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Abstract: This paper proposes a dynamic panel threshold model with a covariate-dependent and time-varying 

threshold (DPTCT), in which we allow for the threshold to depend on covariates that vary not only over time but 

also cross-sectionally. We develop a maximum likelihood estimator of the threshold and slope parameters based 

on the first difference transformation, and suggest test statistics for threshold effect and threshold constancy. 

We establish the asymptotic distribution for the threshold estimator and derive the limiting distributions of the 

suggested test statistics. Monte Carlo simulations are conducted to confirm the asymptotic results and show that 

the estimation and testing procedures work well in finite samples. The model is illustrated with an application 

to the inflation-growth nexus.

Keywords: dynamic panel threshold model; covariate-dependent thresholds; estimation; testing; inflation-

growth nexus

JEL Classification: C12; C13; C15; C23

1 Introduction

Over the past several decades, threshold regression models have spawned a vast amount of literature in econo-

metrics and applied econometric practice. The classical threshold models specify the sample splitting criteria 

based on the relative magnitude of a threshold variable and a fixed threshold value, which has been criticized 

for its lack of flexibility to model a time-varying sample splitting criteria; consequently, a growing number of 

recent studies have been devoted to extending threshold regression models to a framework with a nonconstant 

threshold (e.g., Yang and Su 2018; Yu and Fan 2021; Lee et al. 2021; Yang et al. 2021a, 2021b; Lee and Wang 2023). 

However, existing studies are limited to time-series data or non-dynamic panel data; hence, a dynamic panel 

threshold model with a nonconstant threshold is still unavailable. The main purpose of our paper is to fill this 

void in the literature.

In this paper, we introduce a new model called dynamic panel threshold model with covariate-dependent 

thresholds (DPTCT), in which the threshold varies not only over time but also cross-sectionally, and is modeled as 

a function of candidate variables that affect the separation of regimes, following the recent nonconstant thresh-

old literature (e.g., Yang and Su 2018; Yu and Fan 2021; Lee et al. 2021; Yang et al. 2021a, 2021b). The new model 

can be regarded as an extension of Yu and Fan (2021) and Yang (2024), which are extensions of Hansen (2000) by
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allowing for a nonconstant threshold, to a dynamic panel framework with covariate-dependent thresholds. Our 

paper is also related to Yang et al. (2021b) who propose a panel kink threshold model with a covariate-dependent 

threshold, which can be treated as an extension of the kink regression model of Hansen (2017). The proposed 

model can also be viewed as an extension of the dynamic panel threshold model of Seo and Shin (2016) and 

Ramírez-Rondán (2020), who extend the static panel threshold model of Hansen (1999) to a dynamic setting, to a 

nonconstant threshold framework. Thus, our model is an important complement to the dynamic panel thresh-

old models, as overlooking threshold nonconstancy can lead to biased estimates and distorted testing results, 

leading to misleading empirical results in applications (e.g., Yang and Su 2018; Yang et al. 2021a, 2021b).

To estimate the model, we suggest a maximum likelihood estimator following the tradition of Hsiao et al. 

(2002), who propose a maximum likelihood estimator (MLE) for dynamic linear panel models based on a first 

difference transformation. Unlike the estimation methods based on instrumental variables (IV) or the general 

method of moments (GMM), the maximum likelihood (ML) approach is advantageous because it does not require 

instruments but rather assumptions on the initial conditions. Hsiao et al. (2002) also show that the ML esti-

mators dominate the GMM estimators in terms of the bias and root mean square error. As a consequence, 

Ramírez-Rondán (2020) proposes to use the ML approach to estimate the dynamic panel threshold model with 

a constant threshold. Compared to Ramírez-Rondán (2020), our paper has the following differences. First, the 

proposed model focuses on the nonconstant threshold setting, while Ramírez-Rondán (2020) focuses on a classi-

cal constant threshold setting. Second, in estimating the threshold, Ramírez-Rondán (2020) uses the grid search 

method, which may be infeasible in the proposed covariate-dependent threshold models due to serious compu-

tational costs, as illustrated by Yu and Fan (2021) and Lee et al. (2021). To overcome this problem, based on the 

first difference transformation and the maximum likelihood approach, we suggest an MCMC-based procedure 

to simultaneously estimate the threshold parameters and provide feasible confidence intervals for the parame-

ters. In addition, our paper involves the issue of multiple thresholds, while existing literature does not study this 

problem in a dynamic panel setting. This paper also suggests test statistics for threshold effect, threshold con-

stancy and the number of thresholds. Moreover, we derive the asymptotic properties of the proposed threshold 

estimator and test statistics in the large N (the number of individuals) small T (time period) framework, and show 

that the threshold estimator shares the convergence rate with the estimator in the constant threshold model. 

Hence, the inclusion of a time-varying threshold does not change the convergence rate of threshold parameters. 

However, it is obvious that the observations can not be correctly classified into subregimes, resulting in the true 

model parameters not being retrieved from the estimation method based on the constant threshold model if we 

misspecify a time-varying threshold as a constant one. Monte Carlo simulation results confirm our asymptotic 

theory and support that the estimation and testing procedures work well in finite samples. The usefulness of the 

model is illustrated by an application to investigate the inflation-growth nexus.

The remainder of the paper is organized as follows. Section 2 introduces the dynamic panel threshold model 

with a covariate-dependent threshold, suggests the estimation method, and establishes the asymptotic theory 

of the threshold estimator. Section 3 suggests the test statistics for threshold effect and threshold constancy, and 

derives the asymptotic distributions of the test statistics. Section 4 extends the model to a dynamic panel data 

framework with multiple covariate-dependent and time-varying thresholds. Section 5 provides an alternative 

estimation approach based on the generalized method of moments (GMM). Section 6 presents Monte Carlo sim-

ulations evaluating the finite-sample properties of the estimation and testing procedures. Section 7 provides an 

empirical application, and Section 8 concludes.

2 Dynamic Panel Threshold Models with a Covariate-Dependent 

Threshold

2.1 The Model

The dynamic panel threshold model with a covariate-dependent threshold we consider is given by
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y it = 𝛼 i + 𝛽 1 y it−1 + 𝜽′1x it +
(
𝛽 2 y it−1 + 𝜽′2 x it 

)
I(q it > 𝛾 it ) + u it , (1)

for i = 1, 2, … , N and t = 1, 2, … , T . x it is an l x -dimensional vector of exogenous regressors, the dependent 

variable y it and threshold variable q it are scalar, and u it is the error term assumed to be independently and 

identically normally distributed with mean 0 and variance 𝜎 2
u
. 𝛼 i is the fixed effect and represents the unob-

served individual heterogeneity. I (.) is the indicator function. We assume that the initial values y i0 and x i0 are

observable. 𝛾 it is a covariate-dependent threshold specified as a linear combination of informative covariates 

s it , which can explain variation in thresholds over time and/or across individuals; that is,

𝛾 it = 𝜸 ′s it , (2)

where s it =
(
1, s ′

1,it

) ′
∈ ℝ k+1 , 𝜸 =

(
𝛾 0, 𝜸 

′
s

) ′
, and there may be overlap between x it and s 1,it . The threshold setting 

in (2) can be treated as an extension of the classical threshold model to a covariate-dependent and time-varying 

threshold (e.g., Dueker et al. 2013; Yang and Su 2018; Lee et al. 2021; Yu and Fan 2021; Yang et al. 2021b), and 

this nonconstant threshold setting is important in capturing a time-varying reference for assessing the relative 

magnitude of an economic variable in applications.

It is worth noting that the proposed model can be treated as an extension of the nonconstant threshold 

model to the dynamic setting. Specifically, the proposed dynamic model can be viewed as a direct extension 

of the model of Yu and Fan (2021). Moreover, the model can also be viewed as an extension of Seo and Shin’s 

(2016) dynamic panel threshold model to a framework with a nonconstant threshold. It is also noted that, when 

𝜸 
s = 0, the model defined in(1) would degenerate to the classical dynamic panel threshold model studied by 

Ramírez-Rondán (2020).

2.2 Estimation

It is now well-known that the least-squares dummy variable (LSDV) estimator of the linear version of model (1) is 

inconsistent as N tends to infinity for a fixed T (e.g., Hsiao et al. 2002), due to the classical incidental parameters 

problem. To overcome this problem, following the literature including Hsiao et al. (2002) and Ramírez-Rondán 

(2020), we take the first difference to eliminate 𝛼 i in model (1):

Δy it = 𝛽 1 Δy it−1 + 𝛽 2 Δy it−1 (𝜸 ) + 𝜽 ′1Δx it + 𝜽 
′
2
Δx it (𝜸 ) + Δu it, (3)

where Δy it = y it − y it−1 , Δy it−1 = y it−1 − y it−2 , Δy it−1 (𝜸 ) = y it−1 I(q it > 𝛾 it ) − y it−2 I(q it−1 > 𝛾 it−1 ),

Δx it = x it − x it−1 , Δx it (𝜸 ) = x it I(q it > 𝛾 it ) − x it−1 I(q it−1 > 𝛾 it−1 ), and Δu it = u it − u it−1 .

It is important to note that for t = 2, 3, … , T , model (3) is well defined, but not for Δy i1 , as y i,−1 and Δx i,1− j
are not available for j = 0, 1, 2, …, leading to that Δy i0 and Δy i0 (𝜸 ) are missing. In the linear version of model
(1) by assuming 𝛽 2 = 0 and 𝜽 2 = 0, starting from Δy i,−m+1 (assumed given) and using continuous substitution, 
Hsiao et al. (2002) show that

Δy i1 = 𝛽m1 Δy i,−m+1 + 𝜽′1
m−1∑
j=0
𝛽
j

1 
Δx i,1− j +

m−1∑
j=0
𝛽
j

1 
Δu i,1− j , i = 1, … , N . (4)

As can be seen from (4), observations back to the initial period are not available. Thus, for i = 1, … , N , the

mean of Δy i1 conditional onΔy i,−m+1 andΔx i,1− j for j = 0, 1, 2, … is defined by

𝜂 i1 = E(Δy i1 |Δy i,−m+1 , Δx i1, Δx i0, …) = 𝛽m
1 
Δy i,−m+1 + 𝜽′1

m−1∑
j=0
𝛽
j

1 
Δx i,1− j . (5)

As shown in (5), when 𝜽 1 = 0 and T is fixed, the MLE of the dynamic panel linear model depends on the 
assumption on the initial conditions, which may affect the consistency of the MLE estimator, as the covariance
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matrix depends on the initial conditions. 1 When 𝜽 1 ≠ 0, the mean 𝜂 i1 is unknown even if m → ∞. Treating 𝜂 i1
as a parameter, the classical incidental parameters problem would appear. To address the above problem, we 

follow Hsiao et al. (2002) to assume the process has started from a finite period in the past (m is finite), and 

E(Δy i,−m+1 |Δx i1, Δx i2, … , Δx iT ) is the same across all individuals. Then, under the exogeneity assumption of
xit we have 

Δy i1 = 𝛿 0 + 𝜹 ′1Δx i1 + 𝑣 i1 , (6)

whereE(𝑣 i1 |Δx i1 ) = 0. E ( 𝑣 2i1) = 𝜎 2𝑣, E(𝑣 i1 Δu i2 ) = −𝜎 2u, and E(𝑣 i1 Δu it ) = 0 for t = 3, 4, … , T and i = 1, … , N . 
Although the derivation from (4)–(6) is based on the linear model of Hsiao et al. (2002), Ramírez-Rondán

(2020) argues that similar results hold for dynamic panel threshold models, as the threshold model would 

become linear as the sample size increases under the “small threshold effect” assumption, which is widely used 

in the threshold literature (e.g., Hansen 2000). Based on a similar argument, we extend the maximum likelihood 

approach to estimate the proposed dynamic panel threshold model with a covariate-dependent threshold.

To develop a maximum likelihood approach for model estimation, we derive the likelihood function for 

any given threshold parameter 𝜸 . Define Δu i = (𝑣 i1, Δu i2, … , Δu iT ) and Δy i = (Δy i1, Δy i2, … , Δy iT ). Following 
Hsiao et al. (2002) and Ramírez-Rondán (2020), the joint probability distribution functions of Δu i and Δy i are 
the same, as the Jacobian of the transformation from Δu i to Δy i is unity. Thus, the covariance matrix of Δu i 
takes the following form

𝛀 = 𝜎 2 
u 

⎡ ⎢⎢ ⎢⎢⎢⎢⎢⎣

𝜔 −1 0 … 0

−1 2 −1
0 −1 2

... ⋱ −1 
0 −1 2

⎤⎥⎥⎥⎥ ⎥ ⎥ ⎥ ⎦

= 𝜎 2
u
𝛀 ⋆,

where𝜔 = 𝜎2
𝑣
∕𝜎2

u
. Assume that uit is independent normal. Then, the joint probability distribution of Δy i condi-

tional on xi is therefore given by

L
(
𝛿0,𝜹

′
1
,𝜷′
,𝜽′, 𝜸′, 𝜎2

u
, 𝜔
)

=
N∏
i=1

(2𝜋 )−T∕2|𝛀|−1∕2 exp{− 1

2
Δui

(
𝛿0,𝜹

′
1
,𝜷′
,𝜽′, 𝜸

)′𝛀−1Δui
(
𝛿0,𝜹

′
1
,𝜷′
,𝜽′, 𝜸′

)}
, (7)

whereΔui
(
𝛿0,𝜹

′
1
,𝜷′
,𝜽′, 𝜸

)
=
[
Δyi1 − 𝛿0 − 𝜹′1Δxi1,Δyi2 − 𝛽1Δyi1 − 𝛽2Δyi1(𝜸 )− 𝜽′1Δxi2 − 𝜽

′
2
Δxi2(𝜸 ), … , Δy iT 

]
− 𝛽1ΔyiT−1 − 𝛽2ΔyiT−1(𝜸 )− 𝜽′1ΔxiT − 𝜽

′
2
ΔxiT (𝜸 )

]′
, 𝜷′ = (𝛽1, 𝛽2), and 𝜽

′ =
(
𝜽′
1
,𝜽′

2

)
.

Taking a logarithmic transformation for the likelihood function in (7), we obtain

ln L
(
𝛿0,𝜹

′
1
,𝜷′
,𝜽′, 𝜸′, 𝜎2

u
, 𝜔
)
= −NT

2
ln(2𝜋 )− N

2
ln |𝛀|

− 1

2

N∑
i=1

Δui
(
𝛿0,𝜹

′
1
,𝜷′
,𝜽′, 𝜸′

)′𝛀−1Δui
(
𝛿0,𝜹

′
1
,𝜷′
,𝜽′, 𝜸′

)
. (8)

As shown inHsiao et al. (2002), |𝛀| = 𝜎2T
u
[1+ T(𝜔− 1)], and thus, the log-likelihood criterion in (8) depends

on the unknown 𝜔. To ensure that |𝛀| is positive, we assume 𝜔 > 1 − 1∕T . In threshold models, it is now well-
understood that the threshold parameter can lead to that the objective function is non-convex. For any given 

threshold parameter 𝜸 , the threshold model would degenerate to the dynamic panel linear model of Hsiao et al. 

(2002), who show that the maximum likelihood estimator (MLE) in the linear case is consistent and asymptoti-

cally normal when N → ∞, regardless of whether T tends to infinity or is fixed. Therefore, we suggest to use a 

two-step estimation procedure. First, we employ the maximum likelihood approach to estimate the parameters

1 This problem disappears when T → ∞.
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𝛿 0, 𝜹 
′
1
, 𝜷 ′, 𝜽 ′, 𝜎 2

u and 𝜔 for a given 𝜸 . Second, we estimate the threshold parameter by plugging the MLE for a
given 𝜸 ∈ 𝚪, which is the parameter space of 𝜸 . 

Step 1: Estimation of 𝛿 0, 𝜹 
′
1
, 𝜷 ′, 𝜽 ′, 𝜎 2

u
, 𝜔 for a given 𝜸

Denote the matrixΔy i,−1 (𝜸 ) as follows

Δy i,−1 (𝜸 ) = 

⎡ ⎢⎢ ⎢ ⎢ ⎢⎢ ⎢ ⎣ 

1 Δx ′ 
i1

0 0 0 0

0 0 Δy i1 Δx i2 Δy i1 (𝜸 ) Δx i2 (𝜸 ) 
0 0 Δyi2 Δx i3 Δy i2 (𝜸 ) Δx i3 (𝜸 ) 
...

...
...

...
...

...

0 0 Δy iT−1 Δx iT Δy iT−1 (𝜸 ) Δx iT (𝜸 ) 

⎤⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦

. 

For a fixed 𝜸 , we can compute the first-order derivative with respect to 𝜽 𝛿 (𝜸 ) = 
(
𝛿 0, 𝜹 

′
1
, 𝜷 ′, 𝜽′ 

)′
and set the

partial derivative as zero, yielding to the estimator ̂𝜽 𝛿 (𝜸 ), and the residuals

Δ̂ ui (𝜸 ) = Δy i −Δy i,−1 (𝜸 ) ̂𝜽 𝛿 (𝜸 ). (9)

Similarly, we can obtain the MLE estimators of 𝜎 2
u 
and 𝜔 for a given 𝜸 as follows

𝜎̂2
u
(𝜸 ) = 1

NT

N∑
i=1

[
Δûi(𝜸 )′𝛀̂⋆(𝜸 )−1Δûi(𝜸 )

]
, (10)

and

𝜔̂(𝜸 ) = T

T − 1
+ 1

𝜎̂2
u
NT2

N∑
i=1

[
Δûi(𝜸 )′𝚽Δûi(𝜸 )

]
, (11)

in which

𝚽 = 

⎡⎢⎢ ⎢⎢⎢⎣

T 2 T(T − 1) T(T − 2) … T

T(T − 1) (T − 1) 2 (T − 1)(T − 2) … (T − 1) 
...

...
... … ...

T (T − 1) (T − 2) … 1

⎤ ⎥ ⎥ ⎥⎥⎥⎦
.

Then, the log-likelihood function (8) can be written as

ln L
(
𝜽𝛿(𝜸 ), 𝜸, 𝜎

2
u
, 𝜔
)
= −NT

2
ln(2𝜋 )− N

2
ln |𝛀|− 1

2

N∑
i=1

[
Δui(𝜸 )′𝛀−1Δui(𝜸 )

]
. (12)

As illustrated by Ramírez-Rondán (2020), the slope estimator ̂𝜽 𝛿 (𝜸 ) depends on 𝜎 
2
u and 𝜔, while 𝜎 

2
u and 𝜔 

depend on the slope parameters. Consequently, initial estimates are needed to efficiently implement the above 

maximum likelihood approach. In this paper, we suggest an iterative method, which goes as follows. We first 

obtain initial estimates of (𝜷 ′, 𝜽 ′) by an instrumental variable estimation (Anderson and Hsiao 1982). Specifically, 
let

Δ̈ yi = 

⎡ ⎢⎢ ⎢⎢⎢⎣ 

Δy i3 

Δy i4 
...

Δy iT 

⎤⎥⎥ ⎥ ⎥ ⎥ ⎦
, Δ̈ yi,−1 (𝛾 ) = 

⎡ ⎢⎢⎢⎢⎢⎣ 

Δy i2 Δx i3 Δy i2 (𝛾 ) Δx i3 (𝛾 ) 
Δy i3 Δx i4 Δy i3 (𝛾 ) Δx i4 (𝛾 ) 
...

...
...

...

Δy iT−1 Δx iT Δy iT−1 (𝛾 ) Δx iT (𝛾 ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
and

Δ̈ yi,−2 (𝛾 ) = 

⎡ ⎢⎢⎢⎢⎢⎣ 

Δy i1 Δx i3 Δy i1 (𝛾 ) Δx i3 (𝛾 ) 
Δy i2 Δx i4 Δy i2 (𝛾 ) Δx i4 (𝛾 ) 
...

...
...

...

Δy iT−2 Δx iT Δy iT−2 (𝛾 ) Δx iT (𝛾 ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
.
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Thus, for any given 𝜸 ∈ 𝚪, the initial estimates of the slope parameters 𝜷 and 𝜽 using instrumental variables
are (

𝜷̂ ′ , ̂ 𝜽 ′
) ′

=
(

n∑
i=1

Δ̈ yi,−2 (𝛾 )′Δ̈ yi,−1 (𝛾 ) 
) −1 ( 

n∑
i=1

Δ̈ yi,−2 (𝛾 ) ′ Δ̈ yi 

)
.

Then, the initial estimates ̂ 𝜎2
u
(𝜸 ) and ̂ 𝜔(𝜸 ) can be obtained by plugging the initial slope estimates into 

equations (10) and (11), respectively. The initial estimates of the external parameters
(
𝛿 0 , 𝜹 

′
1

)
can be given by

a least square regression of Δy i1 on a constant and Δx i1 . Finally, using these initial estimates, we can obtain the 
MLE by employing an iterative technique such as the Newton–Raphson procedure.

Step 2: Estimation of the threshold parameter 𝜸

To obtain the threshold parameter 𝜸 , we plug the MLE of (𝛿 0 (𝜸 ), 𝜹 
′
1
(𝜸 ), 𝜷 ′ (𝜸 ), 𝜽 ′ (𝜸 ), 𝜎 2

u
(𝜸 ), 𝜔(𝜸 )) in step 1 

into (8). Then, the threshold parameter 𝜸 can be estimated as

̂ 𝜸 = arg max
𝜸 ∈𝚪

ln L(𝜸 ), (13)

in which ln L(𝜸 ) = − NT 
2
ln(2𝜋 ) − N

2
ln | ̂𝛀| − 1

2

∑N

i=1Δ̂ ui (𝜸 ) ′ ̂𝛀 −1 Δ̂ ui (𝜸 ).
As illustrated by Ramírez-Rondán (2020), because the loss function is not smooth, it is not suitable to use 

conventional gradient algorithms in its maximization. Due to the non-convexity in the criterion function (13), 

a typically used approach for the optimization in threshold models is the grid search method; however, this 

method may be infeasible, especially when the dimension of s it is large, as the inclusion of one more covari-

ate in s it would lead to the computational cost increasing N × T times. This problem would cause a further 

deterioration of computational issues if we follow the threshold literature to compute confidence intervals (CI) 

based on a bootstrap procedure. We overcome this problem by suggesting a Markov Chain Monte Carlo (MCMC) 

algorithm to implement the maximization. The suggested algorithm can simultaneously estimate the threshold 

parameters and provide feasible confidence intervals for the parameters.

Algorithm A. Estimation based on the MCMC technique.

Step 1. Construct the quasi-posterior of 𝜸 with a uniform prior on 𝚪𝚪 as follows

p(𝜸 ) = exp{L(𝜸 )}1(𝛾 ∈ 𝚪)
∫ Γ exp{L(𝜸 )}d𝜸 .

Step 2. Use the MCMC method to draw a Markov chain from the quasi-posterior

S =
( 
𝜸 (1) , 𝜸 (2) , … , 𝜸 ( B ) 

)
.

Step 3. For each 𝜸 (b) , b = 1, 2, . . . , B, calculate ln L
(
𝜸 ( b ) 

)
, and obtain the threshold estimates as ̂ 𝜸 =

argmax
𝜸 ( b ) ∈S

ln L
(
𝜸 ( b ) 

)
. When ̂ 𝜸 is a set of 𝜸 values, we define the threshold estimates as the mean of the points

in the set. 2

Step 4. Denote the j-th component of S as S j : = (𝜸(1)j , 𝜸
(2)

j
, … , 𝜸 ( B ) 

j
). Then, the (1 − 𝛼) CI for 𝛾 j is constructed

as [𝛾 j(𝛼∕2) , 𝛾 j(1−𝛼∕2) ] with 𝛾 j(𝜏) being the 𝜏 -th order statistic of S j . 

This algorithm is most closely related to Yu and Fan (2021) who suggest a similar MCMC algorithm in the 

classical cross-sectional framework. Our MCMC algorithm extends Yu and Fan (2021) to a maximum likelihood 

framework in dynamic panel modelling. It is worth mentioning that the MCMC technique is only auxiliary to 

the maximization by simulating the candidate maximizers in (13). As explained by Yu and Fan (2021), the MCMC-

based algorithm is more efficient than the grid search method which may be infeasible when the dimension of s it

2 If desired, one can update the simulation set in Step 1 form 𝚪𝚪 to a neighborhood of the estimates of ̂ 𝜸I in Step 3, and repeat Steps 
2 and 3 to obtain an updated estimate. In the simulations, we find that such an update procedure does not significantly increase the 
accuracy of the estimates in most cases; hence, we do not update the estimates to speed up computations in practice.
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is large. An important advantage of our method is that it can simultaneously estimate the threshold parameters 

and provide feasible confidence intervals for the parameters, which can significantly save computational cost 

as the confidence interval is actually a by-product of the model estimation. For a general econometric theory 

for the consistency of the MCMC-based estimator and the validity of the confidence intervals, one can refer to 

Chernozhukov and Hong (2004). As emphasized by Yu and Fan (2021), the MCMC-based algorithm can achieve 

the global minimizer when B is sufficiently large; however, there is no general approach for selecting B (e.g., 

Li et al. 2018; Gallant 2023; Cross et al. 2023; Norets and Shimizu 2024). In applications, we thus suggest to choose 

B by employing the convergence diagnostic of Gelman and Rubin (1992), who provide a statistic R to moni-

tor convergence of MCMC samples. The R statistic substantially above 1 provides the evidence of the lack of

convergence.

Another important issue in applications is to specify the parameter space of 𝜸 =
( 
𝛾 0 , 𝜸 

′
s

) 
. Denote param-

eter spaces of 𝛾 0 and 𝜸 
′
s
as Γ 0 and Γ s , respectively. Then, we suggest to set Γ 0 = Γ 0 (𝛾 0 ) ⊆ [q ( 𝜂NT ), q (1−𝜂 )NT )] to

ensure that each regime contains at least 𝜂 portion of data in which 𝜂 is often set as 0.05, 0.10 or 0.15, and set Γ 
s 

= ⊗k
l=1
[ 
𝛾̂L
l
− C, ̂𝛾L

l
+ C

]
for a large C so that 

[ 
𝛾̂L
l
− C, ̂𝛾L

l
+ C

]
can contain zero for each l, in which ̂𝛾L

l
denotes the

least square estimator of q it on s it (Yu and Fan 2021). When the dimension of 𝜸 
s is zero, the parameter space Γ 0 

would be the same as in the classical constant threshold model (e.g., Hansen 1999; Ramírez-Rondán 2020).

2.3 Asymptotic Theory

In this section, we establish the asymptotic theory of the suggested estimator. Let f t 
(
q it | s it) be the conditional

distribution of the threshold variable q it given s it and f k|t,s
(
q ik | q it , s ik , s it) be the conditional distribution of the

threshold variable q ik given q it , s ik , and s it . Let 

Δy∗
i,−1 = 

⎡⎢⎢⎢⎢⎢⎣ 

0 0

Δy i1 Δx ′
i2

...
...

Δy iT−1 Δx ′
iT

⎤⎥⎥⎥ ⎥⎥⎦
, Δy∗

i,−1(𝜸 ) = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢⎣ 

0 0 

Δy i1 (𝜸 ) Δx i2 (𝜸 )′ 

...
...

Δy iT−1 (𝜸 ) Δx iT (𝜸 ) ′

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
. (14)

Define the moment functionals

M = E
(
Δy∗ ′ 

i,−1 𝛀 ⋆−1
0

Δy∗
i,−1

) 
, (15)

M(𝜸 ) = E
(
Δy∗

i,−1(𝜸 )
′ 𝛀 ⋆−1

0
Δy∗

i,−1(𝜸 )
) 
, (16)

D ij (𝜸 ) = E
(
𝑤 2

ij
| q ij+1 = s ′ij+1 𝜸 , s ij+1

) 
, (17)

V ijtk (𝜸 ) = E
(
𝑤 2

ij 
e it e ik | q ij+1 = s ′ij+1 𝜸 , s ij+1

) 
, (18)

where 𝑤 ij = y ij c 𝛽 2 + x 
′
ij+1 c 𝜽 2 (c 𝛽2 , c 𝜽 2 define in Assumption 1), e it = 𝑣 i1 +

∑t

j=2 a j−1Δu ij , and a t = 1 + t(𝜔 0 − 1).(
𝜔 0 , 𝛀 ⋆

0

)
is the true value of (𝜔, 𝛀 ⋆ ).

2.3.1 Assumptions

To obtain the asymptotic properties of the estimator of the threshold ̂  𝜸, we introduce the following assumptions.

Assumption 1. Assume that

1. y i0 and x i0 are observable.

2. For each t, (x it , q it , s it , u it , 𝑣 i1 ) are independent and identically distributed (iid) across i.

3. For each i, u it is iid over t, is independent of
{
(y ij )

t−1
j=1, (x it , q it , s it )

T
t=1

}
, and 𝑣 i1 is independent of{

(y i0 ), (x it , q it , s it )
T
t=1
} 
. 
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4. u it normally distributed with zero mean and variance 𝜎 
2
u
, 𝑣 i1 normally distributed with zero mean and

variance 𝜎 2
𝑣 and 𝜔 > 1 − 1∕T .

5. E|y i0 | 4 < ∞ and E‖x it‖ 4 < ∞.

6. For any 𝜸 ∈ 𝚪 and t = 1, … , T , E 
(‖x it‖ 4| q it = s ′it 𝜸 , s it) ≤ C for some C < ∞, and 0 < f t 

(
q it | s it) ≤ ̄f 

< ∞. For k > t, f k|t,s
(
s ′
ik 
𝜸 0| q it = s ′it 𝜸 0 , s ik , s it) < ∞

7. f t 
(
s ′
it
𝜸 | s it), D ij (𝜸 ) and V ijtk (𝜸 ) are continuous at 𝜸 = 𝜸 0 , where 𝜸 0 is the true value of 𝜸 . 

8. s it is not multicollinear. E
(
∇Δy∗

i,−1(𝜸 )
′ 𝛀 ⋆−1

0
∇Δy∗

i,−1(𝜸 )
)
= 0 and

9. E
(
∇Δy∗

i,−1(𝜸 )
′ 𝛀 ⋆−1

0
Δy i,−1 (𝜸 )

)
= 0 if and only if 𝜸 = 𝜸 0 , where ∇Δy ∗

i,−1(𝜸 ) = Δy∗
i,−1(𝜸 ) − Δy∗ 

i,−1
(
𝜸 0 
)
.

10. 𝛽 20 = c 𝛽 2 N 
−𝛼 and 𝜽 20 = c 𝜽 2 N 

−𝛼 with c =
(
c𝛽 2 , c 

′ 
𝜽2 

)′
≠ 0 and 0 < 𝛼 < 1∕2, where c is a vector of constant

and
(
𝛽 20 , 𝜽

′
20

) ′ 
is the true value of

(
𝛽 2, 𝜽 

′
2

) ′
.

11. G(𝝂 ) > 0 and V (𝝂 ) > 0 with 𝝂 ≠ 0 (define in Theorem 1). 

12. det(M) > det (M(𝜸 )) > 0 for all 𝜸 ∈ 𝚪.
13. 

(
𝜽′
𝛿0 , 𝜎 

2
u0 
, 𝜔 0 

) ′ ∈ int (𝚯), where
(
𝜽′
𝛿0 , 𝜎 

2
u0 
, 𝜔 0 

)′
is the true value of

(
𝜽 ′
𝛿
, 𝜎 2

u
, 𝜔
) ′
and 𝚯 is the parameter 

space of
(
𝜽 ′
𝛿
, 𝜎 2

u
, 𝜔
) ′
. □

Assumptions 1.1–1.5 are natural extensions of Assumptions 1.1–1.5 in Ramírez-Rondán (2020). Assump-

tions 1.1–1.4 are also similar to the assumptions of Hsiao et al. (2002) for the dynamic fixed effect panel lin-

ear model with exogenous regressors. Assumption 1.2 is standard in panel data models. Assumptions 1.3–1.4 

require the model to have exogenous regressors. Assumptions 1.5–1.6 restrict unconditional and conditional 

moment bounds to be finite. Assumption 1.7 requires the threshold variable to have a continuous distribu-

tion. Assumption 1.8 ensures that the asymptotic distribution of ̂ 𝜸 is well-defined and implies that the limit 

of ln L(𝜸 ) has a unique maximum at the true value 𝜸 0 . Assumption 1.9 is well-known as the small threshold 

effect assumption, which is commonly used in the literature for threshold models (e.g., Hansen 2000). Assump-

tions 1.10–1.11 are full rank conditions needed to have nondegenerate asymptotic distributions. Assumption 1.12 

ensures that condition (i) of Theorem 10.1 in Wooldridge (1994) is satisfied.

2.3.2 Asymptotic Distribution

Theorem 1. Under Assumption 1, as N → ∞, we have

N1−2𝛼(𝜸̂ − 𝜸0) d
←←←←←←←←←←→ argmin

𝝂∈ℝk+1

[
1

2
G(𝝂 )− R(𝝂 )

]
, (19)

where R(𝝂) is a Gaussian process with a positive variance V (𝝂 ) when 𝝂 ≠ 0. G(𝝂 ) and V (𝝂 ) are definded as

G(𝝂 ) =
T∑
t=2

[ 
a t a t−1 

] −1
D 1t (𝝂 ),

V (𝝂 ) =
T∑
t=2

[ 
a t a t−1 

] −1
V 1t (𝝂 ) + 2

T−1∑
t=2

T∑
k=t+1

[ 
a t a t−1 a k a k−1 

] −1
V 2tk (𝝂 ),

are positive when 𝝂 ≠ 0, where a 0 = 1, a 1 = 𝜔, a  t+1 − 2a t + a t−1 = 0 for t = 1, 2, … , T. a 0 , … ., a T are con-
stants of the matrix H defined in the Appendix A.

D 1t (𝝂 ) =
t−1∑
j=1

a 2
j

[ 
E
(
D
f

ij
(𝝂 )

)
+ E

(
D
f

ij−1(𝝂 )
)]

− 2
t−2∑
j=1

a j a j+1 E
(
D
f

ij
(𝝂 )

)
,

V 1t (𝝂 ) =
t−1∑
j=1

a 2
j

[ 
E
(
V

f

ijtt
(𝝂 )

)
+ E

(
V

f

ij−1tt(𝝂 )
)]

− 2
t−2∑
j=1

a j a j+1 E
(
V

f

ijtt
(𝝂 )

)
,
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V 2tk (𝝂 ) =
t−1∑
j=1

a 2
j

[ 
E
(
V

f

ijtk
(𝝂 )

)
+ E

(
V

f

ij−1tk(𝝂 )
)]

− 2
t−2∑
j=1

a j a j+1 E
(
V

f

ijtk
(𝝂 )

)

− a t a t−1 E
(
V

f

it−1tk(𝝂 )
)
,

in which

D
f 

ij
(𝝂 ) = D ij

(
𝜸 0
)
f j+1|s

(
s ′
ij+1 𝜸 0 | s ij+1

)|| |s ′ij+1 𝝂 |||,
V

f

ijtk
(𝝂 ) = V ijtk

(
𝜸 0
)
f j+1|s

(
s
′
ij+1𝜸 0| s ij+1

)|| |s ′ij+1 𝝂 | | | . 

Proof of Theorem 1. See the Appendix A. □

As can be seen from Theorem 1, the asymptotic distribution of the threshold estimator is not related to the 

two-sided Brownian motion as in the classical threshold literature (e.g., Hansen 2000), due to the involvement of 

a covariate-dependent threshold as illustrated by Yu and Fan (2021). Our asymptotic distribution shares a similar 

form with Yu and Fan (2021) who derive the asymptotic distribution of the threshold estimator in a time-series 

framework with a covariate-dependent threshold. Compared with the threshold literature, Theorem 1 indicates 

that the inclusion of a covariate-dependent threshold does not change the convergence rate of the threshold 

estimator, which further implies that the distribution of the maximum likelihood slope estimator can also be 

approximated by the conventional normal approximation as if 𝜸 were known with certainty in the dynamic 
panel threshold model with a covariate-dependent threshold, as confirmed by Lemma 9 in the Appendix A.

3 Model Specification Testing

In applications, it is often useful to test whether there is a threshold effect and whether the threshold is constant. 

In this section, we suggest two test statistics for threshold effect and threshold constancy in the dynamic panel 

threshold model with a covariate-dependent threshold.

To test whether there is a threshold effect, we consider the null hypothesis of linearity H 1
0
: 𝛽 2 = 0 and

𝜽 2 = 0. Under the null, the model degenerates to the dynamic panel linear model of Hsiao et al. (2002):

y it = 𝛼 i + 𝛽 y it−1 + 𝜽′1x it + u it. (20)

The linear model can be estimated using a maximum likelihood estimation procedure as discussed in 

Section 2. By taking the first difference transformation, we can obtain Δy it = 𝛽 Δy it−1 + 𝜽 ′ Δx it + Δu it , and 
we assume that the model in the first period is Δy i1 = 𝛿 0 + 𝜹 ′1Δx i1 + 𝑣 i1 . Define S( ̂ 𝜸 ) = − ln L

( 
𝜽̂ 𝛿 ( ̂ 𝜸 ), ̂ 𝜸, ̂ 𝜎

2
u
, ̂  𝜔
)
,

which is the negative log-likelihood function defined as in (12). Similarly, we denote the negative log-likelihood 

function of the linear dynamic model as S 0 = − ln L
( 
𝜽̂ l
𝛿
, ̂ 𝜎l2

u
, ̂  𝜔l

)
. Then, the likelihood test statistics of H 0 can

be defined as

F1 =
S0 − S(𝜸̂ )

S(𝜸̂ )∕N(T − 1)
= sup
𝜸∈𝚪

S0 − S(𝜸̂ )

S(𝜸̂ )∕N(T − 1)
. (21)

Rejection of the null hypothesis provides the evidence supporting the existence of threshold effect. Given the 

existence of threshold effect, it is desired to test whether the threshold is constant. To this end, we consider the 

null hypothesis of constant threshold given as H 2
0
: 𝜸 

s = 0. Under the null of constant threshold, the model will 
degenerate to the dynamic panel threshold model with a constant threshold of Ramírez-Rondán (2020). Denote 

the constant threshold model as

y it = 𝛼 i + 𝛽 1 y it−1 + 𝜽′1x it +
(
𝛽 2 y it−1 + 𝜽′2 x it 

)
I(q it > 𝛾 0 ) + u it . (22)
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Again, the constant threshold model can be estimated using a maximum likelihood approach as sug-

gested in Ramírez-Rondán (2020). Denote the negative log-likelihood function of the constant threshold as S c =
− ln L 

(
𝜽̂ 𝛿 ( ̂ 𝛾0 ), ̂  𝛾0, ̂ 𝜎

c2
u
, ̂  𝜔c

)
. Then, the likelihood ratio test statistic for threshold constancy can be constructed

as

FC =
Sc − S(𝜸̂ )

S(𝜸̂ )∕N(T − 1)
. (23)

We next establish the asymptotic distributions of the above test statistics for threshold effect and threshold 

constancy.

Theorem 2. Suppose Assumption 1 holds. Under H 1
0
: 𝛽 2 = 0 and 𝜽 2 = 0, we have

F1
d
←←←←←←←←←←→

1

𝜎2
T

sup
𝜸∈𝚪

K(𝜸)′H(𝜸)−1R′[
RH(𝜸)−1R′]−1

RH(𝜸)−1K(𝜸), (24)

under H 2
0
: 𝜸 

s = 0, we have

FC
d
←←←←←←←←←←→

−2
𝜎2
T

[(
min
𝝂∈ℝd+1

c

G(𝝂 )− 2R(𝝂 )

)
−
(
min
𝝂∈ℝd+1

G(𝝂 )− 2R(𝝂 )

)]
, (25)

where 𝜎 2
T
= [T ln(2𝜋 ) + ln |𝛀 0| + T]∕(T − 1), 𝛀𝛀 0 is the true value of 𝛀𝛀, R is a matrix such that 

R 
(
𝜽 ′
𝛿
, 𝜎 2

u
, 𝜔
) ′ = (𝛽 2, 𝜽 ′2) ′ = 0, ℝ k+1 

c
= 
{
𝝂 ∈ ℝ k+1 : 𝝂 

s = 0
}
. G(𝝂 ) and R(𝝂) are defined in Theorem 1. K(𝜸 ) 

is a zero-mean Gaussian process with covariance kernel E
(
h i (𝜸 )h i (𝜸 )

′ ), in which h i (𝜸 ) = (h 1i (𝜸 ) ′, h 2i , h 3i) ′ ,
h 1i (𝜸 ) = Δy i,−1 (𝜸 )

′ 𝛀 −1 
0
Δu i , h 2i =

(
Δu ′ 

i
𝛀 ⋆−1

0
Δu i − T 

)
∕ 
( 
2𝜎 2

u0

)
, h 3i = 

(
Δu ′

i
𝚽Δu i − T 𝜎 2u0 𝜛 0 

)
∕ 
(
2𝜎2 

u0 
𝜛 2

0

)
,

𝜛 0 = 1 + T(𝜔 0 − 1). H(𝜸 ) is defined as follows

H(𝜸 ) = 
⎡ ⎢⎢ ⎢ ⎣ 

H 𝜽 𝛿 𝜽 
′
𝛿
(𝜸 ) H 𝜽 𝛿 𝜎 2 u (𝜸 ) H 𝜽𝛿𝜔 (𝜸 ) 

H 𝜽 𝛿 𝜎 2 u (𝜸 ) 
′

H 𝜎2u 𝜎 2u H 𝜎2u 𝜔 

H 𝜽𝛿𝜔 (𝜸 )
′

H 𝜎 2u𝜔 H 𝜔𝜔

⎤ ⎥ ⎥ ⎥⎦
,

where

H 𝜽 𝛿 𝜽 
′
𝛿
(𝜸 ) = E

(
Δy i,−1 (𝜸 ) 

′ 𝛀 −1
0
Δy i,−1 (𝜸 )

)
,

H 𝜽 𝛿 𝜎 2 u (𝜸 ) =
1

𝜎 4
u0 

E
(
Δy i,−1 (𝜸 )

′ 𝛀 ⋆−1 
0

Δui
)
,

H 𝜽𝛿𝜔 (𝜸 ) = 
1

𝜎 2
u0 
𝜛2 

0

E
(
Δy i,−1 (𝜸 ) 

′ 𝚽Δu i
)
,

H 𝜎2u 𝜎 2 u = 
1

𝜎 6
u0

E 
(
Δu ′

i
𝚽Δu i 

)
− T

2𝜎 4
u0

,

H 𝜎 2u𝜔 = 
1

𝜎 4
u0 
𝜛2 

0

E 
(
Δu ′

i
𝚽Δu i

)
,

H 𝜔𝜔 = 
1

𝜎 3
u0 
𝜛3 

0

E 
(
Δu ′

i
𝚽Δu i 

)
− T 2

2𝜛 2
0

.

Proof of Theorem 2. See the Appendix A. □

According to the well-known Davies problem (Davies 1977, 1987), threshold models are not identified under 

the null of linearity, leading to the distribution of the test statistic for threshold effect being nonstandard. Thus,
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the threshold literature often employs a bootstrap method to calculate the p-values or critical values of test 

statistics. We follow this tradition to suggest using a parametric bootstrap, which goes as follows.

Algorithm B. Testing for threshold effect and threshold constancy

Step 1. Use the original sample
(
y it , x 

′
it
, z ′

it
, q it , s 

′
it

) ′
s to estimate the linear dynamic panel model y it =

𝛼 i + 𝛽 y it−1 + 𝜽′1x it + u it , and the dynamic panel threshold model with a constant threshold y it = 𝛼 i + 𝛽 1 y it−1 +
𝜽 ′
1
x it +

(
𝛽 2 y it−1 + 𝜽′2 x it

)
I(q it > 𝛾 0 ) + 𝝍 z′it + u 

l 
it
, yielding to the fitted values Δŷl

it
and Δŷc

it
, the residuals Δu l

it
and

Δu c 
it
. 

Step 2. Group Δu l
it
and Δu c

it
by individuals. Draw by individuals from the regrouped residuals to generate

the bootstrapping residuals Δu l⋆
it
and Δu c⋆ 

it 
. Then, generate Δyl⋆

it
= Δ̂ yl

it
+ Δu l⋆ 

it 
and Δyc⋆

it
= Δŷc 

it
+ Δu c⋆ 

it
.

Step 3. Use the bootstrap sample 
(
Δyl⋆

it 
, y it , x 

′
it
, z ′

it
, q it , st 

′
it

) 
and

(
Δyc⋆

it
, y it , x 

′
it
, z ′

it
, q it , st 

′
it

)
to estimate models,

and compute the F-type statistics F 1 and F C . 

Step 4. Repeat Steps 1–3 B times to obtain two samples F⋆ 
1 
(1), F⋆ 

1 
(2), … , F⋆ 

1 
(B) and F⋆

C
(1), F⋆

C
(2), … , F⋆

C
(B)

of simulated F 1 and F C statistics.

Step 5. Calculate the bootstrap p-values by the frequency of the simulated statistics that exceed actual value 

for a sufficiently large B.

4 Extension to Multiple Thresholds

In this section, we extend the proposed model to the case with multiple covariate-dependent thresholds. We 

begin our analysis with the following dynamic panel threshold model with two covariate-dependent thresholds

y it = 𝛼 i + 𝛽 1 y it−1 + 𝜽′1x it +
(
𝛽 2 y it−1 + 𝜽′2 x it

)
I
(
𝜸 ′
1
s it ≤ q it < 𝜸 

′
2 s it 
)

+
(
𝛽 3 y it−1 + 𝜽′3 x it

)
I
(
q it > 𝜸

′
2 s it
)
+ u it, (26)

for i = 1, 2, … , N and t = 1, 2, … , T , where s it =
(
1, s ′

1,it

)′ 
∈ ℝ k+1 , 𝜸 1 =

(
𝛾 10 , 𝜸 

′
11

) ′
, 𝜸 2 =

( 
𝛾 20 , 𝜸 

′
21

) ′
, and

𝜸 ′
1 
s it < 𝜸 

′
2 
s it. 

3 Other nations are defined as in model (1).

This section focuses on the model with two covariate-dependent thresholds, because the methods discussed 

can be directly extended to high-order threshold models as explained by Hansen (1999). As in Hansen (1999), we 

focus on estimating the model, inference for threshold parameters, and testing for a double threshold effect in 

the proposed model.

4.1 Estimation

For given 𝜸 1 and 𝜸 2, the double threshold model would degenerate to a dynamic panel linear model in Hsiao et al. 
(2002), so we can use a maximum likelihood approach to estimate the slope parameters after the first difference 

transformation. Therefore, for any given threshold parameters 𝜸 1 and 𝜸 2, we can calculate the concentrated 
log-likelihood value ln L

(
𝜸 1, 𝜸 2 

)
as in the single threshold case. As such, we can define the MLE estimator of (𝜸 1,

𝜸 2) by maximizing ln L 
(
𝜸 1, 𝜸 2 

)
; unfortunately, solving the joint maximization may have a high computational

cost.

Motivated by the multiple changepoint literature (e.g., Bai 1997) and the threshold literature (e.g., Hansen 

1999; Yang 2024), we suggest a sequential procedure to estimate the threshold parameters in the suggested model. 

In the first stage, we denote the single threshold concentrated log-likelihood as ln L
(
𝜸 1 
)
, and assume that ̂ 𝜸1

is the threshold estimate maximizing ln L
(
𝜸 1 
)
. Then, ̂ 𝜸1 will be consistent for either 𝜸 1 or 𝜸 2 depending on

which is stronger. As discussed in panel threshold models by Hansen (1999) and Yang (2024), the reason for this

3 It is worth noting that the assumption of 𝜸 ′
1 
s it < 𝜸 

′
2
s it for all s it ’s excludes the case in which 𝜸 

′
1 
s it < 𝜸 

′
2
s it for some s it ’s while 

𝜸 ′
1
s it ≥ 𝜸 

′
2
s it for other s it ’s. A further investigation of this issue is worthwhile, but it will not be pursued in this paper.
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consistency is that the single threshold concentrated log-likelihood ln L
(
𝜸1
)
asymptotically converges to a limit

function with two local minima at 𝜸 1 and 𝜸 2 .
After obtaining the first-stage estimate ̂ 𝜸1, we then define the second-stage concentrated log-likelihood

criterion as

ln L
(
𝜸 2 
)
= 
⎧⎪ ⎨⎪ ⎩
ln L

(
̂ 𝜸1, 𝜸 2 

)
, ̂ 𝜸′

1 s it < 𝜸 
′
2 s it

ln L 
(
𝜸 2 , ̂ 𝜸1 

)
, 𝜸 ′

2
s it < ̂𝜸

′
1 s it

. (27)

Then, we can estimate the threshold parameters by an MCMC-based algorithm similar to Algorithm A,

where ln L(𝜸 ) is replaced by ln L
(
𝜸 2 
)
. The previous procedure can be repeated until convergence. To construct

confidence intervals for the two threshold parameters (𝜸 1, 𝜸 2 ), we can use a procedure similar to Algorithm A. 

In detail, we can construct the confidence interval of 𝜸 1 by the 𝛼∕2 and the 1 − 𝛼∕2 quantiles of the MCMC 
sample of the first stage, and then construct the confidence interval of 𝜸 2 by the 𝛼∕2 and the 1 − 𝛼∕2 quantiles 
of the MCMC sample of the second stage.

4.2 Determining the Number of Thresholds

If the null of linearity is rejected, it is often desirable to determine the number of thresholds. To this

end, we denote the negative log-likelihood function of the model with two thresholds as S 2 
(
̂ 𝜸1, ̂ 𝜸2 

)
=

− ln L
(
̂ 𝜽 𝛿 
(
̂ 𝜸1, ̂ 𝜸2 

)
, ̂ 𝜸1, ̂ 𝜸2 , ̂ 𝜎

2 
u
, ̂𝜔
)
, and denote the negative log-likelihood function of the model of one thresh-

old as S 1 
(
𝜸̂
)
= − ln L

(
𝜽̂ 𝛿 ( ̂ 𝜸 ), ̂ 𝜸, ̂ 𝜎

2 
u
, ̂𝜔
)
. Then, a natural test of one threshold against two thresholds can be

constructed as

F2 =
S1
(
𝜸̂
)
− S2

(
𝜸̂1, 𝜸̂2

)
S2
(
𝜸̂1, 𝜸̂2

)
∕NT . (28)

To implement the above test F 2 for one threshold against two thresholds, we suggest using a parametric boot-

strap procedure based on the null model, i.e., the dynamic panel threshold model with one covariate-dependent 

threshold. Moreover, a bootstrap procedure similar to Algorithm B can be used to implement the test F 2 . Fol-

lowing a similar logic as above, a test statistic, say F 3 , for two thresholds against three thresholds can be easily 

constructed, as discussed in Hansen (1999).

5 Extension to a GMM Framework

In this section, we suggest an alternative estimator based on the generalized method of moments (GMM) to 

complement the proposed MLE estimator due to the potential limitations of the MLE approach. First, the MLE 

approach requires the error terms (𝑣 i1 and Δu it for t = 2, … , T) to be normally distributed, and this assumption 
may be too restrictive in many applications. 4 Second, the MLE approach imposes strong assumptions on the 

initial conditions. Specifically, it requires that 𝑣 i1 must be independent of y i0 and the covariates {x it , q it , s it}T t=1 .
In contrast, the GMM approach is generally based on moment conditions (or orthogonality conditions), and 

thus does not require a specific parametric distribution or initial conditions. Hence, we can expect that the 

GMM approach is more robust to non-normal errors and does not require restrictive assumptions about initial 

conditions. 5

In the DPTCT model with strictly exogenous variables (x it , q it , s 1,it ), following Seo and Shin (2016) we have

the following moment conditions

E(y is Δuit ) = 0, for t = 2, 3, … , T , s = 0, 1, … , t − 2, (29)

4 We thank an anonymous referee for raising this point to us.

5 Without the assumptions on errors and initial conditions, the GMM estimator may be less efficient.
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and

E(x is Δuit ) = E(q is Δu it ) = E(s 1,is Δuit ) = 0, for t = 2, 3, … , T , s = 1, 2, … , T . (30)

Let z it =
(
y i0 , y i1 , … , y i,t−2 , x 

′
i1
, … , x ′

iT
, q i1 , … , q iT , s 

′
1,i1 
, … , s ′

1,iT

)
, and z i is a block diagonal matrix

z i =

⎡ ⎢⎢⎢⎢⎢⎣ 

z ′
i2 

0 · · · 0 

0 z ′
i3

0

... ⋱

0 0 z ′
iT

⎤⎥⎥⎥ ⎥⎥⎦
, (31) 

thus, the moment equations in (29) and (30) can be written as E
(
z ′
i
Δ ̇ ui 

)
= 0, where Δ ̇ ui = (Δu i2 , … , u iT )

′ .

5.1 Estimation

Let

Δ ̇ yi = 

⎡ ⎢⎢ ⎢⎢⎢⎣ 

Δy i2 

Δy i3 
...

Δy iT 

⎤⎥⎥⎥ ⎥ ⎥ ⎦
, Δ ̇ yi,−1 (𝜸 ) = 

⎡⎢⎢⎢⎢⎢⎣ 

Δy i1 Δy i1 (𝜸 ) Δx i2 Δx i2 (𝜸 ) 
Δy i2 Δy i2 (𝜸 ) Δx i3 Δx i3 (𝜸 ) 
...

. . .
...

...

Δy i,T−1 Δy i,T−1 (𝜸 ) Δx iT Δx iT (𝜸 ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
. (32)

The model can be written in the matrix form as

Δ ̇ yi = Δ ̇ yi,−1 (𝜸 )𝝋 + Δ ̇ ui, (33)

where 𝝋 =
(
𝛽 1, 𝛽 2, 𝜽 

′
1
, 𝜽 ′

2

) ′
.

Denote the sample moment condition as g N (𝝋, 𝜸 ) = N −1 
∑N

i=1 z 
′
i
Δ ̇ ui (𝝋, 𝜸 ), where Δ ̇ ui (𝝋, 𝜸 ) = Δ ̇ yi −

Δ ̇ yi,−1 (𝜸 )𝝋. Then, the objective function of GMM is given by

Q N (𝝋, 𝜸 ) = g N (𝝋, 𝜸 )′ S −1N g N (𝝋, 𝜸 ), (34)

where S N is an optimal weighting matrix such that S N → p S ≡ E
(
z ′
i
Δ ̇ ui Δu̇′i zi 

)
= 𝜎 2

u
E
(
z ′ 
i
V z i 

) 
. 6 Here, we set

SN = 𝜎̂2
u

1

N

N∑
i=1

z
′
i
Vzi, (35)

where ̂  𝜎2
u
is a consistent estimation for 𝜎 2

u
and

V = 

⎡ ⎢ ⎢ ⎢ ⎢⎢⎣ 

2 −1 · · · 0 

−1 2

. . . ⋱ −1 
0 −1 2 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥⎦
. (36)

For any given 𝜸 , the GMM estimator of 𝝋 is given by

̂ 𝝋(𝜸 ) = 
⎡ ⎢⎢⎣ 

N ∑ 

i=1
Δ ̇ yi,−1 (𝜸 ) ′ z i 

(
N∑
i=1

z ′ 
i
V z i 

) −1 N∑
i=1

z ′
i
Δ ̇ yi,−1 (𝜸 ) 

⎤ ⎥ ⎥ ⎦
−1

(37)

6 Based on u it follow i.i.d. Assumption, it is easy to show that E
(
z it z 

′
it
Δu 2

it

)
= 2𝜎 2

u
E
(
z it z 

′
it

)
for t = 2, 3, … , T ,

E
(
z it z 

′
i,t−1Δu it Δu i,t−1

)
= −𝜎 2

u
E
(
z it z 

′
i,t−1

)
for t = 3, 4, … , T , and E

(
z it z 

′
is
Δu it Δu is 

)
= 0 for |t − s| > 1.
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× 
⎡ ⎢⎢⎣ 

N ∑ 

i=1
Δ ̇ yi,−1 (𝜸 ) ′ z i 

(
N∑
i=1

z ′ 
i
V z i 

) −1 N∑
i=1

z ′
i
Δ ̇ yi 

⎤ ⎥ ⎥ ⎦. (38)

Therefore, the GMM estimator of 𝜸 is given by

̂ 𝜸 = arg min
𝜸 ∈𝚪

Q N (𝜸 ), (39)

where Q N (𝜸 ) = Q N (𝝋(𝜸 ), 𝜸 ). Once the estimates ̂ 𝜸 are obtained, the slop estimates can be computed via ̂ 𝝋

= ̂ 𝝋( ̂ 𝜸 ). To implement the minimization of Q N (𝜸 ), we can use Algorithm A by replacing the objective function 

ln L(𝜸 ) with −Q N (𝜸 ).

5.2 Asymptotic Theory for the GMM Estimator

We next focus on the asymptotic theory for the GMM estimator. Define the moment functionals G 𝝋 (𝜸 ) =
E( z′

i
Δẏi,−1(𝜸 )) and

G 𝜸 (𝜸 ) = 

⎡⎢⎢⎢⎢⎢⎣ 

G 𝜸 ,2,2 (𝜸 ) − G 𝜸 ,2,1 (𝜸 )
G 𝜸 ,3,3 (𝜸 ) − G 𝜸 ,3,2 (𝜸 )

...

G 𝜸 ,T,T (𝜸 ) − G 𝜸 ,T ,T−1 (𝜸 ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
, (40)

where

G 𝜸 ,t, j (𝜸 ) = E
(
E
(
z it 𝑤 i, j−1 | q ij = s ′ij 𝜸 , s ij

)
f j 

(
s ′
ij
𝜸 | s ij)s ′ij

)
, (41)

in which 𝑤 ij and f t (q it ∣ s it ) have the same definition as in Section 2.

Assumption 2. Assume that

1. For each t, (xit, q it , s it , u it , 𝑣 i1 ) are independent and identically distributed (iid) across i. 

2. For each i, u it is iid over t, is independent of
{
(y ij )

t−1
j=1, (x it , q it , s it )

T
t=1

}
.

3. E‖z it 𝑤 i, j−1 ‖ 2 < ∞, for j = t, t − 1.
4. For any 𝜸 ∈ 𝚪 and t = 2, … , T , j = t, t − 1, E

(‖zit 𝑤 i, j−1‖2 | q ij = s ′ij 𝜸 , s ij
)
≤ C for some C < ∞, and 0 <

f j 
(
q ij | s ij) ≤ ̄f < ∞.

5. f j 

(
s ′
ij
𝜸 | s ij) and G𝜸 ,t, j (𝜸 ) are continuous at 𝜸 = 𝜸 0 , where 𝜸 0 is the true value of 𝜸 .

6. s it is not multicollinear.

7. 𝛽 20 = c 𝛽 2 N 
−𝛼 and 𝜽 20 = c 𝜽 2 N 

−𝛼 with c = 
(
c𝛽 2 , c 

′ 
𝜽2 

)′
≠ 0 and 0 ≤ 𝛼 < 1∕2, where c is a vector of constant

and
(
𝛽 20 , 𝜽

′
20

) ′ 
is the true value of

(
𝛽 2, 𝜽 

′
2

) ′
.

8. Let G(𝜸 ) = (G 𝝋 (𝜸 ), G 𝜸 (𝜸 )), then G(𝜸 ) have full column rank for all 𝜸 ∈ 𝚪.
9. S is finite and positive definite. □

Assumption 2 is essentially similar to Assumption 1 without restrictions on error distributions and ini-

tial conditions. Here, we allow a fixed threshold setting following Seo and Shin (2016). We next establish the 

asymptotic distribution of the GMM estimators ̂ 𝝋 and ̂  𝜸.

Theorem 3. Under Assumption 2, as N → ∞, we have

[ 
N 1∕2( ̂ 𝝋− 𝝋 0 ) 
N 1∕2−𝛼 ( ̂ 𝜸 − 𝜸0 )

]
d
←←←←←←←←←←→N

(
0,
(
G(𝜸 0 ) 

′ 
S −1 G(𝜸 0 ) 

) −1)
. (42)

Proof of Theorem 3. See the Appendix A. □
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Theorem 3 can be viewed as a generalization of the asymptotic result of Theorem 1 in Seo and Shin (2016). 

Theorem 3 shows that the slope and threshold estimators are jointly asymptotically normal under both the fixed 

and diminishing threshold assumptions. Moreover, compared to the MLE threshold estimator, which is super-

consistent and asymptotically independent of the slope estimator, the GMM threshold estimator has a slower 

convergence rate and is jointly dependent of the slope estimator.

6 Monte Carlo Simulations

In this section, we aim at examining the finite sample performances of the proposed estimation and testing 

procedures. To this end, we consider the data-generating process (DGP) given by

y it = (𝛽 1 y it−1 + 𝜃 1 q it )I(q it ≤ 𝛾 it ) + (𝛽 2 y it−1 + 𝜃 2 q it )I(q it > 𝛾 it ) + 𝜓z it + e it , (43)

𝛾 it = 𝛾 0 + 𝛾 1 s it , (44)

Δy i1 = 𝛿 0 + 𝛿 1 Δq i1 + 𝛿 2 Δz i1 + 𝑣 i1 , (45)

in which e it = 𝛼 i + u it , z it ∼ N(0, 1), q it ∼ N(0.2, 1), s it ∼ N(0, 1), u it ∼ N(0, 2 2 ), 𝑣 i1 ∼ N(0, 4 2 ). To allow for
the correlation between the exogenous variable and the individual fixed effect, we set 𝛼 i = a i + q i , a i ∼ N(2, 3 2 ),
q i =

∑T

t=0 q it, from t = 0 to t = T . To generate y it , we also set y i,0 = 0. 
In the first experiment, we investigate the finite properties of the estimation procedure. To do so, we set

T = (5, 10), N = (50, 100, 200), 𝛽 1 = −0.3, 𝜃 1 = 𝜓 = 1, 𝛽 2 = 0.7, 𝜃 2 = 2, 𝛿 0 = 0.5 𝛿 1 = 𝛿 2 = 1, 𝛾 0 = 0.2 
and 𝛾 1 = 0.5. The number of replications is set as 1,000. To implement the MCMC-based algorithm described in

Section 2, the estimation software (associated with Algorithm A) is written based on the runMCMC function in 

the R package BayesianTools (Hartig et al. 2023), which incorporates the so-called Differential Evolution Markov 

Chain (DREAM MCMC) sampling approach that can efficiently handle problems involving high dimensionality, 

multimodality, nonlinearity, and local optima, as explained by Vrugt et al. (2009). As can be seen from Figure 1, 

unlike constant threshold models, the likelihood criterion for the suggested nonconstant threshold model seems 

to contain problems such as multimodality, nonlinearity, and local optima, and thus, the DREAM MCMC approach 

may be more efficient than the classical MCMC methods such as the Metripolis-Hastings sampler. 7 Table 1 reports 

the simulation results. 8 The simulation results show that the bias of each parameter is very close to zero for 

all combinations of T and N , and the standard deviations decrease to zero as T × N increases. In particular, 
when N increases from 50 to 100 for a fixed T , the standard deviations of the threshold parameters 𝛾 0 and 𝛾 1 
would decrease by almost half, which confirms our asymptotical results in Theorem 1. Also, the R statistics of 

Gelman and Rubin (1992) for the threshold parameters are close to 1, providing evidence of convergence of the 

MCMC samples for threshold parameters, which further demonstrates that the suggested estimation algorithm 

performs well in finite samples.

We next assess the size and power properties of the test statistics F 1 (the covariate-dependent threshold 

model against the linear model) and F C (the covariate-dependent threshold model against the constant threshold 

model). We first examine the finite sample properties of the test F 1 . To this end, we set 𝛽 1 = −0.3, 𝜃 1 = 𝜓 = 1, 
𝛿 0 = 0.5, 𝛿 1 = 𝛿 2 = 1, 𝛾 0 = 0.2, 𝛾 1 = 0.5, and vary the parameters 𝛽 2 and 𝜃 2 to assess the size and power 
of the F 1 test for threshold effect. Similarly, we set 𝛽 1 = −0.3, 𝜃 1 = 𝜓 = 1, 𝛽 2 = 0.7, 𝜃 2 = 2, 𝛿 0 = 0.5, 
𝛿 1 = 𝛿 2 = 1, 𝛾 0 = 0.2, and vary 𝛾 1 to assess the size and power of the F C test for threshold constancy. As such, 
the rejection frequencies with 𝛽 2 = −0.3, 𝜃 2 = 1 and (𝛽 2, 𝜃 2) = {(−0.1, 1.2), (0.7, 2)} are the size and power 
of the first test statistic, and the rejection frequencies with 𝛾 1 = 0 and 𝛾 1 = (0.2, 0.5) are the size and power of

7 In an unreported appendix, we, through simulations, show that the DREAM MCMC approach is more efficient than the Metropolis-
Hastings sampler in our proposed model.

8 In the simulations, we draw 12,000 samples from the posterior after discarding the first 6,000 “burn-in” draws.
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Figure 1: Simulated negative likelihood functions of threshold models.

Table 1: Estimates of the parameters.

T N 𝜸  = 0.2 𝜸  = 0.5 𝜷  = -0.3 𝜷  = 0.7 𝜽  = 1 𝜽  = 2 𝝍 = 1 𝜹  = 0.5 𝜹  = 1 𝜹  = 1 The R statistic

𝜸  𝜸 

5 50 Bias −0.001 −0.000 0.034 0.039 0.011 0.002 0.002 −0.006 −0.020 −0.023 1.140 1.120

Std.dev 0.032 0.042 0.036 0.038 0.277 0.231 0.154 0.614 0.431 0.448 0.599 0.245

100 Bias 0.000 0.001 0.034 0.040 0.010 −0.001 0.008 −0.006 −0.020 −0.018 1.146 1.157

Std.dev 0.015 0.020 0.024 0.026 0.191 0.168 0.106 0.427 0.306 0.306 0.225 0.401

200 Bias 0.000 0.000 0.034 0.039 0.007 0.002 0.007 −0.024 −0.000 −0.013 1.173 1.163

Std.dev 0.007 0.009 0.017 0.018 0.143 0.118 0.074 0.292 0.221 0.206 0.285 0.255

10 50 Bia −0.000 −0.000 0.015 0.016 −0.004 0.004 0.002 0.021 −0.009 0.007 1.160 1.155

Std.dev 0.013 0.018 0.021 0.021 0.184 0.155 0.098 0.656 0.430 0.442 0.456 0.462

100 Bias 0.000 0.000 0.015 0.016 −0.001 0.002 0.002 −0.018 −0.002 −0.027 1.194 1.194

Std.dev 0.007 0.009 0.014 0.015 0.125 0.109 0.069 0.447 0.319 0.306 0.436 0.423

200 Bias −0.000 −0.000 0.015 0.017 −0.001 0.001 0.000 −0.013 0.004 −0.006 1.268 1.252

Std.dev 0.003 0.005 0.010 0.011 0.094 0.074 0.048 0.316 0.221 0.219 0.477 0.429

Notes: this table presents the summary statistics (i.e., mean and standard deviation) for the estimates and the R statistics for threshold

parameters. The number of replications is 1,000.

the second test statistic. All sizes and powers are constructed using 1,000 replications and bootstrap replications 

are set to 100 to save the simulation time. The simulation results are reported in Table 2. The simulation results 

show that the empirical sizes are close to the 5 % nominal level for the tests F 1 and F C in most cases, except for 

the combination (N , T ) = (200, 10) for the test F C , in which case the size is smaller than the 5 % nominal level; 

this may be explained by the small number of replications. Furthermore, the power for the test F 1 increases 

when the magnitude of threshold effect increases or the sample size becomes larger, and the power for the test 

F C increases when the magnitude of the threshold constancy or the sample size increases. These results indicate 

that the proposed test statistics work well in finite samples.

Furthermore, in Appendix B we conduct Monte Carlo simulations comparing the proposed MLE with the 

GMM estimator discussed in Section 5 under the data-generating processes allowing the violations of the nor-

mal disturbances and initial-condition assumptions. The simulation results show that, when the sample size is 

doubled, the standard deviations of the threshold parameters would decrease by almost half when the MLE esti-

mator is employed, while these standard deviations would decrease by roughly 30 % when the GMM approach 

is employed, confirming the super-consistent property in Theorem 1 for the MLE estimator and the normality 

in Theorem 3 for the GMM estimator. Overall, these simulation results indicate that the proposed MLE method 

works well in finite samples in the considered cases, and the GMM estimator serves as a useful complementary 

alternative under less restrictive assumptions on error distributions and initial conditions.
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Table 2: Finite-sample size and power of the F -type test statistics.

T N Test for threshold effect Test for threshold constancy

Size Power Size Power

Small Large Small Large

5 50 0.056 0.576 0.979 0.045 0.978 0.988

100 0.040 0.956 1.000 0.048 0.999 1.000

200 0.050 0.912 0.993 0.042 0.995 0.999

10 50 0.060 0.998 1.000 0.025 1.000 1.000

100 0.055 1.000 1.000 0.028 0.999 1.000

200 0.053 1.000 1.000 0.030 1.000 1.000

Notes: ‘small’ and ‘large’ in F 1 denote small threshold effect (e.g., (𝛽 2 , 𝜃 2 ) = (−0.1, 1.2)) and large threshold effect (e.g., (𝛽 2 , 𝜃 2 ) 
= (0.7, 2)), respectively; ‘small’ and ‘large’ in F C denote the magnitude of threshold dependency, corresponding to 𝛾 1 = 0.2 and 0.5,
respectively.

7 Empirical Application: The Inflation-Growth Nexus

Over the past several decades, the linkage between inflation and growth has attracted much attention among 

academics and policymakers. This linkage is important as the money neutrality assumption demonstrates that 

inflation does not affect economic growth. Much empirical literature has investigated the nexus between infla-

tion and growth, nonetheless, reported conflicting and mixed results. As a result, a number of studies suggest 

to focus on the nonlinear relationship between inflation and growth based on threshold models, and provide 

evidence supporting a negative effect of inflation on growth for periods above the inflation threshold (e.g., Khan 

and Ssnhadji 2001; Kremer et al. 2013; Ramírez-Rondán 2020; Vaona and Schiavo 2007). Another important and 

closely related empirical issue is to estimate the inflation threshold above which inflation has a negative effect 

on growth. For example, Vaona and Schiavo (2007) use a nonparametric method to obtain an inflation thresh-

old around 12 %. Kremer et al. (2013) find the inflation threshold at 2.5 % for industrialized countries and 17 % 

for nonindustrialized countries, respectively. More recently, Ramírez-Rondán (2020) proposes a dynamic panel 

threshold model and applies the model to the inflation-growth relationship, leading to an inflation threshold at 

around 3.1–3.5 % for industrialized countries and around 16.0–16.1 % for nonindustrialized countries.

In this section, we extend the analysis of Ramírez-Rondán (2020) by applying the proposed dynamic panel 

threshold model with a covariate-dependent threshold to estimate the inflation threshold. The data we used is 

the same as in Ramírez-Rondán (2020). This data set covers the observations from 1961 to 2015 over 5-year average 

periods for a sample of 74 countries. 9 As emphasized in the literature, industrialized and nonindustrialized coun-

tries may have different inflation thresholds (e.g., Khan and Ssnhadji 2001; Kremer et al. 2013; Ramírez-Rondán 

2020). Thus, the literature estimates the inflation thresholds based on separate analyses for industrialized and 

nonindustrialized countries by splitting the sample into subgroups. This leads to at least two problems. First, 

we have to face the small sample size problem, which results in inaccurate estimates and inferences. Second, it 

is difficult to test whether there is a significant difference between inflation thresholds for industrialized and 

nonindustrialized countries. To overcome these problems, we extend the empirical model of Ramírez-Rondán

(2020) by allowing for a covariate-dependent threshold given by

y it − y it−1 = 𝛼 i + 𝛽 y it−1 + 𝜃 1 log
(
x it
)
1
(
x it ≤ 𝜸

)
+ 𝜃 2 log

(
x it
)
1
(
x it > 𝜸

)
+ 𝜋 ′ z it + u it ,

𝜸 = 𝛾 0 + 𝛾 1 s it, 

(46)

9 See Ramírez-Rondán (2020) for more details.
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Table 3: Estimates based on different models.

Dependent variable: GDP per capita growth Ramñrez-Rondén’s (2020) model

(1) (2) (3)

Estimate 95 %CI Estimate 95 %CI Estimate 95 %CI

Inflation rate (inflation rate ≤ 𝛾̂ ) −0.088 [−0.309, 0.133] −0.016 [−0.227, 0.196] −0.090 [−0.308, 0.127]
Inflation rate (inflation rate>𝛾̂ ) −0.693 [−0.850, −0.535] −0.554 [−0.708,−0.400] −0.591 [−0.747, −0.435]
Transitional convergence −0.024 [−0.029,−0.020] −0.026 [−0.032,−0.020] −0.026 [−0.031, −0.020]
Human capital – – −0.036 [−0.056,−0.015] −0.015 [−0.041, 0.011]
Financial depth – – −0.001 [−0.005, 0.003] 0.000 [−0.004, 0.004]
Governance – – 0.190 [−0.107, 0.487] 0.137 [−0.161, 0.434]
Public infrastructure – – 0.003 [0.001, 0.004] 0.003 [0.002, 0.005]

Trade openness – – 1.284 [0.711, 1.857] 1.492 [0.902, 2.083]

Economic instability – – −0.241 [−0.310, −0.172] −0.243 [−0.312, −0.175] 
Threshold inflation estimate 0 (𝛾0 ) 16.1 [14.5, 16.6] 16.0 [14.6, 16.9] 16.1 [14.7, 16.9] 

Threshold inflation estimate 1 (𝛾1 ) – – – – – – 

Time shifts No No Yes

F 1 ( p-value) 0.000 0.000 0.000

Dependent variable: GDP per capita growth DPTCT

(1) (2) (3)

Estimate 95 %CI Estimate 95 %CI Estimate 95 %CI

Inflation rate (inflation rate ≤ 𝛾̂ ) −0.103 [−0.353, 0.146] −0.051 [−0.289, 0.187] −0.051 [−0.289, 0.186]
Inflation rate (inflation rate>𝛾̂ ) −0.730 [−0.891, −0.569] −0.608 [−0.765, −0.451] −0.610 [−0.767, −0.454]
Transitional convergence −0.021 [−0.025, −0.016] −0.023 [−0.029, −0.017] −0.023 [−0.029, −0.017]
Human capital – – −0.033 [−0.054, −0.013] −0.030 [−0.058, −0.003]
Financial depth – – 0.001 [−0.003, 0.005] 0.001 [−0.003, 0.005]
Governance – – 0.078 [−0.219, 0.376] 0.072 [−0.225, 0.369]
Public infrastructure – – 0.002 [0.000, 0.004] 0.002 [0.000, 0.004]

Trade openness – – 1.426 [0.859, 1.994] 1.445 [ 0.862, 2.028]

Economic instability – – −0.243 [−0.311, −0.175] −0.243 [−0.311, −0.175] 
Threshold inflation estimate 0 (𝛾0 ) 16.1 [15.0, 16.2] 16.1 [15.0, 16.3] 16.1 [15.1, 16.2]   

Threshold inflation estimate 1 (𝛾1 ) −12.5 [−16.4, −3.3] −13.0 [−16.2, −4.7] −13.0 [−15.5, −5.7] 
Time shifts No No Yes

F 1 ( p-value) 0.000 0.002 0.000 

F 2 ( p-value) 0.212 0.153 0.132

F C ( p-value) 0.007 0.017 0.019

Notes: F 1 , F 2 and F C are, in order, the test for threshold effect,the test for two thresholds effects and the test for threshold constancy.

where y it is the log of real gross domestic product (GDP) per capita, x it is the inflation rate; 𝛼 i is an unobserved 

country-specific effect; 𝜸 is a time-varying threshold level of the inflation rate; s it is the dummy variable that 

equals one if the country is industrialized and zero otherwise; I(⋅) is an indicator variable; z it is a set of other
determinants of economic growth; 10 i refers to the country, and t refers to the time period. All of the explanatory

variables are in the form of logarithms, and the semi-log transformation is used when an explanatory variable 

has negative values. In addition, the threshold variable is the level of the inflation rate as in Ramírez-Rondán 

(2020).

10 Following Ramírez-Rondán (2020), z it includes trade openness, financial depth, governance, public infrastructure, human capital 
investment, and economic instability which are usually posited as determinants of economic growth. In addition, the covariates in a 
time-varying threshold may bring endogeneity to an nonconstant threshold model, which can be solved by including the covariates 
as control. As a result, in our model we add an interaction between the covariate we used and time period shifts as a control to avoid 
this question.
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Table 3 reports the empirical results. For the sake of comparison, we also replicate and report the empir-

ical results of Ramírez-Rondán (2020) in Table 3. As in Ramírez-Rondán (2020), we consider three different 

specifications. In the first specification, we estimate the empirical model with only initial GDP per capita and 

without control variables. Then, we form the second specification and the third specification by adding con-

trol variables and time period shifts, respectively. From Table 3, we can see that the threshold estimate ( ̂ 𝛾0 ) 
for nonindustrialized countries is 16.0–16.1 %, which is similar to the Ramírez-Rondán (2020); this inflation 

threshold is close to the 17 % inflation threshold reported by Kremer et al. (2013), while different from the 11 % 

inflation threshold estimated by Khan and Ssnhadji (2001). For industrialized countries, our estimate is around 

3.1–3.2 % ( ̂ 𝛾0 + ̂  𝛾 1 ), which is also close to Ramírez-Rondán (2020) but higher than the 2.5 % threshold estimated 

by Kremer et al. (2013). Our 95 % confidence intervals for the threshold parameters are tight, indicating a higher 

estimation accuracy. We next focus on the estimation and inferences on the slope parameters. In the three spec-

ifications denoted by (1)–(3) in Table 3, the coefficients of the inflation rate have no effects on growth below the 

inflation threshold, as suggested by the money neutrality assumption. However, the inflation rate in the high 

inflation regime could significantly hurt growth at the 5 % level of significance. These results are also consistent 

with Khan and Ssnhadji (2001), Kremer et al. (2013), and Ramírez-Rondán (2020).

As is typical in the threshold literature, we use the proposed test statistics to test threshold effect and thresh-

old constancy, and determine the number of thresholds. In the three specifications, according to F 1 , the null of 

linearity is rejected with the p-value 0.000, 0.002, and 0.000 for three specifications denoted by (1)–(3) in Table 3, 

respectively. According to F 2 , one threshold model is supported by the data according to the p-values. According 

to the F c test statistic, the null of constant threshold is rejected with the p-value 0.016, 0.018, and 0.028 for three 

specifications. These testing results not only indicate that the DPTCT model with one covariate-dependent thresh-

old is appropriate in the inflation-growth relationship, but also indicate that there is a significant difference 

between inflation thresholds for industrialized and nonindustrialized countries.

8 Conclusions

This paper proposes a dynamic panel threshold model with a covariate-dependent and time-varying threshold 

(DPTCT) modeled as a function of candidate variables affecting the threshold. We study the estimation, inference 

and specification testing of the proposed model. Following Hsiao et al. (2002) and Ramírez-Rondán (2020), we 

suggest an MLE approach to estimate the model. Also, we suggest test statistics for threshold effect and threshold 

constancy. The asymptotic properties of the estimator and the test statistics are established. Specifically, our 

asymptotic results indicate that the threshold estimator shares the convergence rate with the estimator in the 

constant threshold model. Hence, the inclusion of a time-varying threshold does not change the convergence 

rate of threshold parameters, and thus, the true model parameters can not be retrieved from the estimation 

method based on the constant threshold model if we misspecify a time-varying threshold as a constant one. 

Our Monte Carlo simulation results confirm the asymptotic theory, and indicate that the estimation and testing 

procedures work well in finite samples. We illustrate the model with an empirical application to investigate 

the inflation-growth relationship, and the empirical results reveal that there is a significant difference between 

inflation thresholds for industrialized and nonindustrialized countries.
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Appendix A: Mathematical Proofs

This appendix provides the detailed proof of Theorems 1– 3 in the paper. To this end, we first prove the following

Lemmas, which are useful in proving Theorems 1–3. For notational simplicity, we first clarify the following

denotations.

1. 𝝓 =
(
𝜽 ′
𝛿
, 𝜎 2

u
, 𝜔
) ′
, 𝝓 0 =

( 
𝜽′
𝛿0
, 𝜎 2

u0
, 𝜔 0 

)′
, 𝝓̂(𝜸 ) =

(
𝜽̂ 𝛿 (𝜸 ) 

′, ̂ 𝜎2
u(𝜸 ), ̂  𝜔(𝜸 )

) ′
, 𝜛 = 1 + T(𝜔 − 1), 𝜛 0 = 1 +

T (𝜔 0 − 1).
2. I it (𝜸 ) = I

(
q it ≤ s 

′
it 
𝜸 
)
, ∇I it (𝜸 ) = I it (𝜸 ) − I it

(
𝜸 0
)
. 

3. P it (𝜸 ) = P
(
q it ≤ s 

′
it 
𝜸 
)
, ∇P it (𝜸 ) = P it (𝜸) − P it 

(
𝜸 0
)
.

4. 𝜆N = N 1−2𝛼 , 𝜸 =
(
𝛾 0, 𝜸 

′
s

) ′
, 𝝂 =

(
𝜈 0, 𝝂 

′
s 

) ′
.

5. Δ𝒘 it =
(
Δy it, Δx ′it+1

) ′
, ∇Δ𝒘 it (𝜸 ) = Δ𝒘 it ∇I it (𝜸 ). 

6. M ∗
(
𝜸 , 𝜸 0 

)
= E

(
Δy i,−1 (𝜸 ) 

′ 𝛀 −1
0
Δy i,−1

(
𝜸 0
))
, M ∗ (𝜸 ) = E

(
Δy i,−1 (𝜸 )

′ 𝛀 −1
0
Δy i,−1 (𝜸 )

)
.

7. J N (𝜸 ) = N −1∕2 
∑N

i=1Δy i,−1 (𝜸 ) 
′ 𝛀 −1 

0
Δu i .

8. G N (𝝂 ) = 𝜆NN −1
∑N

i=1c 
′ ∇Δy∗

i,−1
(
𝜸 0 + 𝝂 ∕𝜆 N 

)′ 𝛀 ⋆−1
0

∇Δy ∗
i,−1
(
𝜸 0 + 𝝂 ∕𝜆 N 

)
c.

9. R N (𝝂 ) =
√
aNN 

−1∕2 ∑ N
i=1c 

′ ∇Δy∗
i,−1
(
𝜸 0 + 𝝂∕𝜆 N 

)
𝛀 ⋆−1 

0
Δui . 

10. V N (𝝂) = 𝜆NN −1
∑N

i=1

( 
c ′ ∇Δy∗

i,−1
(
𝜸 0 + 𝝂 ∕𝜆 N 

)
𝛀 ⋆−1 

0
Δui

) 2 
.

11. h i (𝜸 ) =
(
h 1i (𝜸 ) 

′, h 2i , h 3i
) ′
, where h 1i (𝜸 ) = Δy i,−1 (𝜸 )

′ 𝛀 −1 
0
Δu i , h 2i =

(
Δu ′ 

i
𝛀 ⋆−1

0
Δu i − T 

)
∕ 
(
2𝜎 0

u0

)
and h 3i =(

Δu ′
i
𝚽Δu i − T 𝜎 2u0 𝜛 0 

)
∕ 
(
2𝜎2

u0 
𝜛2

0

)
.

12. K N (𝝓, 𝜸 ) = N −1∕2 𝜕 ln L(𝝓, 𝜸 )∕𝜕𝝓, H N (𝝓, 𝜸 ) = −N −1 𝜕 2 ln L(𝝓, 𝜸 )∕𝜕𝝓𝜕𝝓 ′. 
13. As shown in Hsiao et al. (2002), 𝛀 ⋆−1 = H ′ 𝚲 −1H , where a s+1 − 2a s + a s−1 = 0 for s = 1, 2, … , T ,

a 0 = 1, a 1 = 𝜔, 𝚲 = diag (a 0 a 1, a 1 a 2, … , a T−1 a T ), and

H = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢⎣ 

a 0 0 · · · 0

a 0 a 1 · · · 0

. . . 
. . . ⋱ ...

a 0 a 1 · · · a T−1 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
. (A1)

Lemma 1. Under Assumption 1, E|𝜙(x it )| 2 < ∞ and E‖s it ‖ ≤ C < ∞, 𝚪𝚪 is a compact set, then

sup
𝜸∈𝚪

||||||
1

N

N∑
i=1
𝜙(xit )I

(
qit ≤ s

′
it
𝜸
)
− E

(
𝜙(xit )I

(
qit ≤ s

′
it
𝜸
))||||||

a.s.
←←←←←←←←←←←←←←←←→0 (A2)

as N → ∞.

Lemma 2. Under Assumption 1, J N (𝜸 ) → d J(𝜸 ), a mean-zero Gaussian process with almost surely continuous 
sample paths.

Proof of Lemma 1–2. The proofs are similar to Hansen (1996, 2000) and Yang et al. (2021a). To save space, the 

proofs are skipped here. □

Lemma 3. Under Assumption 1, we have

E
(
Δy i,−1 (𝜸 )

′ 𝛀 ⋆−1 Δui
)
= 0, (A3)

E 
(
Δu ′

i
𝚽Δu i 

)
= T 𝜎 2

u 𝜛 . (A4)



L. Yang et al.: Dynamic Panel Threshold Model — 21

Proof. We first prove (A3) and then (A4). Since Δx it is independent of Δu it , we next focus on Δy it and Δy it (𝜸 ). 
To prove (A3), we need to prove the following equation

T∑
t=2

[ 
a t a t−1 

] 2
E 

[(
t−1∑
j=1

a j Δy ij 

)(
𝑣 i1 +

t∑
j=2

a j−1 Δu ij

)]
= 0, (A5)

T∑
t=2

[ 
a t a t−1 

] 2
E 

[(
t−1∑
j=1

a j Δy ij (𝜸 )

)(
𝑣 i1 +

t∑
j=2

a j−1 Δu ij

)]
= 0, (A6)

In the next, we only need to prove  (A6), as the same argument can prove (A5).

Following Ramírez-Rondán (2020), denote

A t = 
(

t−1∑
j=1

a j Δy ij (𝜸 )

)(
𝑣 i1 +

t∑
j=2

a j−1 Δu ij

)
. (A7)

Then, we have

A t = A t−1 + a t−1 Δy it−1 (𝜸 )

(
𝑣 i1 +

t∑
j=2

a j−1 Δu ij

)
+ a t−1 Δuit

t−2∑
j=1

a j Δy ij (𝜸 ). (A8)

Taking the expectation of (A8), we have

E
(
A t 
)
= E

(
A t−1

)
+ a t−1 E

[ 
Δy it−1 (𝜸 )

(
𝑣 i1 +

t∑
j=2

a j−1 Δu ij

)]
. (A9)

Through iteration, we only need to prove that the second term on the right side of (A9) is equal to 0. The 

proof of E(A 2 ) = E(A 3 ) = E(A 4 ) = 0 is similar as in Ramírez-Rondán (2020), and thus we next prove the case 
of E(A t ) when t > 4. To do so, we prove that E(A k+1 ) = 0 if E(A k ) = 0.

Suppose that for a particular k, E(A k ) = 0. Therefore, we have the following equation

E
[ 
Δy ik−1 𝑣 i1

]
+

k∑
j=2

a j−1 E
[ 
y ik−1 Δu ij

]
= 0, (A10)

E
[ 
Δy ik−1 (𝜸 )𝑣i1

]
+

k∑
j=2

a j−1 E
[ 
y ik−1 (𝜸 )Δu ij 

]
= 0. (A11)

We also have the following results

y it = y it−1 + 𝛽1 Δy it−1 + 𝛽2 Δy it−1 (𝜸 ) + 𝜽 ′1Δx it + 𝜽 
′
2
Δx it (𝜸 ) + Δu it ,

= y i1 +
t−1∑
j=1

[ 
𝛽 1 Δy ij + 𝛽 2 Δy ij (𝜸 ) + 𝜽 ′1Δx ij+1 + 𝜽

′
2
Δx ij+1 (𝜸 ) +Δu ij+1

]
, (A12)

E
(
Δu ik 𝑣 i1

)
= 0, (A13)

E
(
y i1 𝑣 i1

)
= 𝜎 2

𝑣 , (A14)

k−2∑
s=1

E
(
Δu is+1 𝑣 i1

)
= −𝜎 2

u , (A15)

k∑
j=2

a j−1 E
(
Δu ik Δu ij 

)
= a k−1 E 

(
Δu ik Δu ik−1

)
+ a k−1 E

(
Δu 2

ik

)

= a k−2
(
−𝜎 2

u 

)
+ 2a k−1 𝜎 

2 
u
, (A16)
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k∑
j=2

a j−1 E
(
y i1 Δu ij 

)
= a 1 E

(
y i1 Δu i2 

)
= a 1 

(
−𝜎 2

u 

)
, (A17)

k∑
j=2

a j−1

t−2∑
s=1

E
(
Δu is+1 Δu ij

)
=

k−1∑
j=2

a j−1 E
(
Δu 2

ij

) 
+

k∑
j=3

a j−1 E
(
Δu ij Δu ij−1

)

+
t−2∑
j=2

a j−1 E
(
Δu ij Δu ij+1

)

= 2
k−1∑
j=2

a j−1 𝜎 
2
u − 

k∑
j=3

a j−1 𝜎 
2
u − 

t−2∑
j=2

a j−1 𝜎 
2 
u

= a 0 𝜎 2 u, (A18)

which uses the result a t−2 − 2a t−1 + a t = 0. Let

E
(
Δy ik (𝜸 )𝑣 i1 

)
= B 1 

(
𝑣 i1
)
+ B 2 

(
𝑣 i1
)
+ B 3 

(
𝑣 i1
)
, (A19)

E
(
Δy ik (𝜸 )Δu ij 

)
= B 1 

(
Δu ij 

)
+ B 2 

(
Δu ij 

)
+ B 3 

(
Δu ij 

)
, (A20)

where

B 1 (X) = 𝛽 1 

[ 
P ik+1 (𝜸 )E

(
Δy ik−1 X

)
+ΔP ik+1 (𝜸 )

t−2∑
s=1

E
(
Δy is X

)]
,

B 2 (X) = 𝛽 2 

[ 
P ik+1 (𝜸 )E

(
Δy ik−1 (𝜸 )X

)
+ΔP ik+1 (𝜸 )

t−2∑
s=1

E
(
Δy is (𝜸 )X

)]
,

B 3 (X) = P ik+1 (𝜸 )E
(
Δu ik X

)
+ΔP ik+1

[ 
E
(
y i1 X

)
+

t−2∑
s=1

E
(
Δu is+1 X

)]
. (A21)

According to (A10) and (A11), it is easy to show that

B 1 
(
𝑣 i1
)
+

k∑
j=2

a j−1 B 1 
(
Δu ij 

)
= 0,

B 2 
(
𝑣 i1
)
+ 

k∑
j=2

a j−1 B 2 
(
Δu ij 

)
= 0,

and we have

B 3 
(
𝑣 i1
)
= P ik+1 (𝜸 )E

(
Δu ik 𝑣 i1

) 
+ΔP ik+1 (𝜸 ) 

[ 
E
(
y i1 𝑣 i1

)
+

t−2∑
s=1

E
(
Δu is+1 𝑣 i1

)]

= ΔP ik+1 (𝜸 ) 
[ 
𝜎 2
𝑣 − 𝜎 

2 
u 

] 
, (A22)

k∑
j=2

a j−1 B 3 
(
Δu ij 

)
= P ik+1 (𝜸 )

k∑
j=2

a j−1 E
(
Δu ik Δu ij 

)
+ΔP ik+1 (𝜸 )

[
k∑
j=2

a j−1 E
(
y i1 Δu ij 

)

+
k∑
j=2

a j−1

t−2∑
s=1

E
(
Δu is+1 Δu ij

)]

= P ik+1 (𝜸 )
(
−𝜎 2

u

)[
a k−2 − 2a k−1

]
+ΔP ik+1 (𝜸 )

(
−𝜎 2

u

)(
a 1 − a 0 

)
, (A23)
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E 
(
Δy ik (𝜸)Δu ik+1

)
= P ik+1 (𝜸 ) 

[ 
𝛽 1 E 

(
Δy ik−1 Δu ik+1

)
+ 𝛽 2 E

(
Δy ik−1 (𝜸)Δu ik+1

)
+ E

(
Δu ik Δu ik+1

)]
+ΔP ik+1 (𝜸 )E

(
y ik−1 Δu ik+1

)
= P ik+1 (𝜸 )

(
−𝜎 2

u 

)
. (A24)

Finally, we can obtain

E
(
A k+1

)
a k+1

= E
(
Δy ik (𝜸 )𝑣 i1 

)
+

k∑
j=2

a j−1 E
(
Δy ik (𝜸)Δu ij 

)
+ a k E

(
Δy ik (𝜸)Δu ik+1

)

= B 1 
(
𝑣 i1
)
+ B 2 

(
𝑣 i1
)
+ B 3 

(
𝑣 i1
)
+

k∑
j=2

a j−1
[ 
B 1 
(
Δu ij 

)
+ B 2 

(
Δu ij 

)
+ B 3 

(
Δu ij 

)]

+ a k E
(
Δy ik (𝜸)Δu ik+1

)

= B 1 
(
𝑣 i1
)
+

k∑
j=2

a j−1 B 3 
(
Δu ij 

)
+ a k E

(
Δy ik (𝜸)Δu ik+1

)

= ΔP ik+1 (𝜸 ) 
[ 
𝜎 2
𝑣 − 𝜎 

2
u 

]
+ P ik+1 (𝜸 ) 

(
−𝜎 2

u

)[
a k−2 − 2a k−1

]
+ΔP ik+1 (𝜸 )

×
(
−𝜎 2

u

)(
a 1 − a 0 

)
+ P ik+1 (𝜸 )

( 
−𝜎 2

u 

)
a k

= 0. (A25)

That is, we have E(A k+1 ) = 0. Through mathematical induction, E(A t ) = 0 is established for each t.
As shown in Hsiao et al. (2002), 𝚽 = 𝝑𝝑 ′, where 𝝑 = (T, T − 1, … , 1) ′ . Therefore, we have

E
(
Δu ′

i
𝚽Δu i 

)
= E

(
Δu ′

i
𝝑
)2

= E 
[ 
T𝑣 i1 +

T∑
j=2

(T − j + 1)Δuij

]2

= T 2 E
(
𝑣 2 
i1

)
+

T∑
j=2

(T − j + 1)2 E
(
Δu 2

ij

)
+ T(T − 1)E

(
𝑣 i1 Δu i2 

)

+ 2
T∑
j=3

(T − 1 + 1)(T − j + 2)E
(
Δu ij Δu ij−1

)

= T 2 𝜎 2 
𝑣 + 2𝜎 

2
u

T∑
j=2

(T − j + 1)2 − 2T(T − 1)𝜎 2
u

− 2𝜎 2
u

T∑
j=3

(T − 1 + 1)(T − j + 2)

= T 2 𝜔𝜎 2 
u − T(T − 1)𝜎 

2
u

= T 𝜎 2 
u [1 + T(𝜔 − 1)]. (A26)

This completes the proof of Lemma 3. □

Lemma 4. Under Assumption 1,

N 𝛼
[
𝝓̂(𝜸 ) − 𝝓 0 

]
p
←←←←←←←←←←←→H(𝜸 ) −1K ∗ (𝜸 ) and N 𝛼

[
𝝓̂(𝜸 0 ) − 𝝓 0 

]
p
←←←←←←←←←←← →0, (A27)

where K ∗ (𝜸 ) =
(
K ∗
𝜽𝛿
(𝜸 ) ′, K∗ 

𝜎 2 u
(𝜸 ), K 𝜔 (𝜸 )

) ′
, in which



24 — L. Yang et al.: Dynamic Panel Threshold Model

K ∗
𝜽𝛿
(𝜸) =

(
M

∗(𝜸, 𝜸0 )−M
∗(𝜸 )

)
c,

K
∗
𝜎2u
(𝜸) = 1

𝜎4
u0

E
(
c ′∇Δyi,−1(𝜸)

′𝛀⋆−1
0

Δui
)
,

K ∗
𝜔(𝜸) =

1

𝜎2
u0
𝜛2 

0

E
(
c
′∇Δy∗

i,−1(𝜸)
′𝚽Δui

)
.

Proof. First, we derive the limiting distribution of 𝝓̂(𝜸 ) using Theorem 10.1 in Wooldridge (1994). Assumption 1 

ensures that condition (i) of Theorem 10.1 in Wooldridge (1994) is satisfied. Under the model setting, condition

(ii) is also satisfied. We next verify condition (iv), and then check condition (iii).

For any fixed 𝜸 ∈ 𝚪, the first-order condition for 𝝓̂(𝜸 ) yields

N𝛼−1
𝜕 ln L

𝜕𝜽𝛿

(
𝝓0, 𝜸

)
= N 𝛼−1

N∑
i=1

[
Δyi,−1(𝜸)

′ 𝛀 −1
0

(
Δyi −Δyi,−1(𝜸)𝜽𝛿0

)]

= −1
N

N∑
i=1

Δyi,−1(𝜸)
′ 𝛀 −1

0
∇Δyi,−1(𝜸)c

+ N𝛼−1∕2
1√
N

N∑
i=1

Δyi,−1(𝜸)
′𝛀−1

0
Δui

p
←←←←←←←←←←←→

(
M

∗(𝜸, 𝜸0 )−M
∗(𝜸 )

)
c

= K ∗
𝜽𝛿
(𝜸), (A28)

N𝛼−1
𝜕 ln L

𝜕𝜎2
u

(
𝝓0, 𝜸

)
= N𝛼−1∕2

1

2𝜎4
u0

1√
N

N∑
i=1

[
Δu′

i
𝛀⋆−1

0
Δui − T𝜎2

u0

]

+ 1

N𝜎4
u0

N∑
i=1

c
′∇Δyi,−1(𝜸)

′𝛀⋆−1
0

Δui

+ N−𝛼 1

2N𝜎4
u0

N∑
i=1

c
′∇Δyi,−1(𝜸)

′𝛀⋆−1
0

∇Δyi,−1(𝜸)c

p
←←←←←←←←←←←→

1

𝜎4
u0

E
(
c
′∇Δyi,−1(𝜸)

′𝛀⋆−1
0

Δui
)

= K
∗
𝜎2u
(𝜸), (A29)

N𝛼−1
𝜕 ln L

𝜕𝜔

(
𝝓0, 𝜸

)
= N𝛼−1∕2

1

2𝜎2
u0 
𝜛2

0

1√
N

N∑
i=1

[
Δu′

i
𝚽Δui − T𝜎2

u0
𝜛0

]

+ 1

N 𝜎 2
u0 
𝜛 2 

0

N∑
i=1

c ′ ∇Δy∗
i,−1(𝜸 ) 

′ 𝚽Δu i

+ N −𝛼
1

2N 𝜎 2
u0 
𝜛 2 

0

N∑
i=1

c ′ ∇Δy∗
i,−1(𝜸 ) 

′ 𝚽∇Δy∗
i,−1(𝜸 )c

p
←←←←←←←←←←←→

1

𝜎 2
u0 
𝜛2 

0

E
(
c ′ ∇Δy∗

i,−1(𝜸 ) 
′ 𝚽Δu i 

)

= K ∗
𝜔(𝜸 ). (A30)
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The second order condition for 𝝓̂(𝜸 ) yields

1

N

𝜕2 ln L

𝜕𝜽𝛿𝜕𝜽
′
𝛿

(
𝝓0, 𝜸

)
= −1

N

N∑
i=1

Δyi,−1(𝜸)
′𝛀−1

0
Δyi,−1(𝜸)

p
←←←←←←←←←←←→ − E

(
Δyi,−1(𝜸)

′𝛀−1
0
Δyi,−1(𝜸)

)

= −H𝜽𝛿𝜽
′
𝛿
(𝜸 ), (A31)

1

N

𝜕2 ln L

𝜕𝜽𝛿𝜕𝜎
2
u

(
𝝓0, 𝜸

)
= −1
𝜎 4 
u0

[
1

N

N∑
i=1

Δyi,−1(𝜸)
′𝛀−1

0
∇Δy∗

i,−1(𝜸)cN
−𝛼

+ 1

N

N∑
i=1

Δyi,−1(𝜸)
′𝛀⋆−1

0
Δui

]

p
←←←←←←←←←←←→

−1
𝜎 4
u0

E
(
Δyi,−1(𝜸)

′𝛀⋆−1
0

Δui
)

= −H𝜽𝛿𝜎
2
u
(𝜸), (A32)

1

N

𝜕2 ln L

𝜕𝜽𝛿𝜕𝜔

(
𝝓0, 𝜸

)
= −1
𝜎2
u0
𝜛2

0

1

N

N∑
i=1

[
Δyi,−1(𝜸)

′𝚽
(
Δyi −Δyi,−1(𝜸)𝜽𝛿0

)]
p
←←←←←←←←←←←→

−1
𝜎2
u0
𝜛2

0

E
(
Δyi,−1(𝜸)

′𝚽Δui
)

= −H𝜽𝛿𝜔
(𝜸), (A33)

1

N

𝜕2 ln L

𝜕𝜎2
u
𝜕𝜎2

u

(
𝝓0, 𝜸

)
= T

2𝜎4
u0

− 1

N𝜎6
u0

N∑
i=1

(
Δyi −Δyi,−1(𝜸)𝜽𝛿0

)′𝛀⋆−1
0

×
(
Δyi −Δyi,−1(𝜸)𝜽𝛿0

)
p
←←←←←←←←←←←→

T

2𝜎4
u0

− 1

𝜎6
u0

E
(
Δu′

i
𝚽Δui

)

= −H𝜎2u𝜎
2
u
, (A34)

1

N

𝜕2 ln L

𝜕𝜎2
u
𝜕𝜔

(
𝝓0, 𝜸

)
= −1
𝜎4
u0
𝜛2

0

1

N

N∑
i=1

(
Δyi −Δyi,−1(𝜸)𝜽𝛿0

)′𝚽(Δyi −Δyi,−1(𝜸)𝜽𝛿0
)

p
←←←←←←←←←←←→

−1
𝜎4
u0
𝜛2

0

E
(
Δu′

i
𝚽Δui

)

= −H𝜎2u𝜔
, (A35)

1

N

𝜕2 ln L

𝜕𝜔𝜕𝜔

(
𝝓0, 𝜸

)
= T2

2𝜛2
0

− 1

𝜎3
u0
𝜛3

0

1

N

N∑
i=1

(
Δyi −Δyi,−1(𝜸)𝜽𝛿0

)′𝚽
×
(
Δyi −Δyi,−1(𝜸)𝜽𝛿0

)
p
←←←←←←←←←←←→

T2

2𝜛2
0

− 1

𝜎3
u0
𝜛3

0

E
(
Δu′

i
𝚽Δui

)

= −H𝜔𝜔. (A36)
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Next, condition (iii) of Wooldridge (1994, Theorem 10.1) requires that there exists a sequence of nonrandom

positive definite diagonal matrices ℂ N and 𝔸 N , such that ℂN𝔻 −1N = o(1), 𝔸N𝔹 −1N = o(1) and

max 
𝝓∈𝚽 N

‖ ‖ ‖ ‖ ‖ℂ 
−1
N

[ 
𝜕 2 ln L 
𝜕𝝓𝜕𝝓′ (𝝓, 𝜸 ) −

𝜕 2 ln L 
𝜕𝝓𝜕𝝓′ (𝝓 0, 𝜸 )

]
ℂ −1 
N 

‖‖‖ ‖‖ = o p (1), (A37)

where 𝚽 N = {𝝓 ∈ 𝚽 : ‖𝔸 N (𝝓 − 𝝓 0 )‖ ≤ 1} is a sequence of shrinking neighborhoods of 𝝓 0. 
To establish condition (iii), we let

ℂN = 𝔻 1−2𝛿 
N

= IN −1∕2+𝛿 , (A38)

𝔸N = 𝔹 1−2𝛿 
N

= IN 𝛼(1−2𝛿 ), (A39)

for some 0 < 𝛿 < min{𝛼∕[2(1 + 𝛼)], 1∕2}, and let 𝝓 ∈ 𝚽 N be arbitrarily chosen. We set

𝝓 = 𝝓 0 + 𝜻N −𝛼(1−2𝛿 ), (A40)

such that ‖𝜻 ‖ ≤ 1.
It is easily seen that

𝛀−1 = 1

𝜎2
u

𝛀⋆−1 = 1

𝜎2
u
𝜛

×

⎡⎢⎢⎢⎢⎢⎣

𝜉11(𝜔) 𝜉21(𝜔) · · · 𝜉T1(𝜔)

𝜉21(𝜔) 𝜉22(𝜔) · · · 𝜉T2(𝜔)

...
... ⋱ ...

𝜉T1(𝜔) 𝜉T2(𝜔) · · · 𝜉TT (𝜔)

⎤⎥⎥⎥⎥⎥⎦
, (A41)

where 𝜉ij(𝜔) = [T − (i − 1)][(j − 1)𝜔 − (j − 2)], and

𝜉 ij (𝜔) − 𝜉 ij (𝜔 0 ) = [T − (i − 1)]( j − 1)(𝜔 − 𝜔 0 ) = O(N −𝛼(1−2𝛿 ) ). (A42)

Therefore, we obtain𝛀−1 −𝛀−1
0

= O(N−𝛼(1−2𝛿 ) ) and𝛀⋆−1 −𝛀⋆−1
0

= O(N−𝛼(1−2𝛿 ) ). Furthermore, we have

N2𝛿−1
[
𝜕2 ln L

𝜕𝜽𝛿𝜕𝜽
′
𝛿

(
𝝓, 𝜸

)
− 𝜕2 ln L

𝜕𝜽𝛿𝜕𝜽
′
𝛿

(
𝝓0, 𝜸

)]

= −1
N

N∑
i=1

Δyi,−1(𝜸)
′
[
𝛀−1 −𝛀−1

0

]
Δyi,−1(𝜸)N

2𝛿

= Op(N
−𝛼(1−2𝛿 ) )O(N2𝛿 ) = Op(N

2𝛿−𝛼(1−2𝛿 ) ) = op(1), (A43)

N2𝛿−1
[
𝜕2 ln L

𝜕𝜽𝛿𝜕𝜎
2
u

(
𝝓, 𝜸

)
− 𝜕2 ln L

𝜕𝜽𝛿𝜕𝜎
2
u

(
𝝓0, 𝜸

)]

= N2𝛿

[
−1
𝜎2
u

+ 1

𝜎2
u0

]
1

N

N∑
i=1

Δyi,−1(𝜸)
′𝛀⋆−1[Δyi −Δyi,−1(𝜸)𝜽𝛿

]

+ N2𝛿 −1
𝜎4
u0
N

N∑
i=1

Δyi,−1(𝜸)
′
[
𝛀⋆−1 −𝛀⋆−1

0

][
Δyi −Δyi,−1(𝜸)𝜽𝛿

]

+ 1

𝜎4
u0
N

N∑
i=1

Δyi,−1(𝜸)
′𝛀⋆−1

0
Δyi,−1(𝜸)

(
𝜽𝛿 − 𝜽𝛿0

)

= O(N2𝛿 )Op(N
−𝛼(1−2𝛿 ) ) = Op(N

2𝛿−𝛼(1−2𝛿 ) ) = op(1), (A44)
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N 2𝛿−1
[
𝜕2 ln L

𝜕𝜽 𝛿 𝜕𝜔

( 
𝝓, 𝜸

)
− 𝜕 2 ln L
𝜕𝜽𝛿𝜕𝜔

(
𝝓0, 𝜸

)]

= N 2𝛿
[

−1
𝜎2
u
𝜛2 −

−1
𝜎2
u0
𝜛2

0

]
1

N

N∑
i=1

Δyi,−1(𝜸)
′𝚽
[
Δyi −Δyi,−1(𝜸)𝜽𝛿

]

+ N 2𝛿
1

𝜎 2
u0 
𝜛 2

0
N

N∑
i=1

Δyi,−1(𝜸)
′𝚽Δyi,−1(𝜸)

(
𝜽 𝛿 − 𝜽 𝛿0

)

= O(N2𝛿 )Op(N 
−𝛼(1−2𝛿 ) ) = O p(N

2𝛿−𝛼(1−2𝛿 ) ) = op(1), (A45)

N 2𝛿−1
[
𝜕 2 ln L
𝜕𝜎2

u
𝜕𝜎2

u

(
𝝓, 𝜸

)
− 𝜕 2 ln L
𝜕𝜎2

u
𝜕𝜎2

u

(
𝝓0, 𝜸

)]

= N2𝛿

[
T

2𝜎4
u

− T

𝜎4
u0

]
− N2𝛿

[
1

𝜎6u
− 1

𝜎6
u0

]
1

N

N∑
i=1

[
Δyi −Δyi,−1(𝜸)𝜽𝛿

]′

×𝛀⋆−1[Δyi −Δyi,−1(𝜸)𝜽𝛿
]

+ N2𝛿 1

𝜎6
u0
N

N∑
i=1

(
𝜽𝛿 − 𝜽𝛿0

)′Δyi,−1(𝜸)
′𝛀⋆−1[Δyi −Δyi,−1(𝜸)𝜽𝛿

]

− N2𝛿 1

𝜎6
u0
N

N∑
i=1

[
Δyi −Δyi,−1(𝜸)𝜽𝛿

]′[𝛀⋆−1 −𝛀⋆−1
0

][
Δyi −Δyi,−1(𝜸)𝜽𝛿

]

+ N2𝛿 1

𝜎6
u0
N

N∑
i=1

[
Δyi −Δyi,−1(𝜸)𝜽𝛿

]′𝛀⋆−1Δyi,−1(𝜸)
(
𝜽𝛿 − 𝜽𝛿0

)

= O(N2𝛿 )Op(N
−𝛼(1−2𝛿 ) ) = Op(N

2𝛿−𝛼(1−2𝛿 ) ) = op(1). (A46)

Similarly, it can be proved that

N2𝛿−1
[
𝜕2 ln L

𝜕𝜎2
u
𝜕𝜔

(
𝝓, 𝜸

)
− 𝜕2 ln L

𝜕𝜎2
u
𝜕𝜔

(
𝝓0, 𝜸

)]
= Op(N

2𝛿−𝛼(1−2𝛿 ) ) = op(1),

N2𝛿−1
[
𝜕2 ln L

𝜕𝜔𝜕𝜔

(
𝝓, 𝜸

)
− 𝜕2 ln L

𝜕𝜔𝜕𝜔

(
𝝓0, 𝜸

)]
= Op(N

2𝛿−𝛼(1−2𝛿 ) ) = op(1).

Hence, the condition (iii) is satisfied. This completes the proof of Lemma 4. □

Lemma 5. Under Assumption 1, ̂  𝜸→ p 𝜸 0 .

Proof. Note that

ln L(𝜸 ) = −NT

2
ln(2𝜋) − N

2
ln 
|||𝛀̂(𝜸 ) 

| | |− 1

2

N∑
i=1

Δu i (𝜸 ) ′ ̂𝛀(𝜸 ) −1 Δu i (𝜸 ) (A47)

+ ln L ∗ (𝜸 ), (A48)

where
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ln L ∗ (𝜸 ) = −1
2

N∑ 

i=1
c ′ ∇Δy∗

i,−1(𝜸 ) 
′ ̂𝛀(𝜸 ) −1 ∇Δy∗

i,−1(𝜸 )cN 
−2𝛼

× −1
2

N∑
i=1

[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]′
Δyi,−1(𝜸)

′𝛀̂(𝜸)−1Δyi,−1(𝜸)
[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]

−
N∑
i=1

c
′∇Δy∗

i,−1(𝜸)
′𝛀̂(𝜸)−1ΔuiN−𝛼

+
N∑
i=1

c
′∇Δy∗

i,−1(𝜸)
′𝛀̂(𝜸)−1Δyi,−1(𝜸)

[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]
N−𝛼

+
N∑
i=1

Δu′
i
𝛀̂(𝜸)−1Δyi,−1(𝜸)

[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]
. (A49)

According to Lemma 4, the three terms on the right-hand side of (A47) are asymptotic constants. Therefore 

max ln L(𝜸) and max ln L∗(𝜸) are asymptotically equivalent. Next, we derive the distribution of max ln L ∗ (𝜸 ).

We rewrite ln L∗(𝜸) as

2N 2𝛼−1 ln L ∗ (𝜸 ) = S 1 + S 2 − 2(S 3 − S 4 − S 5 ), (A50)

where

S1 =
−1
N

N∑
i=1

c
′∇Δy∗

i,−1(𝜸)
′𝛀̂(𝜸)−1∇Δy∗

i,−1(𝜸)c = Op(1)

S2 =
−1
N

N∑
i=1

N𝛼
[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]′
Δyi,−1(𝜸)

′𝛀̂(𝜸)−1Δyi,−1(𝜸)
[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]
N𝛼

= Op(1)

S3 = N𝛼−1∕2
1√
N

N∑
i=1

c
′∇Δy∗

i,−1(𝜸)
′𝛀̂(𝜸)−1Δui = op(1)

S4 =
1

N

N∑
i=1

c
′∇Δy∗

i,−1(𝜸)
′𝛀̂(𝜸)−1Δyi,−1(𝜸)

[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]
N𝛼 = Op(1)

S5 = N𝛼−1∕2
1√
N

N∑
i=1

Δu′
i
𝛀̂(𝜸)−1Δyi,−1(𝜸)

[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]
N𝛼 = op(1). (A51)

We also have following result

S1 + S2 − 2S4 =
−1
N

N∑
i=1

[
∇Δy∗

i,−1(𝜸)c −Δyi,−1(𝜸)
[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]
N𝛼
]′
𝛀̂(𝜸)−1

×
[
∇Δy∗

i,−1(𝜸)c −Δyi,−1(𝜸)
[
𝜽̂𝛿(𝜸)− 𝜽𝛿0

]
N𝛼
]

≤ 0. (A52)

Therefore, N2𝛼−1 ln L∗(𝜸) will be asymptotically equal to or less than 0, and N2𝛼−1 ln L∗(𝜸) is asymptotically 

equal to 0 if and only if 𝜸 = 𝜸 0, using Theorem 2.1 of Newey and McFadden (1994) we have ̂  𝜸→ p 𝜸 0 . □
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Lemma 6. Under Assumption 1, set 𝜸 = 𝜸 0 + 𝝂 h, and h → 0 as N → ∞,

P
(
Ait(𝜸 )| sit)

s
′
it
𝜸 − s

′
it
𝜸0

→ ft|s
(
s
′
it
𝜸0| s it) , (A53)

P
(
Aik(𝜸 )| Ait(𝜸 ), sik, sik)

s
′
ik
𝜸 − s

′
it
𝜸0

→ fk|t,s
(
s
′
ik
𝜸0| A0it, sik, sit). (A54)

and for some random variable X,

h −1 E 
(
X∇I it (𝜸 )2 | s it)→ E

(
X| A0

it
, s it

)
f t|s
(
s ′
it 
𝜸 0| s it) || |s ′it 𝝂 || |, (A55)

h −2 E 
(
X∇I it (𝜸 )∇I ik (𝜸 )| s it)→ E

(
X| A0

ik
, A 0

it
, s ik , s it

)
f t|s
(
s ′
it 
𝜸 0| s it)s ′it 𝝂

× f k|t,s
(
s ′
ik
𝜸 0 | A 0it, s ik , s it)s ′ik𝝂 , (A56)

as N → ∞, where A it (𝜸 ) =
{
s ′
it
𝜸 0 < q it ≤ s 

′
it 
𝜸 
}
, A0

it 
=
{
q it = s′it 𝜸0

}
.

Proof. First, note that as N →∞, we have h→ 0 and

s
′
it
𝜸 − s

′
it
𝜸0 = s

′
it

(
𝜸 − 𝜸0

)
= s

′
it
𝝂h

→ 0.

Denote h∗ = s
′
it
𝜸 − s

′
it
𝜸0, then we have h

∗ → 0 as N →∞ and

P
(
Ait(𝜸 )| sit)

s
′
it
𝜸 − s

′
it
𝜸0

=
P
(
qit ≤ s

′
it
𝜸| sit)− P

(
qit ≤ s

′
it
𝜸0| sit)

s
′
it
𝜸 − s

′
it
𝜸0

=
P
(
qit ≤ s

′
it
𝜸0 + h∗| sit)− P

(
qit ≤ s

′
it
𝜸0| sit)

h∗
. (A57)

By the definition of a Differential, we have

𝜕P
(
a| sit)
𝜕a

|||||a=s′
it
𝜸0

≡ lim
h∗→0

P
(
qit ≤ s

′
it
𝜸0 + h∗| sit)− P

(
qit ≤ s

′
it
𝜸0| sit)

h∗

= ft|s
(
s
′
it
𝜸0| sit). (A58)

A similar argument can prove (A54).

Next, note that

I
(
q it ≤ s 

′
it 
𝜸
)
≤ I

(
q it ≤ s 

′
it 
𝜸 0 
)
⇔ s ′

it 
𝜸 ≤ s ′

it 
𝜸 0, (A59)

I
(
q it ≤ s 

′
it 
𝜸
)
> I

(
q it ≤ s 

′
it 
𝜸 0 
)
⇔ s ′

it 
𝜸 > s ′

it 
𝜸 0, (A60)

(A59) and (A60) imply that

s ′
it 
𝝂 × sgn

(
∇I it (𝜸 )

)
= s ′

it 
𝝂 × sgn

(
I it (𝜸 ) − I it (𝜸 0 )

)
= s ′

it 
𝝂 × sgn

(
s ′
it 
𝜸 − s ′

it 
𝜸 0 
)

= |||s ′it 𝝂 ||| , (A61)

where sgn(x) is the sign function, i.e. sgn(x) = I(x > 0) − I(x ≤ 0).
Therefore, we have
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h−1E
(
X∇Iit(𝜸)2| s it)

= E
(
X| Ait(𝜸 ), s it)P

(
Ait(𝜸 )| sit)

s
′
it
𝜸 − s

′
it
𝜸0

× s
′
it
𝝂 × sgn

(
∇Iit(𝜸)

)

→ E
(
X| A0

it
, s it

)
ft|s
(
s
′
it
𝜸0| s it) | ||s′it𝝂|||, (A62)

and

h−2E
(
X∇Iit(𝜸)∇Iik(𝜸)| sit)

= E
(
X| Aik(𝜸 ),Ait(𝜸 ), s ik , s it) × P

(
Ait(𝜸 )| sik, sit)
s
′
it
𝜸 − s

′
it 
𝜸0

× s
′
it
𝝂

× P
(
Aik(𝜸 )| Ait(𝜸 ), sik, s it)

s
′
ik
𝜸 − s

′
ik
𝜸0

× s
′
ik
𝝂

→ E
(
X| A0

ik
,A0

it
, s ik, s it

)
ft|s
(
s
′
it
𝜸0| s it) × s

′
it
𝝂

× fk|t,s
(
s
′
ik
𝜸0| A0it, s ik , s it) × s

′
ik
𝝂. (A63)

This completes the proof of Lemma 6. □

Lemma 7. Under Assumption 1, on a compact set 𝚿 = × d+1 
n=1Ψ n, we have the following uniform convergence

results,

G N (𝝂 ) 
p
←←←←←←←←←←← →G(𝝂 ), (A64)

V N (𝝂 ) 
p
←←←←←←←←←←← →V (𝝂 ). (A65)

Proof. By Lemma 6 (setting h = 𝜆 −1
N
), we can obtain

𝜆 NE
(
𝑤 2 

ij
∇I ij+1 (𝜸 ) 2| s ij+1)

→ E
( 
𝑤 2

ij
| A0 

ij+1 , s ij+1

)
f j+1|s

(
s ′
ij+1 𝜸 0 | s ij+1

)| | |s ′ij+1 𝝂 | | | 
= Df

ij
(𝝂 ), (A66)

𝜆 NE
(
𝑤 2 

ij
e it e ik ∇I ij+1 (𝜸 ) 2 | s ij+1)

→ E
(
𝑤 2

ij 
e it e ik | A0 ij+1 , s ij+1

)
f j+1|s

(
s ′
ij+1 𝜸 0 | s ij+1

)| | |s ′ij+1 𝝂 | | | 
= V f

ijtk
(𝝂 ), (A67)

𝜆 NE
(
𝑤 2 

ij
∇I ij+1 (𝜸 )2

)
= 𝜆 NE

(
E
(
𝑤 2 

ij
∇I ij+1 (𝜸 ) 2| s ij+1))

→ E
(
D
f

ij
(𝝂)
) 
, (A68)

𝜆 NE
(
𝑤 2 

ij
e it e ik ∇I ij+1 (𝜸 )2

)
= 𝜆 NE

(
E
(
𝑤 2 

ij
e it e ik ∇I ij+1 (𝜸 ) 2 | s ij+1))

→ E
(
V

f

ijtk
(𝝂 )
)
. (A69)

To prove (A64), then (A65), we note that
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𝜆NE 

(
t−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
c

) 2

=
t−1∑
j=1

a 2
j

[ 
𝜆 NE

(
𝑤 2 

ij
∇I ij+1 (𝜸 )2

)
+ 𝜆 NE

(
𝑤 2 

ij−1∇I ij (𝜸 )
2
)]

− 2
t−2∑
j=1

a j a j+1 𝜆 NE
(
𝑤 2 

ij
∇I ij+1 (𝜸 )2

)
+ O 

(
𝜆 −1
N

) 

→
t−1∑
j=1

a j

[ 
E
(
D
f

ij 
(𝝂 )
)
+ E

(
D
f

ij−1(𝝂)
)]

− 2
t−2∑
j=1

a j a j+1 E
(
D
f

ij 
(𝝂 )
)

= D 1t (𝝂). (A70)

Hence, we have

E
(
G N (𝝂)

)
= 𝜆 NE

(
c ′ ∇Δy∗

i,−1(𝜸 ) 
′ 𝛀 ⋆−1 ∇Δy∗

i,−1(𝜸 )c
)

=
T∑
t=2

[ 
a t a t−1 

] −1
𝜆 NE 

(
t−1∑
j=1

a j ∇Δ𝒘 is (𝜸 ) 
′ 
c

) 2

→
T∑
t=2

[ 
a t a t−1 

] −1
D 1t (𝝂 ) = G(𝝂 ). (A71)

Note that

E
(
V N (𝝂 )

)
= 𝜆 NE

(
c ′ ∇Δy∗

i,−1(𝜸 )𝛀
⋆−1 
0

Δui
) 2

= 𝜆 NE
[

T∑
t=2

[ 
a t a t−1 

] −1 ( t−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
c

)
e it

]2

= 𝜆N
T∑
t=2

[ 
a t a t−1 

] −2 ( t−1∑
j=1

a j ∇Δ𝒘 ij E(𝜸 ) 
′ 
ce it 

)2

+ 2𝜆 N 
T−1∑
t=2 

T∑
k=t+1

[ 
a t a t−1 

] −1[ 
a k a k−1 

] −1

× E 

[(
t−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
ce it 

)(
k−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
ce ik 

)]
. (A72)

Thus, the first term on the right-hand-side of (A72)

𝜆 NE 

(
t−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
ce it 

)2

=
t−1∑
j=1

a 2
j

[ 
𝜆 NE

(
𝑤 2

ij
e 2
it 
∇I ij+1 (𝜸 )2

)
+ 𝜆 NE

(
𝑤 2

ij−1 e 
2
it
∇I ij (𝜸 )2

)]

− 2
t−2∑
j=1

a j a j+1 𝜆 NE
(
𝑤 2

ij
e 2
it 
∇I ij+1 (𝜸 )2

)
+ O 

(
𝜆 −1
N

)
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→
t−1∑
j=1

a 2
j

[ 
E
(
V

f

ijtt
(𝝂)
)
+ E

(
V

f

ij−1tt(𝝂 )
)]

− 2
t−2∑
j=1

a j a j+1 E
(
V

f

ijtt
(𝝂)
)

= V 1t (𝝂 ). (A73)

The second term on the right-hand-side of (A72),

𝜆NE 

[(
t−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
ce it 

)(
k−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
ce ik 

)]

= 𝜆NE 
[(

t−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
ce it 

)(
t−1∑
j=1

a j ∇Δ𝒘 ij (𝜸 ) 
′ 
ce ik 

)]

− 𝜆Na t a t−1 E 
(
z 2
it−1e it e ik ∇I it (𝜸 )

2
)
+ O 

(
𝜆 −1
N

) 

=
t−1∑
j=1

a 2
j

[ 
𝜆NE

(
𝑤 2 

ij
e it e ik ∇I ij+1 (𝜸 )2

)
+ 𝜆NE

(
𝑤 2

ij−1e it e ik ∇I ij (𝜸 )
2
)]

− 2
t−2∑
j=1

a j a j+1 𝜆 NE
(
𝑤 2 

ij
e it e ik ∇I ij+1 (𝜸 )2

)

− 𝜆Nat a t−1E
(
z2
it−1e it e ik ∇I it (𝜸 )

2
)
+ O 

(
𝜆 −1
N

) 

→
t−1∑
j=1

a 2
j

[ 
E
(
V

f

ijtk
(𝝂 )
)
+ E

(
V

f

ij−1tk(𝝂 )
)] 

− 2
t−2∑
j=1

a j a j+1 E
(
V

f

ijtk
(𝝂 )
)

− a t a t−1 E
(
V

f

it−1tk(𝝂)
)

= V 2tk (𝝂 ). (A74)

Finally, we can obtain below result

E
(
V N (𝝂 )

)
= 𝜆NE

(
c ′ ∇Δy∗

i,−1(𝜸 )𝛀
⋆−1 
0

Δui
) 2

→
T∑
t=2

[ 
a t a t−1 

] −1
V 1t (𝝂 ) + 2

T−1∑
t=2 

T∑
k=t+1

[ 
a t a t−1 a k a k−1 

] −1
V 2tk (𝝂 )

= V (𝝂 ). (A75)

Arguments similar to those in the proof of Lemma A.10 of Hansen (2000) show that (A71) and (A75) imply

(A64) and (A65). This completes the proof of Lemma 7. □

Lemma 8. Under Assumption 1, on any compact set 𝚿 = × d+1 
n=1Ψ n,

R N (𝝂 ) 
d
←←←←←←←←←← →R(𝝂 ), (A76)

where R(𝝂) is a Gaussian process with a positive variance V (𝝂 ) when 𝝂 ≠ 0.

Proof. Note that,
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E
(
R 2
N (𝝂)

)
= E

(√
𝜆Nc

′∇Δy∗
i,−1(𝜸)𝛀

⋆−1
0

Δui
) 2

= E
(
VN (𝝂)

)
→ V(𝝂), (A77)

by Lemma 7. Under Assumption 1,
√
𝜆Nc

′∇Δy∗
i,−1(𝜸)𝛀

⋆−1
0

Δui is a i.i.d. random sequence across i, so RN (𝝂) con-

verges pointwise to a zero-mean Gaussian process with covariance kernel V (𝝂 ) by the CLT. Using arguments 
identical to those in the proof of Lemma A.11 of Hansen (2000) is sufficient to establish the tightness of R N (𝝂 ). □

Lemma 9. Under Assumption 1, set 𝜸 = 𝜸 0 + 𝝂 h, and h → 0 as N → ∞,

√
N
[
𝝓̂(𝜸)−𝝓0

]
d
←←←←←←←←←←→H

(
𝜸0
)−1

K
(
𝜸0
)
and

√
N
[
𝝓̂(𝜸)− 𝝓̂

(
𝜸0
)] p

←←←←←←←←←←←→0, (A78)

where K(𝜸 ) is a zero-mean Gaussian process with covariance kernel E
(
h i (𝜸 )h i (𝜸 )

′ ).
Proof. Observe that

N −1∕2 
𝜕 ln L
𝜕𝜽 𝛿

(
𝝓 0 , 𝜸

)
= N −1∕2

N∑
i=1

[ 
Δy i,−1 (𝜸 )

′ 𝛀 −1
0

(
Δy i −Δy i,−1 (𝜸 )𝜽𝛿0

)]

= −1√
𝜆N

𝜆N
N

N∑
i=1

Δy i,−1 (𝜸 )
′ 𝛀 −1

0
∇Δy i,−1 (𝜸 )c

+ 1√
N 

N∑
i=1

Δy i,−1 (𝜸 )
′ 𝛀 −1 

0
Δu i

= 1√
N 

N∑
i=1

h 1i (𝜸 ) + O p

(
𝜆 −1∕2
N

)
,

N −1∕2 
𝜕 ln L
𝜕𝜎 2

u

(
𝝓 0 , 𝜸

)
= 1

2𝜎 4
u0

1√
N 

N∑
i=1

[ 
Δu ′ 

i
𝛀 ⋆−1

0
Δu i − T 𝜎 2u0

]

+ 1√
𝜆N 

𝜆N
N 𝜎 4

u0

N∑
i=1

c ′ ∇Δy i,−1 (𝜸 )
′ 𝛀 ⋆−1 

0
Δui

+ 1√
N

𝜆N
2N 𝜎 4

u0

N∑
i=1

c
′∇Δy i,−1 (𝜸 )

′ 𝛀 ⋆−1
0

∇Δy i,−1 (𝜸 )c

= 1√
N 

N∑
i=1

h 2i + O p

(
𝜆 −1∕2
N

)
,

N −1∕2 
𝜕 ln L
𝜕𝜔

(
𝝓 0 , 𝜸

)
= 1

2𝜎2
u0 
𝜛2

0

1√
N 

N∑
i=1

[ 
Δu ′

i
𝚽Δu i − T 𝜎 2u0 𝜛 0 

]

+ 1√
𝜆N 

𝜆N
N 𝜎 2

u0 
𝜛 2

0 

N∑
i=1

c ′ ∇Δy∗
i,−1(𝜸 ) 

′ 𝚽Δu i

+ 1√
N

𝜆N
2N 𝜎 2

u0 
𝜛 2

0 

N∑
i=1

c ′ ∇Δy∗
i,−1(𝜸 ) 

′ 𝚽∇Δy∗
i,−1(𝜸 )c

= 1√
N 

N∑
i=1

h 3i + O p

(
𝜆 −1∕2
N

)
,
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A similar argument can be made to establish the limiting distribution of ̂𝝓(𝜸 ) through the proof of Lemma 4.
Therefore, we can obtain √

N
[
𝝓̂(𝜸)−𝝓0

]
= HN (𝝓0, 𝜸 )

−1
KN (𝝓0, 𝜸 )+ op(1)

d
←←←←←←←←←←→H

(
𝜸0
)−1

K
(
𝜸0
)
.

Obviously, we have

√
N
[
𝝓̂(𝜸)− 𝝓̂

(
𝜸0
)]

=
√
N
[
𝝓̂(𝜸)−𝝓 0 

]
−
√ 
N 
[
𝝓̂ 
(
𝜸 0 
)
− 𝝓 0 

]
d
←←←←←←←←←← →H 

( 
𝜸0 
) −1

K 
( 
𝜸 0 
)
− H 

(
𝜸0 
) −1

K 
( 
𝜸 0 
)

= 0. (A79)

□

Proof of Theorem 1. Using the argument in the proof of Lemma A.9 in Hansen (2000) and Therorm 2 in Yang et al.

(2021b), we can establish the convergence rate of the threshold estimator 𝜆N . Thus, we can study their asymptotic 

behavior in the neighborhood of the true thresholds, ̂  𝜸 = 𝜸 0 + ̂  𝝂∕𝜆 N .
Let L 1 (𝜸 ) =

∑N

i=1Δu i 𝛀̂(𝜸 ) −1 Δu i ∕2 −
∑N

i=1Δ̂ ui 
(
𝜸 0 
)′ ̂𝛀(𝜸 ) −1 Δ̂ ui 

(
𝜸 0 
)
∕2 and ̂  c(𝜸 ) = N 𝛼𝜽̂(𝜸 ). By the definition

of the threshold estimator, we have

𝜆N
(
𝜸̂ − 𝜸0

)
= 𝝂̂ = argmax

𝝂∈𝚿
ln L

(
𝜸0 +

𝝂

𝜆N

)
, (A80)

because L 1 (𝜸 ) is an asymptotic constant, max ln L(𝜸 0 + 𝝂 ∕𝜆 N ) and max
(
ln L ∗ (𝜸 0 + 𝝂 ∕𝜆 N ) − L 1 (𝜸 )

)
are asymp-

totically equivalent. Next, we derive the distribution of ln L ∗ (𝜸 0 + 𝝂 ∕𝜆 N ) − L 1 (𝜸 ). 
As above, we have ln L ∗ (𝜸 0 + 𝝂 ∕𝜆 N ) − L 1 (𝜸 ) = −[Q 1 + Q 2 − 2(Q 3 + Q 4 − Q 5 )]∕2. We next derive the lim-

iting behavior of each Q i , respectively. Thus, by Lemmas 1–8, let 𝜸 = 𝜸 0 + 𝝂 ∕𝜆 N , we have the following 
results

Q 1 =
𝜆N
N

N∑ 

i=1
̂ c(𝜸 ) ′ ∇Δy∗

i,−1(𝜸 ) 
′ ̂𝛀(𝜸 ) −1 ∇Δy∗

i,−1(𝜸 )̂ c(𝜸 )

p
←←←←←←←←←←←→

1

𝜎 2 
u0

G(𝝂 ),

Q 2 =
1

N

N ∑ 

i=1

√ 
N 
[
𝜽̂ 𝛿 (𝜸 ) + ̂  𝜽 𝛿 

(
𝜸 0 
)
− 2𝜽 𝛿0 

]′
Δy i,−1 (𝜸 ) 

′ ̂𝛀(𝜸 ) −1Δy i,−1 (𝜸 )

×
√ 
N 
[
𝜽̂ 𝛿 (𝜸 ) − ̂  𝜽 𝛿 

(
𝜸 0 
)]

= O p (1)O p (1)o p (1) = o p (1),

Q 3 =
√ 
N 
[
𝜽̂ 𝛿 (𝜸 ) − ̂  𝜽 𝛿 

(
𝜸 0 
)] 1√

N

N∑ 

i=1
c ′Δy i,−1 (𝜸 ) 

′ ̂𝛀(𝜸 ) −1 Δu i = o p (1),

Q 4 =
√
𝜆N
N

N∑ 

i=1
̂ c(𝜸 ) ′ ∇Δy∗

i,−1(𝜸 ) 
′ ̂𝛀(𝜸 ) −1 Δu i

d
←←←←←←←←←←→

1

𝜎 2 
u0

R(𝝂),

Q 5 =
√ 
N 
[
𝜽̂ 𝛿 (𝜸 ) − 𝜽 𝛿0

]
1

N

N∑ 

i=1
Δy i,−1 (𝜸 ) 

′ ̂𝛀(𝜸 ) −1 ∇Δy∗
i,−1(𝜸 )

√
N ̂𝜽 𝛿 (𝜸 )
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= Op(1)op(1)Op(1) = op(1),

and therefore,

ln L∗(𝜸0 + 𝝂∕𝜆N )− L1(𝜸)
d
←←←←←←←←←←→

−1
2𝜎2

u0

[G(𝝂)− 2R(𝝂 )], (A81)

and

𝜆N
(
𝜸̂ − 𝜸0

) d
←←←←←←←←←←→argmax

𝝂∈ℝd+1

−1
2𝜎2

u0

[G(𝝂)− 2R(𝝂)]

= argmin
𝝂∈ℝk+1

[
1

2
G(𝝂 )− R(𝝂 )

]
. (A82)

This completes the proof of Theorem 1. □

Proof of Theorem 2. We first derive the limiting distribution for F1, then the limiting distribution for FC .

First, a similar argument in the proof of Lemma 4 can bemade to establish the limiting distribution of 𝝓̂(𝜸 ).

Under H1
0
: 𝛽2 = 0 and 𝜽2 = 0, we have

Δy i = Δy i,−1 𝜽 𝛿0 + Δui . (A83)

Therefore, for any fixed 𝜸 ∈ 𝚪, we have

1√
N

𝜕 ln L

𝜕𝜽𝛿

(
𝝓0, 𝜸

)
= 1√

N

N∑
i=1

Δyi,−1(𝜸)
′𝛀−1

0
Δui

≡ KN𝜽𝛿

(
𝝓0, 𝜸

)
, (A84)

1√
N

𝜕 ln L

𝜕𝜎2
u

(
𝝓0, 𝜸

)
= 1

2𝜎4
u0

1√
N

N∑
i=1

[
Δu′

i
𝛀⋆−1

0
Δui − T𝜎2

u0

]

≡ KN𝜎2u

(
𝝓0, 𝜸

)
, (A85)

1√
N

𝜕 ln L

𝜕𝜔

(
𝝓0, 𝜸

)
= 1

2𝜎2
u0
𝜛2

0

1√
N

N∑
i=1

[
Δu′

i
𝚽Δui − T𝜎2

u0
𝜛0

]

≡ KN𝜔

(
𝝓0, 𝜸

)
, (A86)

The second-order condition for 𝝓̂(𝜸 ) yields

1

N

𝜕2 ln L

𝜕𝜽𝛿𝜕𝜽
′
𝛿

(
𝝓0, 𝜸

)
= −1

N

N∑
i=1

Δyi,−1(𝜸)
′𝛀−1

0
Δyi,−1(𝜸)

≡ −HN𝜽𝛿𝜽
′
𝛿

(
𝝓0, 𝜸

)
, (A87)

1

N

𝜕2 ln L

𝜕𝜽𝛿𝜕𝜎
2
u

(
𝝓0, 𝜸

)
= −1
𝜎4
u0

1

N

N∑
i=1

Δyi,−1(𝜸)
′𝛀⋆−1

0
Δui

≡ −HN𝜽𝛿𝜎
2
u

(
𝝓0, 𝜸

)
, (A88)

1

N 

𝜕2 ln L

𝜕𝜽 𝛿 𝜕𝜔

(
𝝓 0 , 𝜸

)
= −1
𝜎 2
u0 
𝜛2 

0 

1

N

N∑
i=1

Δy i,−1 (𝜸 ) 
′𝚽Δu i

≡ −H N 𝜽 𝛿 𝜔 
(
𝝓 0 , 𝜸

)
, (A89)
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1

N

𝜕2 ln L

𝜕𝜎2
u
𝜕𝜎2

u

(
𝝓 0, 𝜸

)
= T

2𝜎 4
u0

− 1

N 𝜎 6 
u0

N∑
i=1

Δu′
i
𝛀⋆−1

0
Δu i

≡ −HN𝜎2u𝜎
2
u

(
𝝓 0, 𝜸 

)
, (A90)

1

N

𝜕2 ln L

𝜕𝜎2
u
𝜕𝜔

(
𝝓0, 𝜸

)
= −1
𝜎4
u0
𝜛2

0

1

N

N∑
i=1

Δu′
i
𝚽Δui

≡ −HN𝜎2u𝜔

(
𝝓0, 𝜸

)
, (A91)

1

N

𝜕2 ln L

𝜕𝜔𝜕𝜔

(
𝝓0, 𝜸

)
= T2

2𝜛2
0

− 1

𝜎3
u0
𝜛3

0

1

N

N∑
i=1

Δu′
i
𝚽Δui

≡ −HN𝜔𝜔

(
𝝓0, 𝜸

)
. (A92)

Hence, we can obtain

√
N
(
𝝓̂(𝜸 )−𝝓0

)
= HN (𝝓0, 𝜸 )

−1
KN (𝝓0, 𝜸 )+ op(1),

d
←←←←←←←←←←→H(𝜸)−1K(𝜸), (A93)

where KN (𝝓, 𝜸 ) =
(
KN𝜽𝛿

(
𝝓, 𝜸

)′
,KN𝜎2u

(
𝝓, 𝜸

)
,KN𝜔

(
𝝓, 𝜸

))′
,

H N (𝝓, 𝜸 ) = 
⎡ ⎢ ⎢ ⎢⎣ 

H N 𝜽 𝛿 𝜽 
′
𝛿
(𝝓, 𝜸 ) H N 𝜽 𝛿 𝜎 2 u (𝝓, 𝜸 ) H N 𝜽𝛿𝜔 (𝝓, 𝜸 ) 

H N 𝜽 𝛿 𝜎 2 u (𝝓, 𝜸 ) 
′ 

H N 𝜎 2u 𝜎 2 u (𝝓, 𝜸 ) H N 𝜎 2 u𝜔 (𝝓, 𝜸 ) 

H N 𝜽 𝛿𝜔 (𝝓, 𝜸 )
′

H N 𝜎 2 u 𝜔 (𝝓, 𝜸 ) H N𝜔𝜔 (𝝓, 𝜸 ) 

⎤⎥ ⎥ ⎥⎦
. (A94)

Denote ̃𝝓 = arg max 𝝓∈𝚽 c1 
ln L(𝝓, 𝜸 ), where𝚽 c1 = {𝝓 ∈ 𝚽 : 𝛽 2 = 0, 𝜽 2 = 0}. Next, we derive the limit

distribution of 𝝓̃ − ̂𝝓(𝜸 ). Under H 1
0
: 𝛽 2 = 0, 𝜽 2 = 0, the model degenerates into a dynamic panel linear model

when estimating parameters using the restriction of 𝛽 2 = 0, 𝜽 2 = 0, in which case Hsiao et al. (2002) shows
𝝓̃→ p 𝝓 0. Hence, a Taylor’s expansion of 𝜕 ln L( ̃𝝓, 𝜸 )∕𝜕𝝓 at 𝝓 0 gives

KN (𝝓̃, 𝜸 ) = KN (𝝓0, 𝜸 )− HN (𝝓0, 𝜸 )
√
N
(
𝝓̃−𝝓0

)
+ op(1). (A95)

Substituting (A95) into the first-order condition for ̃𝝓 yields

[
HN (𝝓0, 𝜸 ) R

′

R 0

][√
N(𝝓̃−𝝓0 )

N−1∕2𝝀̃1

]
=
[
KN (𝝓0, 𝜸 )+ op(1)

0

]
, (A96)

whereR is amatrix such thatR𝝓 =
(
𝛽2,𝜽

′
2

)′ = 0 and 𝝀̃1 is the solution of thefirst-order conditions of Lagrangian

multipliers.
√
N(𝝓̃−𝝓0 ) can be solved using the partition inverse rule

√
N
(
𝝓̃−𝝓0

)
=
[
H

−1
N
(𝝓0, 𝜸 )− H

−1
N
(𝝓0, 𝜸 )R

′(
RH

−1
N
(𝝓0, 𝜸 )R

′)−1
× RH

−1
N
(𝝓0, 𝜸 )

]
KN (𝝓0, 𝜸 )+ op(1). (A97)
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From (A93) and (A97), we have

√
N 
(
𝝓̃ − 𝝓 0 

)
=
√
N 
(
𝝓̂(𝜸 ) − 𝝓 0 

)
+ o p (1)

× H
−1
N
(𝝓0, 𝜸 )R

′(
RH

−1
N
(𝝓0, 𝜸 )R 

′ ) −1
RH −1

N
(𝝓 0, 𝜸 )

× KN (𝝓0, 𝜸 )+ op(1). (A98)

Note that the above equation can be rewritten as

√
N
(
𝝓̃− 𝝓̂(𝜸 )

)
= H

−1
N
(𝝓0, 𝜸 )R

′(
RH

−1
N
(𝝓 0, 𝜸 )R 

′ ) −1
RH −1

N
(𝝓 0, 𝜸 )

× K N (𝝓 0, 𝜸 ) + o p (1), (A99)

we therefore obtain 𝝓̃− 𝝓̂(𝜸 )→ p0.

Next, using the Taylor’s expansion of SSRN (𝝓̃, 𝜸 ) at 𝝓̂(𝜸 ) we have

ln L(𝝓̃, 𝜸 ) = ln L(𝝓̂(𝜸 ), 𝜸 )+ KN (𝝓̂(𝜸 ), 𝜸 )
√
N
[
𝝓̃− 𝝓̂(𝜸 )

]

− 1

2

√
N
[
𝝓̃− 𝝓̂(𝜸 )

]′
HN (𝝓0, 𝜸 )

√
N
[
𝝓̃− 𝝓̂(𝜸 )

]
+ op(1). (A100)

Consequently, we have

ln L(𝝓̃, 𝜸 )− ln L(𝝓̂(𝜸 ), 𝜸 )

= −
√
N
[
𝝓̃− 𝝓̂(𝜸 )

]′
HN (𝝓0, 𝜸 )

√
N
[
𝝓̃− 𝝓̂(𝜸 )

]
∕2+ op(1)

d
←←←←←←←←←←→ − K(𝜸)′H(𝜸)−1R′[

RH(𝜸)−1R′]−1
RH(𝜸)−1K(𝜸)∕2, (A101)

and using the Taylor’s expansion of ln L(𝝓̂(𝜸 ), 𝜸 ) at 𝝓0 we have

ln L(𝝓̂(𝜸 ), 𝜸 ) = ln L(𝝓0, 𝜸 )+ KN (𝝓0, 𝜸 )
√
N
[
𝝓̂(𝜸 )−𝝓0

]

− 1

2

√
N
[
𝝓̂(𝜸 )−𝝓0

]′
HN (𝝓0, 𝜸 )

√
N
[
𝝓̂(𝜸 )−𝝓0

]
+ op(1)

= −NT

2
ln(2𝜋 )− N

2
ln |𝛀0|− 1

2

N∑
i=1

Δu′
i
𝛀−1

0
Δui + Op(1), (A102)

and we obtain

1

N(T − 1)
ln L(𝝓̂(𝜸 ), 𝜸 ) = − T

2(T − 1)
ln(2𝜋 )− 1

2(T − 1)
ln |𝛀0|

− 1

2N(T − 1)

N∑
i=1

Δu′
i
𝛀−1

0
Δui + Op(N

−1 )

p
←←←←←←←←←←←→ − T

2(T − 1)
ln(2𝜋 )− 1

2(T − 1)
ln |𝛀0|− T

2(T − 1)

≡ −𝜎2
T
∕2. (A103)

Finally, we have the following result
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F 1 =
S0 − S(𝜸̂ )

S(𝜸̂ )∕N(T − 1)
= ln L(𝝓̃, 𝜸̂ )− ln L(𝝓̂(𝜸̂ ), 𝜸̂ )

ln L(𝝓̂(𝜸̂ ), 𝜸̂ )∕[N(T − 1)]

= sup
𝜸 ∈𝚪

ln L(𝝓̃, 𝜸 )− ln L(𝝓̂(𝜸 ), 𝜸 )

ln L(𝝓̂(𝜸 ), 𝜸 )∕[N(T − 1)]

d
←←←←←←←←←←→

1

𝜎 2
T

sup
𝜸 ∈𝚪

K(𝜸)′H(𝜸) −1R′[ 
RH (𝜸) −1R′ ] −1

RH (𝜸)−1K (𝜸 ). (A104)

Next, we derive the limiting distribution of FC . Denote

𝝓̂(𝜸 ) = arg min
𝝓∈𝚽

ln L(𝝓, 𝜸 ), (A105)

𝜸̃ = arg min
𝜸 ∈𝚪 c

ln L( ̂𝝓(𝜸 ), 𝜸 ), (A106)

where 𝚪c = {𝜸 ∈ 𝚪 : 𝜸
s
= 0} and 𝜸̃ =

(
𝛾̃0, 𝜸̃

′
s

)′ = (
𝛾̃0, 0

′)′.
UnderH2

0
: 𝜸

s
= 0, the model degenerates to a constant threshold model when estimating parameters using 

the restriction of 𝜸
s
= 0, in which case a proof similar to Theorem 1 can be used, so we have the following result

ln L(𝜸̃ ) = max
𝜸∈𝚪c

ln L(𝜸 )

= max
𝝂∈𝚿c

ln L

(
𝜸0 +

𝝂

𝜆N

)

d
←←←←←←←←←←→ min

𝝂∈ℝd+1
c

[
1

2
G(𝝂 )− R(𝝂 )

]
, (A107)

where𝚿c = {𝝂 ∈ 𝚿 : 𝝂
s
= 0}, ℝd+1

c
=
{
𝝂 ∈ ℝd+1 :𝝂

s
= 0

}
. From (A102), we have

ln L(𝜸̂ ) = −NT

2
ln(2𝜋 )− N

2
ln |𝛀̂(𝜸̂)|− 1

2

N∑
i=1

Δui
(
𝜸̂
)′𝛀̂(𝜸̂)−1Δui(𝜸̂)+ Op(1),

and
1

N(T − 1)
ln L(𝜸̂ )

p
←←←←←←←←←←←→ − 𝜎2

T
∕2. (A108)

Finally, we have the following result

FC =
Sc − S(𝜸̂ )

S(𝜸̂ )∕N(T − 1)
= ln L(𝜸̃ )− ln L(𝜸̂ )

ln L(𝜸̂ )∕[N(T − 1)]

= ln L(𝜸̃ )− ln L(𝝓̂(𝜸0 ), 𝜸0 )

ln L(𝜸̂ )∕[N(T − 1)]
+ ln L(𝝓̂(𝜸0 ), 𝜸0 )− ln L(𝜸̂ )

ln L(𝜸̂ )∕[N(T − 1)]

d
←←←←←←←←←←→

−2
𝜎2
T

[(
min
𝝂∈ℝd+1

c

G(𝝂 )− 2R(𝝂 )

)
−
(
min
𝝂∈ℝd+1

G(𝝂 )− 2R(𝝂 )

)]
. (A109)

This completes the proof of Theorem 2. □

We next consider the asymptotic results of the GMM estimator. To this end, we denote

Δẏ∗
i,−1(𝜸 ) = 

⎡ ⎢ ⎢ ⎢ ⎢ ⎢⎣ 

Δy i1 (𝜸 ) Δx i2 (𝜸 ) 
Δy i2 (𝜸 ) Δx i3 (𝜸 ) 

. . .
...

Δy i,T−1 (𝜸 ) Δx iT (𝜸 ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦
, (A110)
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and G 𝝋,2 (𝜸 ) = E( z ′iΔẏ
∗
i,−1(𝜸 )), G̃ 𝝋 (𝜸 ) = S −1∕2 G 𝝋 (𝜸 ), G̃ 𝝋,2 (𝜸 ) = S −1∕2G 𝝋,2 (𝜸 ).

Lemma 10. Under Assumption 2, as N → ∞

N 𝛼 ( ̂ 𝝋(𝜸 ) − 𝝋 0 ) 
p
←←←←←←←←←←← → − 

[ 
G 𝝋 (𝜸 )

′ 
S −1 G 𝝋 (𝜸 ) 

] −1
G 𝝋 (𝜸 )

′ 
S −1∇G 𝝋,2 (𝜸 )c, (A111)

where∇G 𝝋,2 (𝜸 ) = G 𝝋,2 (𝜸 ) − G 𝝋,2 (𝜸 0 ).

Proof. Note that

Δ ̇ yi = Δ ̇ yi,−1 (𝜸 0 )𝝋 0 + ̇ ui
= Δ ̇ yi,−1 (𝜸 )𝝋 0 + ̇ ui −

[ 
Δ ̇ yi,−1 (𝜸 ) − Δ ̇ yi,−1 (𝜸 0 ) 

]
𝝋 0

= Δ ̇ yi,−1 (𝜸 )𝝋 0 + ̇ ui − ∇Δẏ∗i,−1(𝜸 )cN 
−𝛼 , (A112)

where∇Δẏ∗
i,−1(𝜸 ) = Δẏ

∗
i,−1(𝜸 ) − Δẏ

∗
i,−1(𝜸 0 ).

By Lemma 1,

GN,𝝋 (𝜸 ) 
p
←←←←←←←←←←← →G 𝝋 (𝜸 ), GN ,𝝋,2(𝜸 ) 

p
←←←←←←←←←←←→G 𝝋,2 (𝜸 ), (A113)

uniformly over 𝜸 ∈ 𝚪.
Therefore, we have

N𝛼(𝝋̂(𝜸 )−𝝋0 ) =
[
GN,𝝋(𝜸 )

′
S
−1
N
G𝝋(N, 𝜸 )

]−1
GN,𝝋(𝜸 )

′
S
−1
N

×
[
N𝛼−1∕2

1√
N

N∑
i=1

z
′
i
Δu̇i −∇GN,𝝋,2(𝜸 )c

]

p
←←←←←←←←←←←→ −

[
G𝝋(𝜸 )

′
S
−1
G𝝋(𝜸 )

]−1
G𝝋(𝜸 )

′
S
−1∇G𝝋,2(𝜸 )c, (A114)

uniformly over 𝜸 ∈ 𝚪. □

Lemma 11. Under Assumption 2, as N →∞, 𝜸̂→ p𝜸0.

Proof. Note that, by Lemma 10, for any 𝜸 ∈ 𝚪, we have

N𝛼gN (𝜸 ) = N𝛼−1
N∑
i=1

z
′
i

[
Δẏi −Δẏi,−1(𝜸 )𝝋̂(𝜸 )

]

= N𝛼−1∕2
1√
N

N∑
i=1

z
′
i
Δu̇i − GN,𝝋(𝜸 )N

𝛼
[
𝝋̂(𝜸 )−𝝋0

]
−∇GN,𝝋,2(𝜸 )c

p
←←←←←←←←←←←→G𝝋(𝜸 )

[
G𝝋(𝜸 )

′
S
−1
G𝝋(𝜸 )

]−1
G𝝋(𝜸 )

′
S
−1∇G𝝋,2(𝜸 )c −∇G𝝋,2(𝜸 )c

≡ g†(𝜸 ). (A115)

Then, we have N2𝛼QN (𝜸 ) = N2𝛼gN (𝜸 )
′
S
−1
N
gN (𝜸 )→ pg

†(𝜸 )′S−1g†(𝜸 ). Note that it can be written as

g † (𝜸 )′ S −1 g † (𝜸 ) = c ′ ΔG̃ 𝝋,2 (𝜸 ) 
′ 
M ̃

G𝝋 ( 𝜸 ) 
ΔG̃ 𝝋,2 (𝜸 )c, (A116)

where M ̃
G𝝋 ( 𝜸 ) 

= I − ̃G 𝝋 (𝜸 ) 
[
G̃ 𝝋 (𝜸 ) 

′ ̃
G 𝝋 (𝜸 ) 

] −1
G̃ 𝝋 (𝜸 ) 

′ is the orthogonal projection matrix and G̃ 𝝋,2 (𝜸 ) lies in the

column space of G̃ 𝝋 (𝜸 ), then we have M ̃
G𝝋 ( 𝜸 ) 

G̃ 𝝋,2(𝜸 ) = 0. Therefore, we have following equation

c ′ ∇G̃ 𝝋,2 (𝜸 ) 
′ 
M ̃

G𝝋 ( 𝜸 ) 
∇G̃ 𝝋,2 (𝜸 )c = c ′G̃ 𝝋,2 (𝜸0 ) ′ M ̃

G𝝋 ( 𝜸 ) 
G̃ 𝝋,2(𝜸 0 )c. (A117)
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Since s it is not multicollinear, it implies that G̃ 𝝋,2 (𝜸 ) = G̃ 𝝋,2 (𝜸 0 ) if and only if 𝜸 = 𝜸 0 . Consequently, G̃ 𝝋,2 (𝜸 )
and G̃ 𝝋 (𝜸 ) are linearly independent, which implies that [ ̃G 𝝋,2(𝜸 ), ̃G 𝝋 (𝜸 )] has full column rank. By the Schur

complement, for any 𝜸 ≠ 𝜸 0, G̃ 𝝋,2 (𝜸 0 ) 
′ 
M ̃

G𝝋 ( 𝜸 ) 
G̃ 𝝋,2(𝜸 0 ) is a positive definte matrix.

Therefore, by Assumption 2 c ≠ 0, we have g † (𝜸 )′ S −1 g † (𝜸 ) = 0 if and only if 𝜸 = 𝜸 0 . Since ̂  𝜸 minimizes
N2𝛼QN (𝜸), by Theorem 2.1 of Newey and McFadden (1994), we have 𝜸̂→ p𝜸0. □

Lemma 12. Under Assumption 2, set 𝜸 = 𝜸0 + 𝝂h, and h→ 0 as N →∞, GN,𝝋,t, j(𝜸)→ pG 𝝋,t, j (𝜸 0) for

j = t, t − 1.

Proof. By Lemma 6,

E
(
GN,𝝋,t, j(𝜸 )| sij) = E

(
zit𝑤i, j−1| Aij(𝜸 ), sij)P(Aij(𝜸 ) ∣ sij )

s
′
ij
𝜸 − s

′
ij
𝜸0

s
′
ij

→ E
(
zit𝑤i, j−1| A0ij, sij

)
fj

(
s
′
ij
𝜸0| sij)s′ij. (A118)

Using the law of iterated expectations, we have

E
(
GN ,𝝋,t, j (𝜸 )

)
= E

( 
E
( 
GN ,𝝋,t, j (𝜸 )| s ij))→ G 𝝋,t, j (𝜸 0 ). (A119)

Using the arguments similar to those in the proof of Lemma A.10 in Hansen (2000), we can show that 

GN,𝝋,t, j(𝜸 )− E
(
GN,𝝋,t, j(𝜸 )

)
→ 0. □

Lemma 13. Under Assumption 2, set 𝜸 = 𝜸 0 + 𝝂∕
√
𝜆N, N →∞

√
N 
[ 
̂ 𝝋(𝜸 ) − 𝝋 0

] d
←←←←←←←←←← →

[ 
G 𝝋 (𝜸0 )

′ 
S −1 G 𝝋 (𝜸 0 ) 

] −1
G 𝝋 (𝜸 0 )

′ 
S −1

[ 
Z 
S − G 𝜸 (𝜸 0 )𝝂

]
, (A120)

where Z 
S ∼ N(0, S).

Proof. Note that, for t = 2, 3,… , T

√
𝜆N
N

N∑
i=1

zit∇Δy∗
i,t−1(𝜸 )c

=
√
𝜆N
N

N∑
i=1

zit

[
Δy∗

i,t−1(𝜸 )−Δy∗
i,t−1(𝜸0 )

]
c

=
√
𝜆N
N

N∑
i=1

zit

[
y∗
i,t−1∇Iit(𝜸 )− y∗

i,t−2∇Ii,t−1(𝜸0 )
]
c

=
√
𝜆N
N

N∑
i=1

[
zit y

∗
i,t−1c

∇Iit(𝜸 )
s
′
it
(𝜸 − 𝜸0 )

s
′
it
𝝂√
𝜆N

− zit y
∗
i,t−2c

∇Ii,t−1(𝜸 )
s
′
i,t−1(𝜸 − 𝜸0 )

s
′
i,t−1𝝂√
𝜆N

]

=
√
𝜆N
N

N∑
i=1

[
zit y

∗
i,t−1c

∇Iit(𝜸 )
s
′
it
(𝜸 − 𝜸0 )

s
′
it
− zit y

∗
i,t−2c

∇Ii,t−1(𝜸 )
s
′
i,t−1(𝜸 − 𝜸0 )

s
′
i,t−1

]
𝝂√
𝜆N
,

=
[
GN,𝜸,t,t(𝜸 )− GN,𝜸,t,t−1(𝜸 )

]
𝝂 (A121)

Consequently, we have

1√
N

N∑ 

i=1
z ′
i
∇Δẏ∗−1(𝜸 )N

−𝛼 = 
√
𝜆N
N

N∑ 

i=1
z ′
i
∇Δẏ∗−1(𝜸 )
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=
√
𝜆N
N

N∑
i=1 

⎡⎢⎢⎢⎢⎢⎣

zi2 ∇Δy∗
i,1
(𝜸 )c

z i3 ∇Δy∗
i,2
(𝜸 )c

...

ziT∇Δy∗
i,T−1(𝜸 )c

⎤⎥⎥⎥⎥⎥⎦
(A122)

=

⎡⎢⎢⎢⎢⎢⎣

GN,𝜸,2,2(𝜸 )− GN,𝜸,2,1(𝜸 )

GN,𝜸,3,3(𝜸 )− GN,𝜸,3,2(𝜸 )

...

GN,𝜸,T,T (𝜸 )− GN,𝜸,T,T−1 (𝜸 ) 

⎤⎥⎥⎥⎥⎥⎦
𝝂

= GN,𝜸 (𝜸 )𝝂. (A123)

Therefore, by Lemma 12, we have

√
N
[
𝝋̂(𝜸 )−𝝋0

]
=
[
GN,𝝋(𝜸 )

′
S
−1
GN,𝝋(𝜸 )

]−1
GN,𝝋(𝜸 )

′
S
−1

×
[

1√
N

N∑
i=1

z
′
i

(
Δu̇i −∇Δẏ∗−1(𝜸 )N

−𝛼)]

=
[
GN,𝝋(𝜸 )

′
S
−1
GN,𝝋(𝜸 )

]−1
GN,𝝋(𝜸 )

′
S
−1

×
[

1√
N

N∑
i=1

z
′
i
Δu̇i − GN,𝜸 (𝜸 )𝝂

]

d
←←←←←←←←←←→

[
G𝝋(𝜸0 )

′
S
−1
G𝝋(𝜸0 )

]−1
G𝝋(𝜸0 )

′
S
−1[ 

Z 
S − G 𝜸 (𝜸 0 )𝝂 

]
. (A124) 

□

Lemma 14. Under Assumption 2, as N → ∞

N 1∕2−𝛼 
( 
̂ 𝜸 − 𝜸0

) d 
←←←←←←←←←←→

[ 
G̃ 𝜸 (𝜸 0 ) 

′ 
M ̃

G𝝋 ( 𝜸0 ) 
G̃ 𝜸 (𝜸 0 ) 

] −1
G̃ 𝜸 (𝜸0 ) 

′ 
M ̃

G𝝋 ( 𝜸0 ) 
Z̃ 
S
, (A125)

where Z 
S ∼ N(0, S) and Z̃ 

S = S −1∕2 Z
S .

Proof. Using the similar argument as in the proof of Lemma A.9 in Hansen (2000) and Therorm 2 in Yang et al.

(2021b), we can establish the convergence rate of the threshold estimator 
√
𝜆 N . Thus, we can study their asymp-

totic behavior in the neighborhood of the true thresholds, ̂  𝜸 = 𝜸 0 + ̂  𝝂∕
√
𝜆N .

Let 𝜸 = 𝜸 0 + 𝝂 ∕
√
𝜆N . Next, we derive the distribution of NQ N (𝜸 ). Note that

N 1∕2 S 
−1∕2 
N

g N (𝜸 )

= S−1∕2
N

1√
N 

N∑
i=1

z ′
i

[ 
Δ ̇ yi −Δ ̇ yi,−1 (𝜸 ) ̂ 𝝋(𝜸 )

]

= ̃  ZN ,S − ̃GN ,𝝋 (𝜸 )N 
1∕2[ ̂ 𝝋(𝜸 ) − 𝝋 0 ]− ̃GN,𝜸 (𝜸 )𝝂

= ̃  GN,𝝋 (𝜸 ) 
[
G̃N,𝝋 (𝜸 ) 

′ ̃
GN ,𝝋 (𝜸 ) 

] −1
G̃N,𝝋 (𝜸 ) 

[
Z̃N ,S − ̃GN,𝜸 (𝜸 )𝝂

]
d
←←←←←←←←←←→G̃ 𝝋 (𝜸0 )

[ 
G̃ 𝝋 (𝜸 0 ) 

′ ̃
G 𝝋 (𝜸 0 ) 

] −1
G̃ 𝝋 (𝜸0 )

′
[ 
Z̃ 
S − ̃G 𝜸 (𝜸 0 )𝝂 

] 
. (A126)
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Therefore, we have

NQ N (𝜸 ) = N 1∕2 g N (𝜸 )
′ 
S −1 
N
N 1∕2 g N (𝜸 )

d
←←←←←←←←←←→

[ 
Z̃ 
S − ̃G 𝜸 (𝜸 0 )𝝂

] ′
G̃ 𝝋 (𝜸0 )

[ 
G̃ 𝝋 (𝜸 0 ) 

′ ̃
G 𝝋 (𝜸 0 ) 

] −1
G̃ 𝝋 (𝜸0 )

′

×
[ 
Z̃ 
S − ̃G 𝜸 (𝜸 0 )𝝂

] 

≡ Q(𝝂 ), (A127)

Note that the minimization problem min
𝝂

Q(𝝂 ) has the following explicit solution

argmin
𝝂

Q(𝝂 ) =
[
G̃𝜸 (𝜸0 )

′
M

G̃𝝋(𝜸0 )
G̃𝜸 (𝜸0 )

]−1
G̃𝜸 (𝜸0 )

′
M

G̃𝝋(𝜸0 )
Z̃
S

≡ 𝝂0. (A128)

Therefore, we obtain √
𝜆N
(
̂ 𝜸 − 𝜸 0 

)
= ̂  𝝂

d
←←←←←←←←←← → arg min

𝝂
Q(𝝂 ) = 𝝂 0. (A129)

□

Proof of Theorem 3. By Lemma 13 and Lemma 14. Let B 𝜸 = ̃G 𝜸 (𝜸 0 ) ′ M ̃
G𝝋( 𝜸 0 ) 

G̃ 𝜸 (𝜸 0 ) and B 𝝋 = ̃G 𝝋
(𝜸0 )

′
M

G̃𝜸 (𝜸0 )
G̃𝝋(𝜸0 ). We have

√
N
[
𝝋̂−𝝋0

] d
←←←←←←←←←←→

[
G̃𝝋(𝜸0 )

′
G̃𝝋(𝜸0 )

]−1
G̃𝝋(𝜸0 )

′

×
[
Z̃
S
− G̃𝜸 (𝜸0 )B

−1
𝜸
G̃𝜸 (𝜸0 )

′
M

G̃𝝋(𝜸0 )
Z̃
S

]

=
[
G̃𝝋(𝜸0 )

′
G̃𝝋(𝜸0 )

]−1
G̃𝝋(𝜸0 )

′
Z̃
S

−
[
G̃𝝋(𝜸0 )

′
G̃𝝋(𝜸0 )

]−1
G̃𝝋(𝜸0 ) 

′ ̃
G 𝜸 (𝜸 0 )B

−1
𝜸
G̃ 𝜸 (𝜸0 ) 

′ 
M ̃

G𝝋 ( 𝜸 0 ) 
Z̃ 
S

= B −1 
𝝋
B𝝋

[
G̃𝝋(𝜸0 )

′
G̃𝝋(𝜸0 )

]−1
G̃ 𝝋 (𝜸0 ) 

′ ̃
Z 
S

− B
−1
𝝋
G̃𝝋(𝜸0 )

′
G̃𝜸 (𝜸0 )

[ 
G̃ 𝜸 (𝜸 0 ) 

′ ̃
G 𝜸 (𝜸 0 ) 

] −1
G̃ 𝜸 (𝜸0 ) 

′ 
M ̃

G𝝋 ( 𝜸 0 ) 
Z̃ 
S

= B
−1
𝝋
G̃𝝋(𝜸0 )

′
[
I − P

G̃𝜸 (𝜸0 )
P
G̃ 𝝋( 𝜸 0 )

]
Z̃ 
S

− B
−1
𝝋
G̃ 𝝋 (𝜸0 ) 

′ 
P ̃
G𝜸 ( 𝜸 0 ) 

M
G̃ 𝝋( 𝜸0 ) 

Z̃ 
S

= B −1
𝝋
G̃ 𝝋 (𝜸0 )

′
[ 
I − P ̃

G𝜸 ( 𝜸0 )

]
Z̃ 
S 

=
[
G̃𝝋(𝜸0 )

′
M

G̃𝜸 (𝜸0 )
G̃𝝋(𝜸0 ) 

] −1
G̃ 𝝋 (𝜸0 ) 

′ 
M ̃

G𝜸 ( 𝜸 0 ) 
Z̃ 
S
. (A130)

It is easily seen that the asymptotic distributions of the slope and threshold estimators are the partitioned

matrices of 
[ 
G(𝜸 0 )

′
S
−1
G(𝜸 0 )

]−1
G(𝜸 0 )

′
S
−1
Z 
S . Therefore, we have

[ 
N 1∕2( ̂ 𝝋− 𝝋 0 ) 
N 1∕2−𝛼( ̂ 𝜸 − 𝜸0 ) 

]
d
←←←←←←←←←← →

[ 
G(𝜸 0 ) 

′ 
S −1 G(𝜸 0 ) 

] −1
G(𝜸 0 )

′ 
S −1 Z

S . (A131)

□
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Appendix B: Additional Monte Carlo Simulations

In this appendix, we investigate the finite sample performance of the proposed MLE estimator in comparison 

with the GMM estimator discussed in Section 5. Our main purpose is to examine the sensitivity of the MLE to the 

normality assumption of the error terms and the assumption on the initial conditions. To this end, we consider 

the following three cases.

Case 1 is the baseline design as in Section 6, in which both the normality assumption and the assumption 

on the initial conditions hold. Thus, the DGP in Case 1 is the same as in Section 6.

Case 2 follows the non-normal error design of Blundell and Bond (1998) by replacing the normal error term 

with a centered and standardized chi-square disturbance. As in Blundell and Bond (1998), Case 2 considers a 

departure from the normality assumption by generating the error term from a centered and standardized chi-

square distribution. Specifically, we set

uit = 𝜎u
𝜒 2
it
(1)− 1√
2

, (B1)

where 𝜎 u = 2 denotes the standard deviation of the error term in the baseline design, 𝜒 2
it
(1) denotes a chi-

square random variable with one degree of freedom, and (𝜒 2
it
(1) − 1)∕

√
2 is centered and scaled to have mean

zero and variance one. Other settings of the DGP in Case 2 are the same as in the baseline design described in 

Section 6 of the main text.

Case 3 modifies the first difference equation so that the initial condition disturbance is correlated with the 

history of the threshold variable, thereby violating the independence restriction imposed on 𝑣 i1 by the likelihood 
approach. Case 3 considers a violation of the assumption on the initial conditions. In this case, the error term u it
remains normally distributed as in the baseline design, but the first difference equation is modified as

Δy i1 = 𝛿 0 + 𝛿 1 Δq i1 + 𝛿 2 Δz i1 + 𝑣 ∗i1, (B2)

where 𝑣 ∗
i1
= 0.5̄ qi + 𝑣 i1 with ̄  qi = 1

T+1
∑T

t=0 q it. Except for this modification to the first difference equation, the 

DGP used in Case 3 is similar to the baseline design described in Section 6.

Table B.1 reports the simulation results for the three cases with T ∈ {5, 10} and N ∈ {50, 100, 200}. The 
number of replications is set to 1,000. The simulation results can be summarized as follows. First, under the base-

line design in Case 1, both the MLE and GMM estimators perform well. The biases of the threshold parameters 

𝛾 0 and 𝛾 1 are close to zero for both estimators. For the slope parameters, the GMM estimator has smaller biases 

for the dynamic coefficients 𝛽 1 and 𝛽 2, whereas the biases of the MLE estimator are moderate and decrease as T 
increases. On the other hand, the MLE estimator generally has smaller standard deviations than the GMM estima-

tor, which is consistent with the efficiency advantage of the likelihood approach when the normality assumption 

and the assumption on the initial conditions are satisfied, and confirms our asymptotic results in Theorems 1 and

3. Second, the results in Case 2 show that the finite sample performance of both estimators does not substantially 

differ from that under normal errors when the normal error term is replaced by the centered and standardized 

chi-square disturbance. The biases and standard deviations under the non-normal error design are very close 

to those under the baseline design. Moreover, the R statistics for the threshold parameters are close to 1, indicat-

ing convergence of the MCMC samples. Third, Case 3 examines the effect of violating the assumption on initial 

conditions. The comparison of Cases 1 and 3 suggests that allowing the initial condition disturbance to be corre-

lated with the history of the threshold variable has little impact on the biases and standard deviations of these 

estimators.

In Table B.2, we further examine the sensitivity of the MLE estimator to the normality assumption by con-

sidering three additional non-normal disturbance designs. In each design, we allow both the error term u it and 

the initial condition disturbance 𝑣 i1 to depart from normality. First, following Blundell and Bond (1998), the 

disturbances are drawn from a skewed chi-square distribution. Second, following Wang and Zhu (2018), the dis-

turbances are drawn from a Student-t distribution with five degrees of freedom, which implies fatter tails than 

the normal distribution. Finally, in the spirit of the mixed-normal simulation design in Moral-Benito et al. (2019), 

disturbances are generated from a mixture of two normal distributions with different means. Specifically, we
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Table B.1: Comparison of MLE and GMM estimators under different DGP designs.

T N Method 𝜸  = 0.2 𝜸  = 0.5 𝜷  = -0.3 𝜷  = 0.7 𝜽  = 1 𝜽  = 2 𝝍 = 1 The R statistic

𝜸  𝜸 

Case1: baseline with normal errors and valid initial conditions

5 50 MLE Bias −0.001 0.000 0.034 0.039 0.011 0.002 0.002 1.041 1.042

Std.dev 0.032 0.041 0.036 0.038 0.278 0.231 0.154 0.066 0.064

GMM Bias 0.001 −0.001 −0.006 −0.002 0.001 −0.003 −0.006 1.028 1.026

Std.dev 0.044 0.058 0.046 0.051 0.405 0.325 0.157 0.029 0.028

100 MLE Bias 0.000 0.002 0.034 0.040 0.010 −0.001 0.008 1.052 1.050

Std.dev 0.015 0.020 0.024 0.026 0.191 0.168 0.106 0.073 0.067

GMM Bias 0.000 0.002 −0.004 −0.002 0.001 0.002 −0.001 1.026 1.023

Std.dev 0.034 0.039 0.040 0.044 0.395 0.312 0.108 0.024 0.021

200 MLE Bias 0.000 0.000 0.034 0.039 0.007 0.002 0.007 1.064 1.066

Std.dev 0.007 0.010 0.017 0.018 0.143 0.118 0.074 0.099 0.112

GMM Bias 0.001 0.001 0.000 −0.003 −0.018 0.016 −0.002 1.015 1.020

Std.dev 0.026 0.034 0.035 0.039 0.354 0.278 0.076 0.011 0.017

10 50 MLE Bias 0.000 0.000 0.015 0.016 −0.004 0.004 0.002 1.049 1.050

Std.dev 0.013 0.018 0.021 0.021 0.184 0.155 0.098 0.070 0.069

GMM Bias −0.001 0.000 −0.002 −0.003 −0.002 0.002 0.000 1.031 1.029

Std.dev 0.014 0.020 0.022 0.023 0.197 0.164 0.098 0.036 0.034

100 MLE Bias 0.000 0.000 0.015 0.016 −0.001 0.002 0.002 1.068 1.062

Std.dev 0.007 0.009 0.014 0.015 0.125 0.109 0.069 0.113 0.094

GMM Bias 0.000 0.001 −0.002 −0.002 −0.004 0.004 0.000 1.026 1.025

Std.dev 0.010 0.013 0.019 0.020 0.182 0.150 0.069 0.027 0.027

200 MLE Bias 0.000 0.000 0.015 0.017 −0.001 0.001 0.000 1.083 1.083

Std.dev 0.003 0.004 0.010 0.011 0.094 0.074 0.048 0.109 0.113

GMM Bias 0.000 0.001 −0.001 0.000 −0.003 0.000 −0.001 1.023 1.023

Std.dev 0.007 0.010 0.016 0.016 0.175 0.136 0.048 0.023 0.024

Case2: non-normal errors

5 50 MLE Bias −0.003 −0.001 0.035 0.041 0.002 0.002 0.005 1.045 1.046

Std.dev 0.032 0.040 0.039 0.042 0.265 0.232 0.142 0.079 0.089

GMM Bias −0.003 0.000 −0.004 −0.002 −0.003 −0.004 −0.003 1.032 1.027

Std.dev 0.049 0.059 0.047 0.053 0.383 0.317 0.144 0.037 0.032

100 MLE Bias −0.001 0.000 0.033 0.039 −0.009 0.010 0.003 1.054 1.051

Std.dev 0.013 0.019 0.025 0.029 0.193 0.164 0.104 0.095 0.079

GMM Bias −0.001 0.001 −0.004 −0.001 −0.042 0.027 −0.006 1.027 1.023

Std.dev 0.033 0.047 0.040 0.046 0.372 0.302 0.106 0.025 0.022

200 MLE Bias −0.001 0.000 0.033 0.039 −0.001 0.004 0.009 1.065 1.064

Std.dev 0.007 0.010 0.019 0.019 0.139 0.114 0.069 0.098 0.113

GMM Bias −0.001 0.003 −0.003 −0.002 −0.002 0.002 0.001 1.015 1.021

Std.dev 0.028 0.033 0.037 0.040 0.377 0.288 0.072 0.011 0.017

10 50 MLE Bias 0.000 −0.001 0.015 0.016 0.000 0.009 0.003 1.053 1.050

Std.dev 0.013 0.018 0.021 0.022 0.175 0.153 0.097 0.096 0.079

GMM Bias 0.000 −0.001 −0.002 −0.003 −0.003 0.008 0.001 1.029 1.028

Std.dev 0.015 0.020 0.022 0.024 0.198 0.165 0.097 0.030 0.026

100 MLE Bias 0.000 0.000 0.015 0.016 0.003 −0.005 −0.002 1.064 1.066

Std.dev 0.007 0.008 0.015 0.017 0.128 0.109 0.067 0.108 0.119

GMM Bias 0.000 0.000 −0.001 −0.002 0.001 −0.004 −0.004 1.026 1.024

Std.dev 0.010 0.013 0.018 0.021 0.190 0.154 0.067 0.025 0.025

200 MLE Bias 0.000 0.000 0.015 0.017 −0.004 0.000 0.002 1.084 1.086

Std.dev 0.003 0.004 0.010 0.011 0.090 0.076 0.044 0.140 0.130

GMM Bias 0.000 0.000 −0.001 0.000 0.001 −0.005 0.000 1.024 1.022

Std.dev 0.007 0.009 0.016 0.016 0.175 0.141 0.044 0.023 0.021
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Table B.1: (continued).

T N Method 𝜸  = 0.2 𝜸  = 0.5 𝜷  = -0.3 𝜷  = 0.7 𝜽  = 1 𝜽  = 2 𝝍 = 1 The R statistic

𝜸  𝜸 

Case3: violation of the assumption on initial conditions

5 50 MLE Bias −0.001 0.000 0.033 0.039 0.010 0.003 0.002 1.053 1.049

Std.dev 0.031 0.041 0.036 0.038 0.278 0.231 0.154 0.396 0.281

GMM Bias 0.001 −0.002 −0.006 −0.002 −0.003 −0.001 −0.005 1.032 1.028

Std.dev 0.044 0.057 0.046 0.051 0.404 0.326 0.157 0.040 0.032

100 MLE Bias 0.000 0.001 0.034 0.039 0.010 −0.001 0.008 1.047 1.047

Std.dev 0.015 0.019 0.024 0.025 0.191 0.169 0.106 0.060 0.063

GMM Bias 0.000 0.001 −0.004 −0.003 0.002 0.000 −0.001 1.027 1.023

Std.dev 0.033 0.039 0.040 0.043 0.397 0.314 0.108 0.026 0.023

200 MLE Bias 0.000 0.000 0.034 0.038 0.007 0.002 0.006 1.062 1.063

Std.dev 0.007 0.009 0.017 0.018 0.143 0.119 0.074 0.093 0.094

GMM Bias 0.001 0.000 −0.001 −0.002 −0.020 0.017 −0.002 1.015 1.020

Std.dev 0.025 0.035 0.034 0.038 0.347 0.278 0.076 0.011 0.017

10 50 MLE Bias −0.001 0.000 0.015 0.016 −0.004 0.004 0.002 1.049 1.050

Std.dev 0.013 0.018 0.021 0.021 0.185 0.155 0.098 0.069 0.066

GMM Bias −0.001 0.000 −0.002 −0.003 −0.002 0.002 0.000 1.032 1.032

Std.dev 0.014 0.020 0.022 0.023 0.197 0.164 0.098 0.037 0.047

100 MLE Bias 0.000 0.000 0.015 0.016 −0.001 0.002 0.002 1.061 1.057

Std.dev 0.006 0.009 0.014 0.015 0.125 0.109 0.069 0.083 0.082

GMM Bias 0.000 0.000 −0.002 −0.002 −0.004 0.004 0.000 1.027 1.026

Std.dev 0.010 0.013 0.018 0.020 0.181 0.151 0.069 0.029 0.026

200 MLE Bias 0.000 0.000 0.015 0.017 −0.001 0.001 0.000 1.080 1.079

Std.dev 0.003 0.005 0.010 0.011 0.094 0.074 0.048 0.101 0.104

GMM Bias 0.000 0.000 −0.001 0.000 −0.003 0.000 −0.001 1.023 1.023

Std.dev 0.007 0.009 0.016 0.016 0.175 0.137 0.048 0.022 0.024

Notes: this table presents the summary statistics (i.e., mean and standard deviation) for the estimates and the R statistics for threshold 

parameters. The number of replications is 1,000. “MLE” and “GMM” denote the maximum likelihood estimator and the generalized 

method of moments estimator, respectively.

Table B.2: Comparison of MLE and GMM estimators under non-normal disturbances.

T N Method 𝜸  𝜸  𝜷  𝜷  𝜽  𝜽  𝝍 The R statistic

𝜸  𝜸 

Case1: centered and scaled chi-square disturbances for both u it and 𝑣 i1

5 50 MLE Bias −0.003 0.000 0.035 0.040 0.009 −0.001 0.006 1.047 1.043

Std.dev 0.034 0.042 0.039 0.044 0.271 0.236 0.146 0.087 0.061

GMM Bias −0.002 0.000 −0.004 −0.002 −0.004 −0.001 −0.003 1.029 1.026

Std.dev 0.055 0.063 0.046 0.054 0.382 0.320 0.146 0.033 0.030

100 MLE Bias −0.001 0.000 0.035 0.040 −0.010 0.012 0.001 1.058 1.059

Std.dev 0.017 0.023 0.027 0.031 0.194 0.164 0.104 0.095 0.120

GMM Bias −0.001 0.001 −0.004 −0.001 −0.036 0.023 −0.005 1.026 1.022

Std.dev 0.038 0.051 0.041 0.047 0.374 0.298 0.106 0.023 0.021

200 MLE Bias 0.000 0.000 0.034 0.038 −0.001 0.005 0.009 1.068 1.072

Std.dev 0.007 0.010 0.019 0.020 0.140 0.113 0.070 0.100 0.152

GMM Bias 0.000 0.003 −0.004 −0.001 −0.012 0.003 0.001 1.018 1.022

Std.dev 0.030 0.041 0.035 0.037 0.366 0.279 0.072 0.016 0.020



46 — L. Yang et al.: Dynamic Panel Threshold Model

Table B.2: (continued).

T N Method 𝜸  𝜸  𝜷  𝜷  𝜽  𝜽  𝝍 The R statistic

𝜸  𝜸 

10 50 MLE Bias 0.000 −0.001 0.015 0.016 −0.001 0.007 0.004 1.062 1.058

Std.dev 0.013 0.019 0.022 0.023 0.173 0.152 0.097 0.172 0.142

GMM Bias 0.000 −0.001 −0.003 −0.004 −0.003 0.008 0.001 1.029 1.029

Std.dev 0.016 0.022 0.023 0.025 0.194 0.163 0.097 0.035 0.032

100 MLE Bias 0.000 0.000 0.015 0.016 0.002 −0.005 −0.002 1.065 1.065

Std.dev 0.007 0.010 0.015 0.017 0.128 0.110 0.067 0.103 0.092

GMM Bias 0.000 0.000 −0.001 −0.002 0.005 −0.006 −0.003 1.026 1.026

Std.dev 0.011 0.015 0.018 0.020 0.189 0.156 0.067 0.025 0.024

200 MLE Bias 0.000 0.000 0.015 0.017 −0.003 0.000 0.003 1.088 1.092

Std.dev 0.003 0.005 0.011 0.012 0.091 0.077 0.045 0.119 0.126

GMM Bias 0.000 0.000 −0.001 −0.001 0.002 −0.005 0.001 1.025 1.025

Std.dev 0.008 0.010 0.015 0.016 0.175 0.142 0.045 0.028 0.030

Case2: centered and scaled Student-t 5 disturbances for both u it and 𝑣 i1

5 50 MLE Bias −0.001 0.001 0.035 0.042 0.012 0.012 0.008 1.043 1.042

Std.dev 0.030 0.043 0.036 0.039 0.281 0.229 0.141 0.071 0.071

GMM Bias −0.001 0.005 −0.004 −0.002 0.000 0.015 −0.002 1.030 1.028

Std.dev 0.046 0.061 0.048 0.051 0.404 0.316 0.146 0.032 0.031

100 MLE Bias 0.000 0.001 0.034 0.039 0.005 0.004 0.009 1.052 1.052

Std.dev 0.015 0.020 0.025 0.027 0.199 0.163 0.101 0.081 0.087

GMM Bias 0.001 0.002 −0.004 −0.002 −0.014 0.013 0.000 1.026 1.022

Std.dev 0.032 0.046 0.041 0.044 0.385 0.296 0.102 0.024 0.022

200 MLE Bias 0.000 0.000 0.036 0.040 0.011 −0.002 0.009 1.067 1.064

Std.dev 0.008 0.010 0.017 0.019 0.135 0.110 0.073 0.130 0.112

GMM Bias −0.001 0.000 −0.001 0.000 0.005 −0.006 0.000 1.015 1.020

Std.dev 0.028 0.036 0.037 0.038 0.357 0.277 0.077 0.012 0.017

10 50 MLE Bias 0.000 −0.001 0.014 0.015 0.002 −0.003 0.002 1.051 1.049

Std.dev 0.014 0.019 0.021 0.022 0.178 0.150 0.100 0.068 0.068

GMM Bias 0.000 −0.001 −0.004 −0.005 −0.005 0.001 0.000 1.031 1.030

Std.dev 0.015 0.021 0.021 0.024 0.196 0.165 0.099 0.035 0.032

100 MLE Bias 0.000 0.000 0.015 0.016 0.000 0.006 0.003 1.066 1.064

Std.dev 0.007 0.010 0.015 0.016 0.128 0.111 0.067 0.108 0.101

GMM Bias 0.000 0.000 −0.001 −0.002 0.006 0.001 0.001 1.025 1.024

Std.dev 0.011 0.014 0.019 0.020 0.189 0.152 0.067 0.027 0.026

200 MLE Bias 0.000 0.000 0.015 0.017 0.000 −0.001 0.002 1.088 1.085

Std.dev 0.003 0.004 0.011 0.011 0.086 0.075 0.048 0.116 0.118

GMM Bias 0.001 0.000 0.000 −0.001 −0.005 0.003 0.000 1.023 1.024

Std.dev 0.007 0.009 0.016 0.016 0.172 0.139 0.048 0.022 0.024

Case3: centered and scaled mixture-normal disturbances for both u it and 𝑣 i1

5 50 MLE Bias −0.002 0.002 0.034 0.038 −0.006 0.016 0.005 1.054 1.054

Std.dev 0.031 0.044 0.037 0.041 0.286 0.245 0.148 0.214 0.206

GMM Bias −0.002 0.006 −0.005 −0.006 −0.010 0.016 −0.003 1.028 1.025

Std.dev 0.054 0.074 0.047 0.053 0.398 0.328 0.150 0.031 0.028

100 MLE Bias 0.000 −0.001 0.035 0.038 −0.003 0.013 0.002 1.058 1.060

Std.dev 0.016 0.021 0.026 0.028 0.197 0.163 0.100 0.104 0.117

GMM Bias 0.000 0.001 −0.003 −0.002 −0.025 0.017 −0.006 1.027 1.022

Std.dev 0.035 0.051 0.041 0.045 0.385 0.315 0.103 0.028 0.025

200 MLE Bias −0.001 0.000 0.035 0.041 −0.001 0.002 0.007 1.073 1.071

Std.dev 0.008 0.010 0.018 0.020 0.131 0.114 0.070 0.122 0.110

GMM Bias 0.000 0.001 −0.002 0.000 0.003 −0.009 0.000 1.016 1.021

Std.dev 0.031 0.037 0.035 0.038 0.365 0.289 0.073 0.014 0.020
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Table B.2: (continued).

T N Method 𝜸  𝜸  𝜷  𝜷  𝜽  𝜽  𝝍 The R statistic

𝜸  𝜸 

10 50 MLE Bias −0.001 −0.001 0.014 0.016 −0.013 0.006 0.007 1.063 1.060

Std.dev 0.014 0.020 0.022 0.023 0.181 0.154 0.095 0.151 0.101

GMM Bias −0.001 −0.001 −0.005 −0.003 −0.013 0.005 0.005 1.028 1.029

Std.dev 0.016 0.022 0.022 0.024 0.197 0.165 0.095 0.029 0.032

100 MLE Bias 0.000 0.000 0.015 0.016 −0.004 0.003 −0.002 1.073 1.074

Std.dev 0.007 0.009 0.015 0.016 0.127 0.109 0.063 0.102 0.115

GMM Bias 0.000 −0.001 −0.001 −0.003 −0.015 0.012 −0.004 1.025 1.025

Std.dev 0.011 0.015 0.018 0.019 0.183 0.147 0.063 0.024 0.024

200 MLE Bias 0.000 0.000 0.016 0.017 −0.002 0.007 −0.001 1.090 1.085

Std.dev 0.003 0.005 0.010 0.011 0.089 0.077 0.048 0.133 0.118

GMM Bias 0.000 0.001 −0.001 −0.001 −0.010 0.012 −0.002 1.024 1.025

Std.dev 0.008 0.010 0.014 0.016 0.174 0.135 0.049 0.023 0.024

Notes: this table presents the summary statistics (i.e., mean and standard deviation) for the estimates and the R statistics for threshold

parameters. The number of replications is 1,000. “MLE” and “GMM” denote the maximum likelihood estimator and the generalized 

method of moments estimator, respectively.

use 0.9N(0, 1) + 0.1N(20, 1), so that the resulting distribution is asymmetric. In all three cases, the disturbances 
are centered and scaled to have the same mean and variance as in the baseline design. Table B.2 reports the 

simulation results for these three non-normal disturbance designs. Overall, the results are very similar to those 

of the normal case reported in Table B.1. These results indicate that the finite sample performance of the pro-

posed MLE estimator is robust to a more general error structure, including skewed chi-square, Student-t, and 

mixed-normal disturbances for both u it and 𝑣 i1 .
In the cases considered above, the simulations show that, when the sample size is doubled, the stan-

dard deviations of the threshold parameters would decrease by almost half for the MLE estimator, while these 

standard deviations would decrease by roughly 30 % for the GMM estimator. These results confirm the super-

consistent property in Theorem 1 for the MLE estimator and the normality in Theorem 3 for the GMM estimator. 

In sum, these simulations indicate that the proposed MLE performs well in finite samples when the normality 

and initial condition assumptions are violated, while the GMM estimator provides a useful alternative under 

less restrictive assumptions on error distributions and initial conditions.
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