum Likelihood estimates

The approximation to the likelihood function for an autoregrssion conditional on
initial value of the 3's. The approximation to the likelihood function for a moving
average process conditioned on initial value of the €’s. A common approximation

to the likelihood function for an ARM A(p, q) process conditions on both y’s and €’s.

The (p + 1)th observation is
Yori=c+g1Yp + oY1+ o+ 91+ i1+ bhep + o+ 0ggp—gia

Conditional on Y; =y, Y5 = 42,...,Y, =y, and setting e, = ¢,-1 = ... = €p_q41 =0

we have
Vo1 ~ N((c+ @Y, + oY1 + . + $pY1), 0%).

Then the conditional likelihood calculated from t =p+1,...,T is

L5(0) = log f(yr,Yr—1,-Yps1|Yp, s Y1,6p = Ep1 = ... = g1 = 0;60)

T—p T

2
= ——3 log(27) — St

lOg(U2) - 27
S 20

T—p

(18)

where the sequence {e,11,€p+2,...,6r} can be calculated from {y1,ys, ..., yr} by it-

erating on

& = YVi—c— 1Y — Y o— ... — gbp}/;—p — e — g9 — ... — eqét—q,
t=p+1,p+2,....T.

It is important to note if you have a sample of size T' to estimate an ARM A(p, q)
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process by conditional MLE, you will only use the T"— p observation of this sample.

From (9),(11),(14),(17), and (18) we see that all the conditional log-likelihood
function take a concise form
T
T* T* N g2
Ty tosor) — G loal0") = 3 3]
where T™ and t* is the appropriate total and first observations used, respectively. The
solution to the conditional log-likelihood function 0 is also called the conditional

sums of squared estimator, CSS, denoted as Ocss.
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7 Numerical Optimization

Refer to p.21 of Chapter 3.

8 Statistical Properties of MLE

(a). Refer to p.23 of Chapter 3 for the consistency, asymptotic normality and
asymptotic efficiency of Orir.

(b). Refer to p.25 of Chapter 3 for three methods of estimating the asymptotic

variance of 07 5.
(c). Refer to p.9 of Chapter 5 for three asymptotic equivalent tests relating to Ouip.

(d). For an large number of observations the C'SSS estimators will be equivalent to
MLE. See Pierce (1971), “Least square estimation of a mixed autoregressive-
moving average process”, Biometrika 58: pp. 299-312.

Erevcise:
Use the data I give to you, identify what model it appears to be and estimate
the model you identify with C'S'S.
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