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Parametric Model

Traditional Parametric Framework

Unit Root
» Augmented Dickey-Fuller Test (Dickey and Fuller, 1979)
» Phillips and Perron (1988)
Cointegration
» Engle and Granger (1987)
» Johansen Test (Johansen, 1988, 1991)
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Unit Roots

Augmented Dickey-Fuller Test

Dickey and Fuller (1979)

An AR(p) process
Vi=¢YVia+éYs ot -+ Y pte,! (1)

where ¢, is an i.i.d. sequence with mean zero, variance o2, and
finite fourth moment.

!The model can include an intercept and/or a time trend.
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Background
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Unit Roots

Augmented Dickey-Fuller Test

Dickey and Fuller (1979)
The equation (1) can be rewriten as
Y, =pYi1 +GAY 1+ LAY o+ + 1 AY i e (2)

where

p = Gr1+ o+ + P,
§ = — [0+ ojat+ -+,

for j =1,2,...,p—1. Using OLS to estimate p, &1,...,§,—1 yields
157 617 s 76])—1-
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Unit Roots

Augmented Dickey-Fuller Test

Dickey and Fuller (1979)

Theorem (Dickey and Fuller, 1979)
AsT — oo, under Hy : p =1, we have

([ o,

where T' is the sample size and W (r) is a standard Brownian
motion.

Chingnun Lee (NSYSU) Variance Ratio Test June 2025 6 /58



Unit Roots

Phillips-Perron Test

Phillips and Perron (1988)

An AR(1) process with serially correlated errors

}/;f - PY;S—l + Uy, (4)

o0 o0 . . o .
where uy = 7 Yict—j, D075 < o0, and & is an ii.d.
sequence with mean zero, variance o2, and finite fourth moment.
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Unit Roots

Phillips-Perron Test

Phillips and Perron (1988)

Definition (Autocovariance)

v; = E (wue—j), for j =0,1,2,.....

Definition (Long-run variance)

T 2 0o
1
)\QElimE<—E ut) :'70+22 V;-

Chingnun Lee (NSYSU) Variance Ratio Test June 2025

8/58



Background

[e]e]e]e]e] leje)

Unit Roots

Phillips-Perron Test

Phillips and Perron (1988)

Let p be the OLS estimate based on equation (4). If the true
value p = 1, then, as T'— oo, we have

T(H-1)= % </01 W(r)%lr) h (W(1)2 - %) .M

We need to construct modified statistics whose limiting
distributions are independent of v and 2.
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Unit Roots

Phillips-Perron Test

Phillips and Perron (1988)

Newey-West estimator

A2 = 4+2 Z Wi
j=1
i I =
’Y] = T : UtUt_J,
t=j+1

where wj, =1—j/(¢+1), 4, =Y, — pY;_1, and q is the lag
truncation parameter.
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Phillips-Perron Test

Phillips and Perron (1988)

Theorem (Phillips and Perron, 1988)
Under Hy: p=1, if ¢ — 00 As T — oo but q/T — 0, then

1202 = )
S, Y2, /T

= % (/01 W(r)zdr> B (W(1)*-1), (10)

VA

p

T(p—1)

where W (r) is a standard Brownian motion.
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Cointegration

Integrated Processes

Definition (An I(d) Process)

The n-vector time series Y is said to be integrated of order d,
denoted Y, € I(d), if

1-L0L)'Y,=u, t=1,2,..., (11)

where u; is stationary process.

Example

1. A stationary process is an (0) process.

2. A unit root process is an I(1) process.
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Cointegration

Cointegration

Definition
The n-vector time series Y, is cointegrated if
1. Y, €l(d);

2. There exists a nonzero (n x 1) vector a such that
a'Y, e I(d—b) for b > 0.

Remark
1. The vector a is called a cointegrating vector.

2. There may be h < n linearly independent (n x 1) vectors
(aj,...,a,) such that A’Y,; € I(d —b) is a (h x 1) vector,
where A = (aj,...,ay) is a (n X h) matrix.
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Cointegration

Resudual-Based Test for Cointegration

Engel and Granger (1987)
Consider the regression

Y; = X;,B + €. (12)

We can estimate equation (12) by OLS, yielding the residual é;.
The residual é; can then be regressed on its own lagged value é;_;
without a constant term:

ét:pét_l'i‘ut, t:2,3,...,T, (13)

yielding the estimate

(14)
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Cointegration

Resudual-Based Test for Cointegration
Engel and Granger (1987)
Define the second-stage residuals

'l/lt - ét_ﬁét—la t= 2,3,...,T.

The Phillips-Perron statistics can be written as

. 1/2(A% - 4o)
t=2 “t—1
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Cointegration

Resudual-Based Test for Cointegration

Engel and Granger (1987)

Assumption (No Cointegration)

Consider an (n x 1) vector Y, = (Y}, %)’ such that
AY, =) Wie;, (17)
=0

for e; an i.i.d. vector with mean zero, variance F(e;e}) = PP/,
and finite fourth moments, and where {j - ¥;}%2, is absolutely
summable. Let A = (¥, + ¥, + ---)P. Suppose that the (n x n)
matrix AA’ is nonsingular.
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Cointegration

Resudual-Based Test for Cointegration

Engel and Granger (1987)

Theorem (Phillips and Ouliaris, 1990)
Under Assumption, if ¢ — oo as T — oo but q¢/T — 0, then

2> | QdQ() / / QY. (18)
where

Q) = WAlr) — Ja Wa(r)W(r)dr [ [ Walr)W(r )’dr]_lwg(r),

Here, (Wl( ), Wy(r)) denotes n-dimensional standard Brownian
motion.

4
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Cointegration

Cointegrated System

Consider the following VAR(p) model, which we write in the
VEC form:

AY, =1IY 1 +T1AY 1 + -+ T, 1AY 1 + &y, (19)

where E(e;) =0, E(eie;) = Q and E(egel) =0 for t # s.
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Cointegration

Cointegrated System

Theorem (Granger representation theorem)

Suppose that there are exactly h cointegrating relations among

elements of Y, and the process can be represented as the
pth-order VAR, then

1. There exists an (h X n) matriz A" whose rows are linearly
independent such that A'Y; is stationary.

2. There exists an (n x h) matriz B such that IT = BA’.

the
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Cointegration

Likelihood Ratio Test

Johansen (1988)

The log likelihood of (Y1,Y 5, ..., Y r) conditional on
(Y_p11,Y _pio,...,Y) is given by

L(Q,Ty,... T, II)

T T
= __n log(27) — —log | — = Z«‘Stﬂ Et, (20)

where

Er = AYt — HYt—l — FlAYt—l R I‘p—lAYt—p-i-l' (2]_)
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Cointegration

Likelihood Ratio Test

Johansen (1988)

The likelihood ratio (LR) test statistic for the hypothesis that
there are at most h cointegration vectors is given by

LR =2(Ly— L), (22)

where [} represents the maximum value of the log-likelihood
function under the restriction that there are exactly h
cointegrating relations among the elements of Y, and £} denotes

the maximum value of the log-likelihood function without any
restrictions.

Chingnun Lee (NSYSU) Variance Ratio Test
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Cointegration

Likelihood Ratio Test

Johansen (1988)

Theorem (Johansen, 1988)
Under the hypothesis that there are h cointegrating vectors, then

LR = t1(Q), (23)

a= [ wooawor] [ o] [ wioower].

and W (r) is (n — h)-dimensional standard Brownian motion.

where
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Cointegration

Defects of the Parametric Model

Using the parametric model requires the following:

1. Specification of the short-run dynamics, such as an AR(p)
model.

2. Estimation of nuisance parameters, such as the long-run
variance.

Breitung (2002) proposed a nonparametric ratio test for unit root
and cointegration rank that does not require the above.
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Nonparametric model

Variance Ratio statistic for Unit Root
Breitung (2002)

Under the null hypothesis that Z, € I1(1), Z, satisfy the functional
central limit theorem

T2 Zi = oW (r), (24)

where 0 < r < 1, W(r) is a standard Brownian motion and
o? = lim E(T~Y2Z7)? is the long-run variance.

It is obvious to see that (24) has the nuisance parameter o need
to be eliminate.
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Nonparametric model

Variance Ratio statistic for Unit Root
Breitung (2002)

Following Kwiatkowski et al. (1992), consider the following test
statistic

T -1
Ty Zt] : (25)
t=1

T
pp=T" Z h
t=1

where Z, =Y, - &D;, a = (3, D,D},)"' Y], DY,
Sy =71+ Zy+ -+ Z;, Yy is the observed time series and D; is
the deterministic term.
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Nonparametric model

Variance Ratio statistic for Unit Root
Breitung (2002)

Theorem (Breitung, 2002)
Under the null hypothesis, we have

pp = /01 [/O aWj(r)drrda [/01 0—2Wj(r)2dr]

-1

= /1 [/GVVJ-(r)drrda [/1 VVj(T)QdT] _1, (26)
o LJo 0
where
Wo(r) = W(r), for Dy =0, )
June 2025 26/ 58
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Nonparametric model

Variance Ratio statistic for Unit Root
Breitung (2002)

W1 (T‘)

1
W(r) — /o W (a)da, for D; = 1,

Wa(r) W(r)—(4— 67“)/0 W(a)da — (12r — 6)

1
x/ aW(a)da, for D; = (1,t)'.
0

It is easy to seen that the nuisance parameter o is eliminated
from the asymptotic distribution.
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Nonparametric model

Variance Ratio statistic for Cointegration
Breitung (2002)

Consider a (n x 1) vector time series Z;. Suppose that there
exists a full rank (n x n) matrix Q@ = (v,8), with 0 <h <n —1,
such that

/ 'Z
R T

where v and 3 are [n x (n — h)] and (n x h) matrices, respectively.
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Nonparametric model

Variance Ratio statistic for Cointegration
Breitung (2002)

1. Vi is a [(n—h) x 1] vector of stochastic trend satisfy the
functional central limit theorem, i.e.

T2V i = W (r), (28)

where 0 < r <1, W(r) is a (n — h)-dimensional standard
Brownian motion.

2. B is well known the cointegration vectors.
3. Voy=0'Z, is a (h x 1) stationary vector.
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Nonparametric model

Variance Ratio statistic for Cointegration
Breitung (2002)

The nonparametric cointegration rank test is base on the
following statistic

Ry = ArB;, (29)
where
T NNy T aAoal
Ar=> 2,7, Br=)Y 8,8, (30)
t=1 t=1

in which Z, =Y, — &'Dy, & = (-, D:D) ™' 3, Dy, and
Si=Z\+Zy+---+ Z4.
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Nonparametric model

Variance Ratio statistic for Cointegration
Breitung (2002)

The test statistic is defined as

n—h
Ap=T"Y "), (31)
j=1

where A} < Ay < --- < )\, denote the ordered eigenvalues of the
matrix Rr.
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Variance Ratio statistic for Cointegration
Breitung (2002)

Theorem (Breitung, 2002)

Under the null hypothesis that h = hy against h > hg, the test
statistic Ag has following asymptotic distribution

Ap = tr { /0 1 W (r)W (r) dr { /0 1 vifj(r)vifj(r)'dr} _1} . (32)

where W ;(r) = [, W ;(a)da, and
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Nonparametric model

Variance Ratio statistic for Cointegration
Breitung (2002)

Wy(r) = W(r), for D, =0,

Wi(r) = W(r)— /1 W (a)da, for D; =1,
Wy(r) = W(r)—(4-— 67“)/0 W (a)da — (12r — 6)

1
x/ aW (a)da, for D, = (1,t)".
0
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Fractional Cointegration

Fractional Integrated process

Definition
The fractionally integrated process for Z; is defined as

t—1 .
- I (] d)
d, _ )
Zy = ATy = JE:O DTG 1)Ut—]7 (33)

where A7? = (1 — L)~(t > 0), I(-) is the indicator function, I'(")
is the Gemma function, and u; is a stationary process.

Remark
When d > 1/2, Z, is a nonstationary process.
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Fractional Cointegration

Fractional Integrated process

Under some regularity conditions, a fractional functional central
limit theorem can be obtained for Z;

TV2-4Z,00 = o, Wa(r), for some oz > 0, (34)

where 0 < r < 1, Wy(r) is type II fractional standard Brownian
motion of order d > 1/2, and Wy(r) is defined as

0, a.s. r=20
W, = ’ ., _ ’ 35
a(r) { ﬁ fo (r —s)4tdW(s), r >0, (35)

in which W (r) is the standard Brownian motion.?

2See Marinucci and Robinson (2000).
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Fractional Cointegration

Variance Ratio statistic
Nielson (2010)

The variance ratio statistic for the fractionally integrated process
is given by

Z gt(dl)Zl ’ (36)

where Z, = Y; and S’t(dl) = A;dl 7, is the fractional partial sum.

T
pn(d) = Ty "7
t=1
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Fractional Cointegration

Variance Ratio statistic
Nielson (2010)

Theorem (Nielson, 2010)
The asymptotic distribution of py(dy) is

on(dy) = / o Wa(r)2dr { / 1agwdﬂh( )er}_l

/ Wa(r)2dr { / Wapa, (r rr. (37)1

Again, the nuisance parameter o is also eliminated from the
asymptotic distribution.
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Fractional Cointegration

Variance Ratio statistic
Nielson (2010)

The cointegration rank test can be extended to the fractional
cointegration framework. The test is base on the following
statistic

Ry (dy) = ArBrp(dy) ™, (38)
where
T L T R R
Ap=> 7,7, Br(d) =Y 8i(d1)S(dy),
t=1 t=1

in which 8,(d,) = A7" Z, is the fractional partial sum of
Zt - Yt - &/Dt.
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Fractional Cointegration

Variance Ratio statistic
Nielson (2010)

The test statistic is defined as

n—h
An(d) = T3 " N(dy),
j=1

where A\ (dy) < Ao(dy) < -+ < A\, (dy) denote the ordered
eigenvalues of the matrix Ry (d;).
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Fractional Cointegration

Variance Ratio statistic
Nielson (2010)

Theorem (Nielson, 2010)

The test statistic Ay (dy) is asymptotically distributed as a
fractional functional of Brownian motions:

' n— n— / ! ~ n—~h = i) , =1
o [ Etomgtore [ Bhosgom] | w

where the subscript j is denoted by 7 =0 when D; =0, j =1
when Dy =1, and j = 2 when Dy = (1,1),
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Fractional Cointegration

Variance Ratio statistic
Nielson (2010)

BI(r) = W),
1
BIMr) = Wh(r) - / " (a)da,

BI(r) = W) — / "1 (a) D(a)'da

Chingnun Lee (NSYSU) Variance Ratio Test June 2025
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Fractional Cointegration

Variance Ratio statistic
Nielson (2010)

~ n—~h T—

By ga,(r) = Wd+31 (r),

~n—ph e 1 . "(r—a di—1

Bl = Wik - [ witada [ i
0 0 1)

~n—h n— n—
B, yq,(r) = Wii(r)— [ Wi"(a)D(a)da

in which D(a) = (1,a)’ and W7 "(r) is an (n — h) x 1 vector
representing fractional standard Brownian motion.
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Structural Breaks

The Presence of Structural Breaks

1. Tests for unit roots or cointegration have low power in the
presence of structural breaks.

2. Perron (1989) suggested a modification of unit root tests that
allow for one break with a predetermined timing.
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The Presence of Structural Breaks

Perron (1989) Test for Unit root
The model is given by:

Y =ag+ a1Dy + pYi1 + uy,

where D, is a dummy variable defined as

o, ift<[T7],
- if t > [T'7],

in which 7 is the change point.

Chingnun Lee (NSYSU) Variance Ratio Test June 2025
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The Presence of Structural Breaks

Gregory and Hansen (1996) test for Cointegration
The model is given by:

Y, =ao+a1D: +x,8 + ey, (42)

where D, is a dummy variable defined as

o, ift<[T7],
)1, ift> [T

in which 7 is the change point.
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The Presence of Structural Breaks

Johansen et al. (2000) test for Cointegration
The model allows for any pre-specified number of sample periods
(q), of lengh T; —T;_4 for j =1,...,q and
0=Ty<Ty <---<T,=T. The model is given by:
k-1
AY, =1IY ,_; + p; + It + Z LAY, + &, (43)
i=1
forj=1,...,qand Tj_1 + k<t < T;
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Structural Breaks

The Presence of Structural Breaks

Dechert (2012) test for Cointegration

The observed time series is allowed to have trend breaks. The
model is given by:

Y, = a0+ ot + ax DTi(7) + Z,4, (44)
where .
DT(r) =Y 1(i > Tr). (45)
i=1

v
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Fourier form

Advantages of the Fourier Form Approximation

1. It works reasonably well for types of breaks often used in
economic analysis.

2. The Fourier function with a single frequency component can

be a reasonable approximation for breaks of an unknown
form even if the function itself is not periodic.

3. It involves only the determination of the appropriate
frequency component in the model and hence avoids the
complication of selecting break dates, the number of breaks
and the form of breaks.
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Fourier form

Singel frequency v.s. Cumulative frequencies

Becker et al. (2006) and Enders and Lee (2012a) illustrate that
time-varying features in a univariate time series variable can be
reasonably approximated by single-frequency fourier components.
This form in our multivariate variables model can written as

2mk;t 2mk;t
Yii= a0+t +a;osin ( 7TT ) +a; 3 cos ( 7TT ) +Z;y, (46)

fori=1,2,...,n, where o, ¢ is the intercept, «;; is the linear
trend, o; 2 and «a; 3 measure the amplitude and displacement of
sinusoidal components, k; represents a particular frequency, and
Z; is the stochastic trend component of Y;; in variable 7.
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0000

Fourier form

Singel frequency v.s. Cumulative frequencies

Equation (46) is unrealistic in practice because it is hard to
choose different combination of k; in model setting.

To address the problem, it may be assumed that there is a
homogeneous single-frequency component, i.e., k; = k. However,
this assumption may not be appropriate for multiple variables, as
there could be different types of breaks between variables, which
means their frequencies may differ.
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Fourier form

Our Model

We therefore assume the following homogeneous cumulative
fourier function model to approximate the unknown forms of
break in a multivariate time series model:

2wkt
Y;,t = Oézo—l—()ézlt—i-ZaszSlH( )

T
2kt
+ Z Q; 3,k COS (T) + Zis, (47)
k=1
for i =1,2,...,n, where K represents the number of frequencies

cumulated.
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Our Model
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Fourier form

Singel frequency v.s. Cumulative frequencies

(a) temporary break (b) multiple breaks

Figure: The red and blue dashed line represents a single frequency
using kK = 1 and k = 2, respectively, and the green dashed line
represents the cumulative frequencies using K = 2.
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Cointegration Rank Test with Fourier Break

Our Model

For convenience, we rewrite model (47) in a more compact form
as follows:

K
. 2wkt
Y, = o+ ot + g Qg ), sin T
k=1
K
2wkt
+Y aggeos (= | + Z,, (48)
T
k=1
_ / _ /!
where Y, = (Y14, Yoy, ..., Yot), oo = (10, @20, - .., np)s
— / _ /
o) = (041,1, Qo1,... 7an,1) , O ) = (041,2,k> 029 k- - 706n,2,k) , and
!
a3 = (041,3,k, Q23 ky--- 7an,3,k) .
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Cointegration Rank Test with Fourier Break

Our Model

Given the number of frequencies K, the coefficients of the
oot _ / / !/ / !/
deterministic components o = (g, @, @y 1, ..., Q) g, Az 5, - . -,

ol ;) can be estimated using OLS,

d(K) = [ZDt(K)Dt(K)/] ZDt(K)Y:w (49)

where Dy(K) = (1,t,sin(2x1t/T), ..., sin(2r Kt/T), cos(2n1t/T),
..., cos(2rKt/T)) .
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Cointegration Rank Test with Fourier Break

Our Model

The cointegration rank test in our model is base on the following
statistic

Rr(dy, K) = Ap(K)Br(dy, K) 7Y, (50)
where
AT(K) = Zzt(K)Zt(K)/7
Br(dy, K) = > 8,(d, K)8(dy, K

in which 8,(d, K) = AT" Z,(K) is the fractional partial sum of
Z,(K) =Y, - &(K)Dy(K).
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Cointegration Rank Test with Fourier Break

Our Model

The nonparametric variance ratio trace statistic is defined as
follows

n—h
Api(dy, ) = T3 " \j(dy, K), (51)
j=1

where A\ (dy, K) < Ag(dy, K) < --- < \,(dy, K) denote the ordered
eigenvalues of the matrix Ry(dy, K).
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Cointegration Rank Test with Fourier Break

Our Model

Theorem
The asymptotic distribution of A, p(dy, K) is

An’h(dl,K) = Unfh(d, dl,K). (52)

The exact form of asymptotic distribution U,_(d,dy, K) will be
completed in this project.
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