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A Panel Unit-Root Test with Smooth Breaks and
Cross-Sectional Dependence

Abstract

This paper develops a simple panel unit-root test that accommodates cross-sectional depen-
dence among variables and smooth structural changes in deterministic components. The
proposed test is the simple average of the individual statistics constructed from the breaks
and cross-sectional dependence augmented Dickey-Fuller (BCADF') regression. Applying the
sequential limit approach, this paper shows that the asymptotic distribution of the BCADF
statistic is free of nuisance parameters as N, T go to infinity. We also extend our analysis
to the case where shocks are serially correlated. The limiting distribution of the average
BCADEF statistic is shown to exist and its critical values are tabulated. Monte-Carlo exper-
iments point out that the size and power of the average BC ADF statistic are generally good
as long as T is greater than fifty. The test is then applied to examine the validity of long-run

purchasing power parity.

Keywords: Panel unit-root test, Fourier approximation, Cross-sectional dependence, Purch-
asing power parity.

JEL classification: C12, C33.

1 Introduction

The development of panel unit-root tests had been a hot research topic during the past decade.
The first generation panel unit-root tests either neglect cross-sectional dependence or deal
with cross dependence by bootstrapping critical values but fail to derive the asymptotic
distribution of test statistics (Levin et al., 2002; Im et al., 2003, IPS; Maddala and Wu,
1999). However, controlling contemporaneous correlation across individuals is important to
a panel unit-root test since leaving out cross-sectional dependencies would lead to serious
size distortions and power loss (O’Connell, 1998). The second generation models allow for
cross-sectional dependence and derive the asymptotic distribution of test statistics (Chang,
2002; Choi, 2002; Phillips and Sul, 2003; Bai and Ng, 2004; Moon and Perron, 2004; Smith
et al., 2004; Breitung and Das, 2005; Choi and Chue, 2007; Pesaran, 2007; Pesaran et al.,

2009). The above-mentioned articles assume away structural changes in their models.



Several articles allow panel unit-root tests with structural breaks (Im et al., 2005; Carrion-
i-Silvestre et al., 2001; Carrion-i-Silvestre et al., 2005). These tests, however, assume that
the variables in the panel are cross-sectionally independent. Recently, Bai and Carrion-i-
Silvestre (2009) and Im et al. (2010, ILT) have proposed panel unit-root tests in the presence
of multiple structural changes and cross-sectional dependence. Bai and Carrion-i-Silvestre
(2009) propose a modified Sargan-Bhargava (1983, MSB) test in the panel setting. Although
this test is invariant to both mean and trend break parameters, the limiting distribution of
the individual MSB (M SB*())) test depends on the number of structural breaks. Following
the cross-sectionally augmented procedure of Pesaran (2007), Im et al. (2010) develop an
LM-type panel unit-root test to account for possible heterogeneity in both the level and the
trend of the series. The ILT test is invariant to the nuisance parameters but its limiting
distribution depends on the number of trend breaks.

To take into account the smooth breaks in the deterministic components of a series, several
articles develop unit-root tests based on Gallant’s (1981) Flexible Fourier Form. It has been
observed that a Fourier approximation to deterministic components can, to any desired degree
of accuracy, capture the behavior of a deterministic function of unknown form even if the
function itself is not periodic (Gallant, 1981; Davies, 1987; Bierens, 1997; Becker et al., 2004;
Enders and Lee, 2011). Moreover, Enders and Lee (2011) point out that a single-frequency-
component Fourier function works better than dummy variable methods regardless of whether
the breaks are instantaneous or smooth. Another advantage of the Fourier approximation is
that it involves only the determination of the appropriate frequency component in the model
and hence avoids the complication of selecting break dates, the number of breaks and the form
of breaks. Because of the above interesting results, Enders and Lee (2009) and Rodrigues and
Taylor (2009) develop unit-root tests for time series data by augmenting the conventional OLS
and GLS regression to include a single-frequency-component Fourier function. They find that
their proposed tests are useful since they are robust to a variety of possible break mechanisms
in the deterministic trend function of unknown forms and numbers.

To allow for both heterogeneous breaks and cross-sectional correlations, this paper gener-
alizes the cross-sectionally augmented ADF (C ADF') regression proposed by Pesaran (2007)
to incorporate a single-frequency-component Fourier function with heterogeneous amplitudes.
The included Fourier function is used to approximate the unknown multiple structural breaks
(Becker et al., 2006; Enders and Lee, 20011). We thus construct the individual breaks and

cross-sectional dependence augmented ADF (BCADF) statistics and their simple average.



The latter statistic is referred to as the breaks and cross-sectional dependence augmented
IPS (BCIPS) statistic. An important advantage of our proposed tests is their simplicity in
empirical applications.

To analyze the impact of Fourier terms in the BCADF regression in both finite and
large sample size (T'), new asymptotic results of BCADF and BCIPS statistics are derived
based on the sequential limit approach wherein the panel size (V) tends to infinity followed
by T goes to infinity. In the case of serially uncorrelated errors, Theorem 1 shows that the
asymptotic distribution of BCADF, under a fixed T, is not free of nuisance parameters even
when N tends to infinity. This is because the inclusion of the Fourier terms in the null
process makes the stochastic part of the regressors composed of the terms of different orders
in probability under a fixed T. Theorem 2 shows that the dependence of the asymptotic
distribution on nuisance parameters vanishes as both N and 7' sequentially tend to infinity.
This is due to the fact that stochastic trend terms asymptotically dominate Fourier terms
as T tends to infinity. The Corollary examines the limiting distribution of Pesaran’s CADF
statistic (that assumes no breaks) in the presence of Fourier form breaks. We show that
the asymptotic distribution of the CADF statistic under a fixed T includes omitted-variable
bias even when N tends to infinity, although the bias vanishes when both N and T approach
infinity. The limiting distribution of the truncated version of the BCIPS statistic, BCIPS*,
is also shown to exist. Furthermore, this paper extends the discussion to the case where the
residuals are serially correlated. By adding a lagged first-differenced variable and its cross-
sectional mean in the regression, Theorem 3 shows that the BC'ADF statistic, under serially
correlated errors, has the same asymptotic distribution as that in Theorem 2 when both N, T
tend to infinity.

Although the asymptotic distribution of the BCIPS* statistic exists, it is not analytically
tractable, this paper therefore tabulates its critical values under different NV, T" and k. The
size and power of the BC'I PS* statistic under different scenarios are then explored by Monte-
Carlo simulations. Simulation results indicate that the size and power of our proposed statistic
are generally good regardless of IV and k as long as T is greater than fifty. On the contrary,
the size distortion of Pesaran’s CIPS statistic that ignores the Fourier terms in regression
is quite serious in many cases even when 7' is as large as 400. Finally, the proposed panel
unit-root test is applied to investigate the long-run purchasing power parity (PPP) over the
post-Bretton Woods period.

The remainder of this paper is organized as follows. Section 2 sets out the basic dynamic



heterogeneous panel data model with smooth breaks. The cross-sectional dependence across
variables is modeled by an unobservable stationary common factor and the smooth breaks in
deterministic terms are approximated by a Fourier function. In Section 3, we derive the null
distribution of the individual BCADF statistic with serially uncorrelated errors, discuss the
BCADF-based panel unit-root test, and extend our results to the case with serially corre-
lated errors. Section 4 examines the finite-sample properties of the proposed panel unit-root
test, BCIPS, by Monte-Carlo simulations. Section 5 provides an empirical application. Fi-

nally, Section 6 concludes.

2 The Model
Let y;+ be an observation on the ¢th cross-sectional unit at time ¢ and suppose that it is
generated according to the following simple dynamic linear heterogeneous panel data model

with an unknown time-dependent deterministic term d;(¢):
(1 - ¢ZL)(ylt - (S’L(t) — G- t) = Ui, Uit = ’Y’Lft + Eits t= 17 "7T7 1= ]-7 [E) N7 (1)

where ¢;t is a linear trend, f; is an 1 x 1 unobserved stationary stochastic common factor, ~;
is the associated factor loading reflecting the degree of contemporaneous correlation across
individuals and the €;; is an idiosyncratic error and the initial value, y;0, is given. This paper

adopts the Fourier function with a single frequency component to approximate d;(t), so that
0i(t) = ik = pi + 1 sin(2wkt/T) + a2 cos(2mkt/T), (2)

where k is the frequency component reflecting the number of cycles in the sample period
and it is assumed to be homogeneous across agents. «; 1 and «; 2 measure the heterogeneous
amplitude and displacement of the sinusoidal component of the deterministic term across
agents. w;p in (2) captures smooth breaks in deterministic components. Substituting (2)

into (1), we obtain®
Ayt = Bi(Yir—1 — ajdi—1) + i Ady + i fi + €it, (3)

where Ay = yit — Yir—1, de = (1,sin(27kt/T), cos(2rkt/T),t)" is a 4 x 1 vector of deter-

LA restriction embedded in a Fourier function is that the starting and ending value of the function are the
same. The introduction of a time trend, ¢;t, in the function removes the above restriction. As such, changes in
the intercept and slope of a deterministic function can be captured by the Fourier approximation. Therefore
our proposed panel unit-root tests allow for breaks in both the level and trend of the series under investigation.



ministic common effect, Ad; = (0, Asin(27kt/T), A cos(2nkt/T),1), ;i = —(1 — ¢;), and

a; = (p;, @i1,;2,6) . The unit-root hypothesis, ¢; = 1, can be expressed as:

Hy:Bi=0 Vi (4)
against the possibly heterogeneous alternatives,

Hy: p;<0,i=1,2,..,Ny; ;i =0,i=N1+1,N; +2,...,N. (5)
Under the above null hypothesis, equation (3) can be solved for y;; as follows:

Yit = Jio + ogdy + yis e + Sit,

where ad; = p; + a;1sin(27kt/T) + a2 cos(2mkt/T) + Git, spr = fi+ fo+ ... + fr, sa =
i1+ &2+ ... +€it, Jio = yio — atdg. Therefore, under Hy, y;; is composed of a deterministic
component with a Fourier element, ;o + ad¢, a common stochastic component, s pe~ I(1),
and an idiosyncratic component, s;; ~ I(1). We do not assume ;1 = a; 2 = 0 under the null
hypothesis. As such, heterogeneous breaks exist under the null and alternative hypothesis
in (4) and (5), respectively, and hence our proposed tests avoid the possibility of spuriously
rejecting a unit-root hypothesis (Leybourne et al., 1998 and Enders and Lee, 20011). The
following assumptions are required for deriving the null distribution of a series-specific unit-

root test.

Assumption 1 (Idiosyncratic Errors): The idiosyncratic error, €;;, with a zero mean, a con-

2

stant variance o, and a finite fourth-order moment, is independently distributed across ¢

and ¢ and is independent of f for all 7,1, s.

Assumption 2 (Common Factors): The common factor, f;, is serially uncorrelated and has a
zero mean, a constant variance JJ%, and a finite fourth-order moment. Besides, O'J% is assumed

to be unity without loss of generality.

Assumption 3: (Factor Loadings): The factor loading parameter, ;, satisfying plim% Zfil Vi
= ~v* # 0, is independently distributed across 7 and is independent of the idiosyncratic e

and of the common factor fs for all i,¢, s.



Assumption 4: (Fourier Amplitude Coeflicients): The Fourier amplitude coefficients, c; 1 and
@2, are nonrandom parameters satisfying lim% Zfi 11 = aj # 0 and lim% Z@]\L 1 QG2 =
as # 0.

Assumptions 1-3 together imply that the composite error, u;, is serially uncorrelated and

the case with serially correlated errors will be discussed in Section 3.3.

3 Breaks and Cross Dependence Augmented Unit-Root Tests

Theorems 1-3 and the Corollary in this section derive the asymptotic distribution of the
series-specific unit-root test statistic under the null hypothesis in (4). Note that all order
results and the proofs of theorems given in the Appendix are derived for the case where d; =
(1,sin(27kt/T), cos(2mkt/T))’, t = 1,2.., T, which implies Ad; = (0, A sin(2wkt/T'), A cos(2m
kt/T))". The asymptotic results for the case where d; = (1, sin(27kt/T), cos(2mwkt/T),t)" can

be derived in a similar manner.

3.1 Unit-root Tests with Serially Uncorrelated Errors

Although f; in (3) is unobservable, it can be filtered out by taking the cross-sectional average
of (3) (Pesaran, 2006). By doing so, the common factor f; can be measured by the linear
combination of Asin(2rwkt/T), A cos(2rkt/T), sin(2rwk(t—1)/T), cos(2nk(t—1)/T), Ay, and
Y,_1, where Ay, = % Zfil Ay and 7, = % sz\il Yit—1. We therefore regress the following

breaks and cross dependence augmented Dickey-Fuller equation using OLS:?

Ay = c¢io~+ci1Asin(2rkt/T) + ¢;2A cos(2mkt/T) + ¢ 37,1

+¢i aAY; + biyi i1 + eir. (6)

The t-statistic of the estimate of b; (l;l) is then applied to examine the unit-root hypothesis

and can be expressed as

Ay;szi,q
Gi(y} 1 Mzyi-1)Y/?’

ti(N7 T) =

R Ay'M; . Ay;
where Ay; = (Ayit, Ayio, ., Ayir)’, i1 = (Yio, Yit, - Yir—1), 67 = =122 M, =
Ip—Z(Z'Z2)'Z M, . = Ir—Gi(G,Gi)'G), Gi = (Z,yi-1),Z = (Ay, 7, X1, X2, 7 ), T =

(1,1,..,1), X1 = (Asin(27kl/T), Asin(27k2/T), ..., Asin(2rkT/T))", Yo = (Acos(27kl/T),

2Following the argument by Enders and Lee (2009, p.14), we omit sin(27k(t —1)/T) and cos(27k(t —1)/T)
to avoid collinearity in the regression. See (L5) and (L6) in Lemma 1 in the appendix.



Acos(2wk2/T), ..., Acos(2nkT/T)), AY = (AYy, AYs, ..., AY7), T_1 = (Yo, Y1s -+ Up—1) -

It should be noted that the exact null distribution of ¢;(NN,T') defined in (7) is affected by
nuisance parameters through their effect on the matrix M, and M, .. In the model of Pesaran
(2007), the effect of the nuisance parameters on t;(N,T") vanishes as N — oo. However, the
following theorems show that the asymptotic distribution of ¢;(N,T) in our model is free of

nuisance parameters only when both N — oo and T" — oc.

Theotem 1:

Let y;; be generated based on (3) under the null hypothesis in (4) with the cross-sectional
mean of the initial observation 7, being zero. Suppose that Assumptions 1-4 hold and 7 # 0,
then the null distribution of ¢;(NN,T') given by (7) will not be free of nuisance parameters as

N — oo for any fixed T' > 6. In particular, we have

vt — (D) (D prT) ™ (Drhir)

t; N,T ’ 8
( ) — Jl X J2 ( )
where
I ejei  (dip©7)(O7EirO7) ' (Ordir) 2 (9)
L o2(T —6) -6 ’
Sf/i —18i,—1 J— /\—1 i
ho= <02T2 — (b T (T D) " (Trhir) ) (10)
[ v 0 Tlat T 'ag 0 0 0 |
0 1 0 0 0 0 0
Iy = 00 1 0 0 0 0 |, (11)
0 0 0 1 0 0 0
i 0 0 0 0 T—1/2a* T—1/2a* ,Y* |
N —(1 —(2 _ 1 2
— O T
0
T 0
Or - g : (13)
0
0
| 0 TV 0 0 T7Y2a;; T7V%;5 v 1 _




fIEi i i f/Si,,l ]
Ui\/T UiT3/2
T'e; T/Si,—l
O'i\/T O',L'Tﬁ/2
VT (X' ei) (Tisi,—1)
i oiVT Qi
\/T(TéEz) h (Tlgsz 71) d T
o — = , = 14
qiT , o s T O'i\/T , T 5;7_151 ( )
Syy,—15i S, —15i,—1 ;T
/Ui\/T UiT3/2
STQ,*lEi S{I‘Q,flsiﬂ_l
O'i\/T O',L'T3/2
s}’_lsi 5}’,151',—1
L o; T a L O'Z'T2 J
=1 _ Uyr
=i = ,
s;af  spam osi M s Yoo osi_ysvy 1 S)_ySvy—1 S _1Sr-1
T3/2 T3/2 a'iTl/Q 0’¢T1/2 T3/2 T3/2 T2 ]
[ f'si_1 |
T3/2 o f'r / / T
T'si—1 T T 1, 'y
T3/2 T'f ’ ’
T’ls@_l T 1 T Tl T T2
o, T1/2
s, Y\t T Y| Y; TY|Y
2) ¥ oE (1)
= — o; T _ / / / ’
=T - 5%1,_152}71 ‘IlfT - Tzf 27- TTQTl TT2T2 5
T3/ S/TL—If S1y,-17 / !
S'TQ,flsiﬁl T T ST17—1T1 STl,—frZ
T3/2 S{r27_1f S, 1T , ,
s _18i,-1 T T STz,—lTl ST2,—1T2
) T2 S,lf,—lf 5},—1"' s}7_1T1 s’f’_l‘rg
S;,—15i,—1 L 73/2 T3/2 T1/2 T1/2
T2
sy, 1 sy, 1 f's; 1 ]
T T T3/2
/sy, 1 T'sry 1 T's§ 1
T T T3/2
! 4 Yisp 1
TlsTl -1 Tlst -1 T1/2
(2) — ! / TéSf -1
‘I’fT - TQSTl -1 TQSTQ,—l Tl/’z ,
Sv,,—157y,—1 5%1,—157"2»*1 Sifl,—lsfﬁl
T T3/2
Sv,y,-1571,—-1 5%2,—1ST27—1 Ser,—lsfﬁl
T T T3/2
S7,1571,-1 S7,_1575,-1 St 1851
L T3/2 T3/2 T2 i

in which e; = (gq1, €2, ... ei7)’s £ = (f1, fo, o, fr)'s si—1 =

!
(0, 841, 8425 +oy Si,7—1)"5 Sf,—1



i ! / :
(5§05 5f1, -3 8f1—1)5 sv,—1 = (0,871,150, 57, 7=1)"s 819,—1 = (0,87,5,1,-.., S1,,7—1)" With

STyt = Z;zl Asin(2rkj/T) and s, = Z;Zl Acos(2rkj/T).
Proof: See the Appendix.

The inclusion of Fourier terms in the null process results in the stochastic part of the re-
gressors, Ay, y_; and y; —1, being composed of the terms of different orders in probability un-
der a fixed T'. For example (see the Appendix for the detail), Ay'e; = (a“{T’lei)(Eop(T,l/g)) +
(aﬁréei)(;op(T—1/2)) +(7*f’€z’)(;op(T1/2)) and ¥’ ;= (Oéfsqul,_lsi)(;op(Tl/a) +(0435/T27_1€i)
(z0,(T1/2)) T (V*S/f,,lt‘—'i)(zop(T))- Consequently, the scaling matrix I'r and 7 in (11) and
(13), respectively, are not diagonal matrices. Therefore neither can I'y be canceled out in
(47 L7) (T L)~ (Drhyr) and (hiyI7) (D7 prL7) ! (Drhyr) nor O in (dj7©7)(Or
Er0%) Y (Ord;r) from matrix inverse production. Hence, unlike the results of Pesaran
(2007), the null distribution of ¢;(/V,T) given by (7) is not free of nuisance parameters as
N — oo for any fixed T that is greater than 6 (T > 6). However, in the above example the
stochastic trend terms (y*f’e; and y*s}’flsi) asymptotically dominate the other two deter-
ministic trend terms (afYe; + a4 Yhe; and Qisy, 1€+ azsy, &) as T — oo, resulting
in the scaling matrix being a squared one and hence canceling out the effect of nuisance
parameters in the distribution.® Simulation results in Section 4.1 and in the first panel of Ta-

ble 3 below point out that the effect of nuisance parameters is negligible provided that T' > 30.

Theotem 2:

Suppose y;; is generated based on (3) under the null hypothesis in (4) and Assumptions 1-4
hold. If next to N, T also tends to infinity (denoted as (N, T")seq — 00), then the sequential
limiting distribution of the statistic ¢;(N,T) defined by (7), referred to as the BCADF

distribution, is :

1 _
Jo Wir)awi(r) — q} ;% 'hiy

BCADF;; = (15)

- 1/2°
(Jo W2()d(r) - 1w n)

3The result is in contrast to that of West (1988) that includes a nonzero constant in the null unit-root
process: y; = a+ys—1-+er. Insuchacase, 31 yi—16 = >y, [Yo+a(t—1)+si_1]er, where s, = 23:1 ;. The
deterministic trend term, ZtT:1 a(t — 1)eq, asymptotically dominates the stochastic trend term, Ethl St—1E¢.
See Hamilton (1994, p. 496).



where

| Wi(1) T
a - (27rk)a[W(1)+217rk Jy sin(2rkr)W (r)d(r)] | 1)
(27k)? - o fo cos(2mkr)W (r)d(r)]
Jo Wi(r)dwi(r)

Jo W,

(2mk) (fo s)ds + 2wk fo sin(27kr) Uo (s)ds] d(r))

(27k)? (fo cos(27kr) [ [y W (s)ds] d(r))
i Jo Wr(r Wi(T)dT |

Vi = , , (18)
| B Do
| 1 0
A= 1 » D= { D; D; } ’
0 (27k)? [, cos?(2mkr)dr
s _ |0 Jo Wy(r)dr
0 (27k) (fo Wy(s)ds + 2mk fo sin(2wkr) [ [y Wy(s)ds] d(r )) ’
b [ (27k)? fl sin?(27kr)dr ]
1 = )
(27rk:) (f cos(2mkr) [ [y Wy(s)ds] d(r))
b (27k)? (fo cos(2mkr) [ [y Wy(s)ds] d(r)) ]
2 =
L Jo Wi (r)dr 1

Wi(r) and Wy(r) are independent standard Brownian motions.

Proof: See the Appendix.

The asymptotic distribution of ¢;(NN,7T") depends only on the frequency component, k,
but is invariant to ju;, a;1, ;2 and ; (as long as 7 # 0). Critical values of the individual
BCADF statistic can be simulated based on 50,000 replications of regressing Ay;; on an
intercept, Asin(2nkt/T'), A cos(2mkt/T'), Ay, Y;—1 and y; +—1 over the frequency k =1,...,5
and the sample ¢ = 1,...,7. The individual series were generated based on y;; = y;;—1 +
fi+eifori=1,...,N, and t = —50,—49,...,1,2,...,T from y; _50 = 0, with f; and ¢; as
ii.d. N(0,1).%

4These critical values are not reported in the paper but are available from the authors upon request.
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It is interesting to examine the size distortion of Pesaran’s (2007) CIPS test in the pres-
ence of Fourier form breaks. Theoretically, Pesaran’s test is subject to the problem of the
omitted-variable bias when breaks exist. Although the bias vanishes when both N and T ap-
proach infinity as proved in the following corollary, the size distortion of Pesaran’s t-statistic

can be substantial in finite samples as indicated by the simulation results in Section 4.1.

Covollary:

Suppose Assumptions 1-4 hold and y;; is generated based on (3) under the null hypothesis
in (4). Let tf’B(N, T) be the statistic for testing the unit-root hypothesis and it is the ¢-
statistic of b; in Pesaran’s (2007) cross-sectionally augmented Dickey-Fuller regression: Ay;; =

Ci,0+€Ci3Y;_1 +Ci aAY, +b;y; —1+ei¢. Then, tf’B (N, T) has the following limiting distribution

as N — oco:
P v ot = (D) (P D) T (D hir) Op(T~1/2)
t; (N, T) — P 7P ~1/4 TP 7P ~1/ay
Ji x Jy + O, (T—1/4) Ji % Jy 4+ Op(T~1/4)
where
_ B 1/2
P _ e (djpOF)(O7Eir®F) " (©7dir) (19)
! o?(T — 4) T—4 ’
P S;‘,—lsi,—l ! P\ (P IP\—1 /TP 2
Jy = W_(hi,TFT)(FT‘I’fTFT) (Trhir) ) (20)
7
v 0 T lal T laj 0 0 0
=101 0 0 0 0 0|, (21)
00 0 0 T Y2 T7V2a8 ~*
0
ry 0
@5 - T ) (22)
0
0 T_1/2y0 0 0 T_I/ZO[Z'J T_l/gozi,g v 1

and q;r, hy7, d;7 and W7 and E;7 are defined in (12) and (14), respectively. If next to NNV,
T also tends to infinity, then

/ —1
Jo Wi(r)dWi(r) — qff (®F) " hf;

(w2 -y (w5) " n5) "

B T) P

11



where

o - Wi(1) p_ ) Wi(r)dr
! | fy Wr(r)dWi(r) I S Wi ()W (r)dr
P L fy Wyr)dr
= 1 11572
i fo Wy (r)dr fo W3 (r)dr

/ -1
Jo Wi(r)dw;(r)—af; (¥F) " 'hF,

(i wea-niy (w7)nt) 7
CADF statistic, constructed from the cross-sectionally augmented regression, for testing the

The expression: is the limiting distribution of Pesaran’s (2007)

unit-root hypothesis as N, T — oo when there is no break in DGP.
Proof: See the Appendix.

The limiting distribution of ¢.°”(N,T) under a fixed T includes the O,(T~'/2) and
O,(T -1/ 4) terms, which are the finite-sample bias of slope and standard error estimation,
respectively, resulting from omitted breaks in Pesaran’s cross-sectionally augmented regres-
sion. Tt is straightforward to show that O,(T~'/4) is positive but O,(T~/2) can be either
positive or negative depending on the relative influence of the factor loading (y;) and Fourier
term parameters (a; 1 and «;2). Therefore, Pesaran’s CADF test can either under- or over-

reject the unit-root hypothesis in finite samples when smooth breaks exist.

3.2 BCADF—based Panel Unit-Root Tests

The null distribution of the individual BCADF statistic is asymptotically independent of
nuisance parameters when both N and T go to infinity. However, BOCADF;; and BCADF
are dependently distributed with the same degree of dependence for all i # j since they are
all nonlinear function of a common process Wy. To develop a panel unit-root test, this paper
considers the breaks and cross-sectional dependence augmented version of the IPS test as
follows:

N
BCIPS(N,T) = % > t(N,T).
=1

To ensure ¢;(N, T') having finite moments, we follow Pesaran (2007) to construct the truncated

12



version of the BCIPS statistic:

N
1
BIP*NT:—E (N, T 2
where

t:((NaT) = ti(N’T)7 if _M1<ti(N’T)<M27
GN,T) = =My, if t(N,T) <M,

t;k(N7 T) = M2a ’Lf tZ(Na T) Z M27

M; and My are two positive constants such that Pr(—M; < t;(N,T) < Ms) is sufficiently
large. Following Pesaran’s (2007) arguments for the convergence of CIPS*(N,T), it can be
shown that BCIPS*(N,T) converges almost surely to a distribution depending on M, Mo
and Wf.5 Although the limiting distribution of BCIPS*(N,T) is not analytically tractable,

it can be readily simulated using (23). Using the normal approximation of ¢;(N,T'), we

compute
My = —E(BCADFy) - @ (¢/2)\/Var(BCADF), (24)
My, = ~E(BCADFy)+® (1 ¢/2),/Var(BCADFy), (25)

where @1 is the inverse of the cdf of the normal distribution, and BCADF; t is the stochastic
limit of ¢;(/V,T) as N and T tend to infinity such that N/T' — d, (0 < d < o0). After
constructing E(BCADF;s) and Var(BCADF;s) by simulation and setting ¢ = 1076, we
calculate M7 and My across different & under three different models and report them in
Table 1. The three models under consideration are the model without intercept and trend,
with intercept, and with intercept and trend, respectively. This paper simulates M; and M,

across five different & by setting N = 300 and 7" = 500 with 50, 000 replications.
< Table 1 here >

Tables 2(a) to 2(c) report 1%, 5% and 10% critical values of BCIPS and BCIPS*

statistics for three different models across different k, N and 7.6 The critical values of the

5Since the included Fourier terms are deterministic functions which can only affect the conditional ex-
pectation of Pesaran’s (2007) CADF};, i.e. E(CADF;|Wy), it is appropriate to discuss the convergence of
BCIPS*(N,T) by following Pesaran’s (2007) arguments for the convergence of CIPS*(N,T).

SWe also simulate critical values based on the following DGP: y;; = Yit—1 + Yift + a1 Asin(2nkt/T) +
a2 cos(2mkt/T)+€it, where v; ~ 4.4.d.U[—1,3] and a;,1, o2 ~ ©.2.d.U[3, 5] and ~ 4.1.d.U[—2, 2], respectively.
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BCIPS statistic may differ from those of BCIPS* when T is less than 50 and both critical
values are reported with those of BCIPS™* in parentheses, otherwise only the critical values
of the BCIPS statistic are reported. It is worth noting that if critical values of BCIPS*
and BCIPS are different, then the value of the former statistic is slightly larger than that
of the latter. This indicates a slightly rightward shift of the null distribution of the BCIPS*
statistic relative to that of BCIPS. Besides, critical values reported in Tables 2(a) - 2(c)
are also lower than the corresponding values of the CIPS and C'IPS* statistics in Pesaran

(2007) that neglects smooth changes in deterministic terms.
< Tables 2(a), 2(b), (2c) here >

3.3 The Case with Serially Correlated Errors
Our discussion in Sections 3.1 and 3.2 can be extended to the case where individual-specific
errors are serially correlated. Following Pesaran (2007), two different specifications for serially

correlated errors are given as follows:

Ui = Pillig—1+Nit, Nt = Vift + €its (26)

wig = YVift + Nits Nit = PiNit—1 + Eit, (27)

where g;; is the idiosyncratic error. To derive the asymptotic distribution of the BCADF
statistic, we focus our discussion on the specification of (26) and assume homogeneous au-
toregressive coefficients across i (p; = p) to simplify the mathematical derivation. How-
ever, heterogeneous autoregressive coefficients are allowed in Monte-Carlo experiments. The
asymptotic distribution to be derived in this section can be adapted to deal with both spec-
ifications in (26) and (27).

Replacing wu;; in (1) with (26) and imposing the above-mentioned homogeneity assump-

tion, we obtain:

Ay = oA+ Bi(1 = p)(Yi—1 — ajdi—1) + p(1 + 8i)(Ayi -1 — et Ady—1)

+Yife + €. (28)

To test the null hypothesis in (4), this paper estimates the following breaks and cross-sectional

The critical values in Tables 2(a)-2(c) are barely affected by these changes. These results are available from
the authors upon request.
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dependence augmented ADF regression:

Ayit = G + Ci71A sin(27rkt/T) + Ci’QA COS(27Tkt/T) =+ Ci73yt_1 + Ci74Ayt =+ ci75AyZ-7t_1

+ci6AYp_1 + biyig—1 + et

The t-statistic of the estimate of b; (I;l) is then applied to examine the unit-root hypothesis
and it can be written as

Ay'MZy; 1

. (29)
Uz’(y;_lMQYi,—l)

tz’p(N7T): 1/2°

. Ay;M7? Ay . — — -
12 = 7-8 MZ = IT_ZP(Z'O/ZP) 1Zpl7 Zr = (Ay@flv Ayfla Aya T, Tla ’r27y71)7

M7, = Ir—G/(GPG))IGYF, G! = (Z,y;_1). The exact sampling distribution of t/(N, T)

is affected by «; 1, ;2,7 and p, but as stated in the following theorem their affection disap-

pears as (N, T')geq — 00.

Theorem 3:
Suppose y;; is generated by (28) with |p| < 1 under the null hypothesis of 3; = 0 for all ¢ and
assumptions 1-4 hold. Let ¢! (N, T) be the t-statistic defined in (29). Then, as (N, T')seq — 00,

t?(N,T) has the same sequential limiting distribution given by (15), obtained under p = 0.
Proof: See the Appendix.

Since (N, T) in (29) has the same limiting distribution as that of (15), the panel unit-
root test, BCIPS*(N,T), proposed in the previous section can be applied equally to the case

with serially correlated errors. For an AR(p) specification of errors in (26),
(1 —pinl — - = pipLlP)uie = nie,  Mie = Yifer + €at,

in which all roots of (1 —p;12—---— p;pzP) = 0 lie outside the unit circle and g ~ N (0, 0?).

We suggest the following BOADF regressions for the level and trend cases, respectively,
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p
Ayit = cio+ciA sin(2mkt/T) + ¢; 2A cos(2wkt/T) + ¢; 3G, 1 + Z dijAyt_j
=0

p
+ Z 0ii AY; t—j + bilir—1 + €4, (30)
=1

p
Ay = cGo+T-t+ Ci71A Sin(QTFkt/T) + CinA COS(QTF/{Jt/T) + ¢ 3y + Z dijAytfj
=0

p
+ Z 0ij AYi—j + biyii—1 + €. (31)
=1

4 Finite Sample Performance

The data generating process is given as follows:
Yit = /‘Li,l(l - ¢1L)t + (1 - ¢iL)wi,k,t + ¢iyi,t71 + U, 1= ]-7 27 (XX} Na t= 17 27 "aTv (32)

where w; ¢ = pi + a;18in(27kt/T) + o2 cos(2mkt/T); wie = Yift + Nits Nt = piMig—1 +
Eits Yo, Wi, i ~ 1.9.d.N(0,1). Following Pesaran (2007), we set f; ~ i.i.d.N(0,1), €z ~
i.i.d.N(0,0?) with 0? ~ i.i.d.U[0.5,1.5], p; ~ i.i.d.U[0.2,0.4] and p; ~ 4.i.d.U[—0.4,—0.2)]
to denote the case of positive and negative residual serial correlations, respectively, ~; ~
i.1.d.U[—1, 3] and ~; ~ 4.i.d.U[0, 0.2] to denote the case of high and low cross-sectional depen-
dence, respectively, and «a; 1, ;2 ~ 1.4.d.U[0,0.2] and ;1,52 ~ i.9.d.U[1,2] to denote the
case of the low and high amplitudes of breaks, respectively.

The specification of residual in (32) differs from (26) that is used to derive Theorem 3
and the purpose of this change is to check the robustness of our analysis to an alternative
residual serial-correlation specification. Equation (32) degenerates to the intercept case if
pi1 = 0 for all ¢ and it degenerates to the case with serially uncorrelated errors if p; = 0
for all 7. Sizes are computed under the null hypothesis of ¢; = 1 for all 7. Powers are con-
structed under the alternative hypothesis of ¢; ~ i.7.d.U[0.85,0.95]. The common factor (f;)
was generated independently of €;; and the parameters ¢;, u;, i1, i1, %2, Vi, pi, 05 were also
drawn independently of £;;. The tests were one-sided with the nominal size set at 5%, and
were conducted for N = 10, 20, 30, 50, 100, 200, T" = 30, 50, 100, 200,400 and k = 1,2,3. The
size and power for each experiment were constructed using 5, 000 replications. Critical values

for different combinations of k£, N and T under three different models, reported in Tables
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2(a)-2(c), are adopted to examine the size and power of the BCIPS* statistic. The size
and power of the BCIPS statistic are not reported but are available from the authors upon

request.

4.1 Size and Power under Serially Uncorrelated Errors

Before discussing the size and power of our proposed test, it would be helpful to discuss
the size distortion of Pesaran’s (2007) CIPS test when smooth breaks exist. To emphasize
the role of the amplitude of breaks, size distortions are examined for the large and small
amplitude of breaks under different frequency components (k). The sizes of CIPS* test are
generally close to 0.05 regardless of N, T" and k£ when the magnitude of breaks is small.
However, the CIPS* test can be very conservative when the magnitude of breaks is large
since the sizes, in such a case, are generally very small even when T = 400, but they are
close to 0.05 when 7" = 5,000.” The above results are not reported but are available from the
authors upon request. Recall that Pesaran’s CADF test is biased when breaks exist, but the
distortion disappears when N and 7" — oo as pointed out by the Corollary in Section 3.1.
Our simulation results support the above theoretical finding. Given that the size distortion
of the CIPS™* test is serious with large amplitudes of smooth breaks, this paper therefore
focuses its discussion under the case of a; 1, ;2 ~ .i.d.U[1,2].

As a benchmark, we begin by examining the finite-sample size and power of the BCIPS*
test for various values of k£ and assume it is known in estimation. The size of the test with
an unknown k is discussed in Section 4.4. The size and power of the BCIPS* test for high
cross-sectional dependence and large amplitudes of breaks are reported in Table 3. The
results from the first panel of Table 3 indicate that the size of the BC'IPS* statistic over
different N, T" and k are in general close to 0.05 (with a minimum of 0.043 and a maximum
of 0.071) as long as T' > 30. As for the power, the results from the second panel of Table 3
indicate that the power is poor when 7' < 30. With a sample size of fifty, the power of the
BCITPS* test is generally high when IV > 20 and k£ > 1. Under a given N, the power of the
BCIPS* test increases with T significantly and it is close to 1.0 for most cases when 17" > 50.
It is interesting to find that, when 7" is very small (T'=15), the size of the BCIPS* statistic

is a little bit high in general even when N is large. Recall that Theorem 1 indicates that

"This paper also considers two different cases for the large amplitude of breaks: i1, 2 ~ 1.8.d.U[—2,2]
and ;1,2 ~ 1.i.d.U[3,5]. The sizes of the CIPS™ test in the former case increase with 7' and are close
to 0.05 when T = 5,000 but the sizes in the latter case vary with T with a non-monotonic pattern and are
generally close to 0.05 when 7" = 10,000. The above results are available from the authors upon request.
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the BOCADF distribution is not free of nuisance parameters in finite 7" even when N — oo.
The finding of relatively high sizes, with large N, when T is very small (7' = 15) agrees with
Theorem 1. Moreover, the results from the first panel of Table 3 indicate that the influence
of nuisance parameters on the BOCADF distribution is negligible as long as T > 30. In
short, the results from Table 3 indicate that, by allowing for high cross dependence and large
amplitudes of breaks, the size of the BCIPS* test is generally reasonable when T' > 30 and
the power of the test is high when T > 50.%

< Table 3 here >

4.2 Size and Power when Residuals are Serially Correlated

In the case of existing first-order autoregressive errors, we consider the scenarios of positive
and negative serial correlations. With a positive residual serial correlation, the sizes of the
BCIPS* test are close to 0.05 when k = 1 and they are generally reasonable when k£ = 2,3
and T > 50 as indicated by the first panel of Table 4. With a negative residual serial
correlation, the results from the second panel of Table 4 point out that the size is generally
close to 0.05 (with a minimum of 0.041 and a maximum of 0.070) regardless of N and T
when k < 2. As for the case of k = 3, the size of the BCIPS* test is reasonable except for
those cases with T' = 30. In short, the sizes of the BC'IPS* test, under the case of a positive
(negative) residual serial correlation, are generally reasonable when 7' > 50 (7' > 30). The
results from the third panel of Table 4 indicate that the power of the BC'TPS* test under
a positive residual serial correlation is generally high when T > 50 regardless of N and k.
Similar results are observed when the residual serial correlation is negative as pointed out in

the fourth panel of Table 4.
< Tables 4 here >

4.3 Size and Power under the Linear Trend Model

It is beneficial to first examine the performance of our proposed test when DGP includes a
linear trend and large amplitudes of smooth breaks in the mean under the case of serially
uncorrelated errors. The results from Table 5 indicate that the sizes of the BCIPS™* statistic
are generally reasonable and close to 0.05. Besides, the power of the statistic is generally
higher than 0.7 when the T > 50. The above results are generally similar to those found in
Table 3.

8Similar results are obtained when the amplitude of breaks is either a;,1, ;2 ~ 1.0.d.U[—2,2] or a1, 2 ~
1.1.d.U[3, 5], which are available from the authors upon request.
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With a positive residual serial correlation, the results from the first panel of Table 6
indicate that the BCIPS* test has reasonable sizes when £ < 3. In the case of £ = 3,
the sizes of the BCIPS* test are generally reasonable when 7' > 50. As for the case of a
negative residual serial correlation, the results from the second panel of Table 6 reveal that
the size of our proposed test is close to 0.05 regardless of NV, T" and k. As for the power of
the BCIPS* test, they are reasonably high in general when T' > 50 regardless of the residual
serial correlation being positive or negative as indicated by the third and fourth panels of

Table 6.
< Tables 5, 6 here >

4.4 Test with £ Unknown

In the case of serially uncorrelated errors with an unknown k, we first estimate the unknown
Fourier frequency component (k) from the data and then employ the estimated k (12:) to
evaluate the size and power of the BCIPS* test. The determination of &k is based on the
grid-search method suggested by Davis (1987). Following Enders and Lee (2009), this paper
sets the maximum Fourier frequency component to £™%*=5 and then estimate (31) with the
lag order being zero (p = 0) for a given k. After estimating the above equation, we compute
the sum of squared residuals (SSRy;), ¢ =1,...,N, k=1,...,5 under a given N and T. The
estimated k is obtained by minimizing the sum of SSRy ; across i: k = r?k}}n Zi\; 1SSRy ;.
The BCIPS* statistic is then calculated as before based on k and its sizes under different
N and T are reported in Table 7. For the intercept case, the results from the first panel of
Table 7 point out that the sizes of the BCIPS™* test are generally reasonable and close to
0.05 regardless of N,T and k. As for the linear trend case, the sizes of the BC'IPS* test are

close to 0.05 when T > 30 except for the cases of k=1, 2 and N < 20.
< Tables 7, 8 here >

5 Empirical Application

An important characteristic of real exchange rates under the recent float is their long swings
(Engel and Hamilton, 1990) resulting from common shocks or long-lived bubbles. There are
several significant common shocks under the period of recent float, which create long-lived

bubbles affecting the nominal exchange rates of many countries.” Papell (2002) argues that

9These common shocks include the stock market crash of 1973-1974, the UK’s secondary banking crisis of
1973-1975, the Latin American debt crisis of 1982, the Plaza Accord of 1985, the US’s saving and loan crisis
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the failure to reject long-run PPP in most of the existing literature could be due to the
ignorance of smooth breaks in real exchange rates. Although the conventional literature
modeled real exchange rates with a non-trend model, several articles have pointed out the
significance of the Balassa-Samuelson effects over the post-Bretton Woods period (Bergin et
al., 2006; Wu and Hu, 2009; Paya et al., 2003; Sollis, 2005). This paper, therefore, applies a
trended BC ADF regression as indicated by (31) to investigate the validity of PPP.

Both monthly and quarterly nominal exchange rates and consumer price indices (CPI) for
sixty countries over the post-Bretton Woods period are downloaded from the IMF’s Interna-
tional Financial Statistics. The sample period starts in January 1974 and ends in April 2011.
For euro-zone countries, the dollar-based nominal exchange rates after 1999 were constructed
by using the euro-dollar rate and the prefixed exchange rates at January 1st, 1999 (Alba and
Papell, 2007). Australia and New Zealand do not report monthly CPI figures and hence they
are converted from quarterly CPI with quadratic-match averages (Molodtsova and Papell,
2009). Two different panels are considered in the empirical investigation: P60 including sixty
countries from the world and P39 including thirty-nine countries in the panel of P60.

To determine the frequency component (k) in the Fourier function, we first allow the
frequency component to vary from one to five and then estimate equation (31) for each
value of k under a given lag order (p). This paper then constructs the sum of square errors
(SSRyp,;) for the ith country under a given k and p. The estimate of k (l%) under a given lag
order, p, is obtained by choosing a specific & that minimizes the sum of SSRy,;,; over i. The
maximum lag order (p™%") in (31) is set to 12 for monthly data and 4 for quarterly data.

After estimating the frequency component (l;:) in the Fourier function, the BCIPS* statis-
tic is constructed by estimating equation (31) under different lag orders. With monthly data,
the results from the first panel of Table 8 indicate that the estimated frequency component
(l%) in the Fourier function is one regardless of the lag order p. This paper then estimates an
ADF equation augmented with the Fourier function in which the frequency component is set
to one under a given p, and then examines the significance of the cross dependence across es-
timated residuals by the cross-sectional dependence (C'D) test of Pesaran (2004). The results
from the first panel of Table 8 point out that the C'D test is significant at conventional levels

and the mean of the pair-wise cross-correlation coefficient of estimated residuals is about 0.17

for the panel of P60. The BCIPS* statistic, based on the panel of P60, rejects the unit-root

of 1989-1991, the European exchange rate mechanism crisis of 1992-1993, the Mexican crisis of 1994-1995, the
Fast Asian crisis of 1997-98, the technology bubbles of 2000-01, the Argentinean crisis of 2001-02, the global
financial crisis of 2007-10 and the European debt crisis of 2010-2011.
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hypothesis at conventional levels for all lags. Besides, the average of the estimated amplitude
of the sine (Ave(cl)) and cosine terms (Ave(c2)) in the Fourier function, under different lag
orders, changes in the interval of (-0.030, -0.002) and (-0.013, 0.048), respectively. However,
the C1PS* statistic rejects the unit-root hypothesis for only five out of twelve lags. As for the
panel of P39, the results from the second panel of Table 8 indicate significant cross-sectional
dependence. The BCIPS* statistic rejects the unit-root hypothesis for ten out of twelve
lags but the C'IPS* statistic fails to rejects the hypothesis for all lags. The average of the
estimated amplitude of the sine (Ave(cl)) and cosine terms (Ave(c2)) in the Fourier function
changes in the interval of (-0.050, -0.028) and (-0.041, 0.014), respectively.

As for the quarterly data, the results from the third panel of Table 8 again indicate that
the estimated frequency component in the Fourier function (l%) is one and that Pesaran’s
(2004) C'D test reveals significant cross-sectional dependence regardless of the panel being
P60 or P39. The BCIPS* statistic rejects the unit-root hypothesis at conventional levels for
all lags regardless of the panel being P60 or P39. The C'I PS* statistic rejects the hypothesis
for two out of four lags for the panel of P60, but fails to reject the hypothesis for all lags for the
panel of P39.19 It is interesting to find that the BOCIPS* statistic reveals stronger evidence
of rejecting the unit-root hypothesis than the C PIS* statistic. A reason for the above finding
should be that the amplitudes of smooth breaks measured by the sine and cosine terms in the
Fourier function are significant. This paper, therefore, examines if the estimated coefficients
of the sine and cosine terms are jointly insignificant. The null hypothesis is a;1 = a;2 = 0
for all ¢ € N. This paper constructs the average of the F statistic across individuals and
refers it to the AF statistic. We then construct the finite sample distribution of AF by a
block bootstrap (Kunsch, 1989).11 The block size is set in accordance with the lag order in
the BCADF regression equation.

Testing the hypothesis of ;1 = ;2 = 0 with a F test is appropriate only when the
unit-root hypothesis is rejected. We therefore examine the above hypothesis for those lag
orders that the BCIPS™* statistic rejects the unit-root hypothesis. The null hypothesis of

a;1 = o2 = 0 for all 7 is rejected at conventional levels for both panels regardless of the

10We also select a model across k and p that has the minimum SSR and results reveal that the BCIPS*
test rejects the unit-root hypothesis but the CIPS™ test fails to reject the hypothesis regardless of the panel
being P60 or P39 and of the data frequency being monthly or quarterly.

L After generating a bootstrap sample based on the block bootstrap, we estimate the individual BCADF
equation and then construct the Fi(b) statistic for the hypothesis of ;1 = ;2 = 0. The AF®) statistic is
then obtained by averaging Fi(b)7 ie., AF® = % Zivzl Fi(b). By repeating the above procedure for b = 1,000
times, this paper constructs the finite sample distribution of the AF statistic.
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data frequency being monthly or quarterly. The results from Table 8 are interesting since
they point out that the estimated amplitudes of smooth breaks are significant and neglect-
ing these breaks results in the failure to reject the unit-root hypothesis. In sum, by taking
into account smooth breaks, our proposed test strongly rejects the unit-root hypothesis but
Pesaran’s panel unit-root test reveals only weak evidence to reject the hypothesis. These
results indicate that controlling smooth breaks in the mean is crucial to examine the validity

of long-run PPP over the post-Bretton Woods period.

6 Conclusion

This paper develops a panel unit-root test that accommodates cross-sectional dependence
among variables and smooth structural changes in deterministic components. Applying the
sequential limit approach, this paper first shows that the asymptotic distribution of the indi-
vidual BCADF statistic is free of nuisance parameters when both 7" and N approach infinity.
The proposed panel unit-root test, BCIPS*, is therefore the breaks and cross dependence
augmented version of the IPS test. The limiting distribution of the BCIPS statistic is
shown to exist and its critical values are tabulated. Finite-sample properties of the BCIPS
are then investigated by Monte-Carlo simulations. With serially uncorrelated errors, simula-
tion results indicate that the size of the BC'IPS* test is generally reasonable regardless of
N, and k when T > 30. With serially correlated errors, the size and power of the BC'IPS*
statistic are generally reasonable regardless of N, k and the residual serial correlation being
positive or negative as long as 7' > 50. Finally, our proposed test and Pesaran’s (2007) panel
unit-root test are applied to test the validity of long-run PPP. The empirical results point

out that controlling smooth breaks in the mean is crucial to the validity of long-run PPP.
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Appendix
The following two Lemmas collect the large sample behavior of the scaled product involving

Fourier terms that are used to prove Theorems 2 and 3 and the Corollary below.

Lemma 1:

(L1): TSL | Asin®(2rkt/T) - (2k)? [} cos?(2mkr)dr,
(L2): TSL | Acos®(2mkt/T) = (27k)2 [} sin®(2mkr)dr,
(L3): S, Asin(2rkt/T)A cos(2rkt/T) = 0,

(L4): L Asin(2rkt)T) = 3. | Acos(2nkt/T) = 0,
(L5): Asin(2rkt/T) = 27k /T cos(2nkt/T),

(L6): Acos(2rkt/T) = —2mk/T sin(2rkt/T),

(L7): 1/TS°E | sin(2nkt/T) cos(2nk(t — 1)/T) — 0

Lemma 2: Let z; be a serially correlated as well as heterogeneously distributed innovation
satisfying the following Functional Central Limit Theorem:'? Wy (r) = T-1/2 Zt | zt)o =
W (r), for r € [0,1], where W (r) is a standard Brownian Motion and 02 = limp_,o, 71
E (Zle zt>2. Then
(L8): VT L, zAsin(2rkt/T) - (21k)o[W (1) + 27k [} sin(2rkr)W (r)d(r)],
(L9): VT [, 2A cos(2rmkt /T) — SN (27k)? fo cos(2mkr)W (r)d(r)],
(L10): % S Yl 2 Asin(2rkt/T)
(2nk)o (fo s)ds + 2mk fo sin(2mkr) [ [y W (s)ds] d(r ))
(L11): ﬁ S S zeAcos(2nkt/T) — Ly (2rk)? (fo cos(2mkr) [ [y W (s)ds] d(r)).

Proof of Lemma 1: These results (L1)- (L6) are obtained from Enders and Lee (2009, p.43)
and (L7) is obtained from Rodrigues and Taylor (2009, p. 24).

Proof of Lemma 2: (L8) and (LI) are given in Enders and Lee (2009, p.43). To prove (L8), we
use the results in Bierens (1994, Lemma 9.6.3): > F(¢t/T)z; = F(1)S7(1) —fol f(r)Sr(r)d(r),
where Sp(r) = ,[irl] z; and f(r) = F'(r). Letting F(t/T) = cos(2rkt/T), x; = 3 .._; zs and
noting that 7-3/2 21[521] xy — o [y W(s)ds (see Hamilton, p.486), it is straightforward to ob-
tain (L10). Similarly, the results in L(11) can be derived by setting F'(t/T) = sin(2nkt/T).

PBroof of Theorem 1:

123ee for example, White (1999), Theorem 7.18.
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Under the hypothesis of 8; = 0, the matrix format of (3) is

Ay; = ;1 Y1+ 02X +vf + e, (33)

Yi—1 = YioT +a4187) -1+ Qi287, 1+ ViSf—1+Si—1. (34)
Taking the cross-sectional average of (33) and (34), we obtain

Ay = oY1 +axYy+7f 45, (35)

Y_1 = YoT +aasr, -1+ Q28,1 +7Sf-1+8-1. (36)
Substituting (35) and (36) into (33) and (34), respectively, we have

Ay, = GAY+Gai Y1+ G2+, (37)

Vi1 = (0 — 6Y)T + Cinsvy,—1 + G 2sry,—1 + 6Y_1 +Si—1 — 6;5-1, (38)

— J— J— — 2 —
where &; = vi/7, Gi1 = i1 — 61, G2 = a2 — 0, § = € — 0;g ~ (0,w;Ir), 51 =
N ~ _ n—1N — —1 N — _ A=l ON = _ A =1V
Yo Si-1, ¥ =N v, e =N Y i, ae = N3l i, €= N Y e,

) 62 _ . . _ _ .
and w? = o? (1 - 2;5;) + %02 =02+ O (%), in which 32 = N IZZ‘]L 0?2 < co. Besides,

MzAYi = wiMz'Ui, MzYi,—l = wiMz8i7_1 and13 MWAyi = wiMi,zUi in WhiCh v; = €Z/wz ~

(0,Ir), si,—1 = (si,—1 — 6;S_1)/w;, and s; _1 is a random walk associated with v. Using (7),

we derive
ti(N,T) = L : »
z( ) viM; cv; 1/2 3;,71Mzsiv*1 1/2 ( )
( T—6 ) (#>

We first consider the numerator of ¢;(NN,T) and note that

U;Mzsi,*l _ U;si,fl _ (’UIZD)(DZ,ZD)_l <
7

T T

DZ’Siﬁl
T Y

where D = diag[T~/2, T-Y/2, TYV2 TY2 T-1. Also

BHere we have used the identity M.sy,,—1 = M.Y2 = 0 and M.sy, -1 = M.Y; = 0. From (L5
and (L6) in Lemma 1 and from the definition of sv,; = 22:1 Asin(2rkj/T) = sin(2wkt/T) and sy, =
23:1 Acos(2mkj/T) = cos(2wkt/T), the results are obvious.
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DZIUZ‘ =

DZ'ZD =

Based on (35), (36),

Ay v, Ay'si 1
\/T T3/2
T'u; T'si-1
T T3/2
VT DZ/Si 1 /.
/T T/ 5 _ TISZ’_l
( lvl) ’ T - T1/2 ’
/ / Yhs; 1
T( 2'Uz) T1/2
ylez yllsi,fl
T J L 7
AY'Ay Ayt AVY, AY'Yy AV ]
T T TO TO T3/2
T/Ay 1 T’Tl T/TQ T/y71
T 70 T0 T3/2
YAy YT ' ' Ty,
qlﬂo Tlo T(TlTl) T(T1T2) 711/2
YTLAY LT / / 1oy 4
%0 T20 T(T2T1) T<T2T2) 7%1/2
yLlAy 7,17' ?L1T1 ?Lsz ?',1?_1
T3/2 T3/2 T1/2 T1/2 T2

(41)

v; = (€; — 0;€)/w; , 8i,—1 = (Si,—1 — 0;5_1)/w; and the results in Pesaran

(2007, section A.2), we simplify the elements in the numerator of ¢;(/N,T") with the following

expression:

/
U;Si—1

3

—
y_1v;

Tllsi7_1
VT

Ay,8i7_1

T3/2

(€58i1 —

515;§71 — 51'?/5@'771 + 5?§/§71)

Tw?

VT (Yhei — 6:(Y1E)) VT(Y!

21):

2

Wi
T'e; — 0;(T'E)

wi\/T ’

)

\/T (TIQEZ

— 6:(Y%e))

Wi

. <'r,161 —
(0%
' wivT

+5 (f’Ei — 5Z(f/§)

wi\/T

_ (Te; = bi(7'E
7o <()

wiT

51(T,15>) ta <T,251 —
ws

) N (s’si —0;(€'e
wi\/T

)

))7

) +a1 (S/“fl,—lsi ;'(;i(sfrl,—ls)>
1

_ S/TZ —18i — 51'(5/1‘2 _1E) _ S} —18i — 5i(slf _1E)
+ai2 ( o +7v i

)

T
§/_1€z’ — 5i(§/_1§)
w; T ’
T&si7_1 — 5@(T/1§ 1) TIQSZ' -1 Tésirl — 5i(T/2§_1)
wi\/T ’ T wZ\/T ’
/ /| —
_ 1Si -1 — Tls 1 TQSZ -1 — 5‘(T23_1)
ai ( wlT?’/? ) + Qg ( w0 T2
_ flsl 1—(5 fS1 ESl 1—(5 ES 1)
sl w0, T2 w0, T3/ ’
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T/.Sl'ﬁl T/Si,,l — 51(T’§,1)

T3/2 wiT?’/Q ’
Y 18i-1 __ (Tsi = di(r's ) 15 S, 18i-1 — 8i(Sy, 15-1)
T2 Yo wiT? ! wiT?
+a S{rz,flsia_l - 6i(S{I‘2,71§_1)
2 wiTQ
4= s/f,flsi,fl - 52’(5},715*1) n § ;-1 — 6;(8_15-1)
" LdiTQ (,‘.)iT2 ’
YAy
Y = @YY+ @YY + 7Y+ TiE
Ty, _ T2 (X T + a Xs + @ Ys +7Yhss 1 4+ Yh5_1)
T2 Yol T a1 lysSy,,—1 T a2 lySyy 1 =Y 11Sf1 18-1);
Y,Ay
25— @HY + T + LY+ The,
Ty 1/ _ _ _ B
731/21 = T V2(GYhT + @i Yhsy, 1 + @ Yhsr, 1 +7Xhss 1 + Yhs_1),
Ay Ay
yT Yo o 7Y@, + @YY + TR + FE 4 2 Ty + 27 L E
+2a1 Y€ + 2007 Y5E + 202 Yhe + 27f'E),
A*/
;T = T @Y\t +@Yhr +5f'7 +&71),
Y1 T-3/2(7 1! — — — I=
Tz = (oT'T +o1T'sy, 1 + QaT'svy 1 +AT'Sf 1+ T'5_1),
AY'y _ o . _
% = T32[(@g )T + @ Ysy, 1 + @@ sy, 1+
aﬁT’lsf,_l + 51T/1§_1) + (EQ%T/QT + alaQT/ZSTh,l
+a sy, 1+ @y Yhsy 1 + @55 1) + (Yol T + @ yfsr, 1
o yf'sy, 1 + 7 f'sy 1 +7E'sy, 1) + (YoE'T + WE'sv, 1
+@E'sy,, 1 + 7€ 5,1 +E5 1)),
-
Y_1¥- 9, _ _ _
T gt alsh, st s, s+ 7S 180

+8_185_1 + 2ygaiT'sy, 1 + 2YgQaT sv,,—1 + 2YgYT S s, 1
+2y,7's_1 + 2515251‘&,713”&,—1 + 20087, 1871

+2aysy,,- 151 + 20278, _18f,-1 + 20028y, 151 + 278} 15 1).

As in Pesaran (2007), since all stochastic terms involving averaging over i go to zero as N
goes to infinity, we therefore obtain

DZ/.SZ'7_1

T s Drhip, DZ'ZD 25 TpW T, (42)

DZ'v; -5 Trqur,
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where I'r, q;7, hyr and W¢p are defined in (11), (12) and (14).

Similarly, the first element in the denominator of the ¢-statistic in (39) can be expressed

as
UgMi,zvi o ’U;’Ui B (U;GlE) (EG;GlE)_l(EG;UZ)
T—-6 - T-6 T-6
I ! / =. /=1 )
N, EE (dir©7)(OrEirO7) (@szT)7 (43)
(T —6) T—-6

where E = diag[T—Y/2, T2, 72 TY2 7= (w;T)"Y, dir, Ei7 and O are defined in
(12)-(14). Substituting (42) and (43) into (39), we obtain

75 St — (D7) (T ¥ g 1) ~H(Trhyr)

N
ti(N,T) — Tx T

Obviously, the asymptotic distribution of ¢;(N,T) is not free of nuisance parameters as

N — o0 since ®7 and I'r are not diagonal matrices.

Proof of Theorem 2:

Given the results from Theorem 1, we now allow T to go to infinity. Using Lemmas 1 and 2 as
well as the results in Hamilton (1994, p.486) and Pesaran (2007, Section A.2.2), the following
results can be straightforwardly derived. The convergence results for the numerator of the

t-statistic are:

1 1
TY Y, z, (27Tk)2/ cos?(2nkr)dr, TYXH Y, z (27rk)2/ sin?(2nkr)dr,
0 0
T / i 1
VI(Yie) 7, (2rk)[W (1) + 2k / sin(2rkr)W (r)d(r)],
ag; 0
T / i 1
M z, (27k)? - [/ cos(QWkT)W(r)d(r)]
o 0
Y's;
12l T (onk) (/W ds+27rk/ sin(27kr) [/W ] )
Ui\/T 0
T/ i 1
b i SN (2mk)? </ cos(2mkr) [/ W (s ds} >
O'i\/T 0
T’lsf_l T
’ —  (27k) Wf ds—|—27rk: sin(27kr) Wf d(r) ),
T1/2 0
T/ _ 1
2871 T, (27k)? cos(2mkr) Wf(s)ds (r)
T1/2 0 0
TY|Y; -5 0, Y)f 50, Yof -0, Y)r -0, Yhr -0,
_ f'e; e, T
7t Lo, —= Down), = Lowy(,
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S/7€i 1 flf Z* €;
%L Wi (r dW()T—>, = /W )AWi(r
i 0

f'si.1 T T'si_1 T fo,—1 T
5 T2 — 0, T2 —>/ Wi (r)dr, T3 — 0,
T/Sffl T ! /f 154,—1
: — W dr, We(
S [ R [
s, isf_ 1
2L 2f, ! x, W]%(r)dr
T 0

where Wj(r) and W(r) are independently distributed Brownian motions defined on [0, 1].

Using the above results, it would be obvious that
T * ok T *. % T * 4Ty % T/ *
I‘qu'T — T qif? FThiT — T hif? I‘T‘I’fTFr{r — T lIlfF, R

where I'* = diag[y*, 1, 1, 1, v*] and

Wyi(1)
Wi(1)
q; = (2mk)o[W (1) + 2nk [ sin(2xkr)W (r)d(r)] | = .
q;
(2mk)? - o[} cos(2mkr)W (r)d(r)] d
_ Jo Wy (r)dWwi(r)
0
Ly
Jo W .
o= (2mk) (fo s)ds + 2wk fo sin(2rkr) [ [y W (s)ds] d(r)) = ,
h;
(27k)? (fo cos(27kr) [ [y W (s)ds] d(r)) d
fo W (r)W;(r)dr
1 o Ay, B
wo= | T ey = is as defined in (18).
| Oaxr Wy B"  Day»
Therefore, the numerator of the t-statistic is distributed as
! 1
/0 Wi(r)dWi(r) — %5 b _/ Wi(r)dWi(r) — ol © 7 hy. (44)

Similarly, the convergence results for the denominator of the t-statistic are:

S, 18— d,.0.)(OrE,,0,) " (Ord;
21T21 /Wz ( 1O7)( TTT_GT) (©r T)LQ
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/

T —
2T —6) 1, (B, T%) (Dr® prT%) " (Drhr) - W% hyy. (45)

The joint convergence results in (44) and (45) together with the application of the continuous

mapping theorem are sufficient to establish the stated result in Theorem 2.

Proof of Covollary:
Given Pesaran’s (2007) CADF regression: Ay = ¢+ ¢ 3Y;—1 + CiaAY; + biyit—1 + €, the
t-statistic of b; used to test the unit root hypothesis can be expressed as

AYQMpYi,—l
Gi(yi _1Mpyi 1)1/’

tPB(N,T) = (46)

where 62 = 24MiplYi N[ — [~ P(P'P)"'P', M, = Iy —F,(F/F,)'F,, F; = (P,y; 1),
= (Ay,T,y_;). Assuming that y;; is generated based on (3) under the null hypothesis in

(4), we then substitute (37) and (38) into (46) to obtain

viMps; _1 R
P,B I 0T
PPN, T) = , 47
i (T (U;Mi,pvi)l/Q (52,_1Mpsi,_1)1/2 @ hir (47)
T—4 T2
where
(T’*M 8i—1 + UMpsys | +w; o Y P )

Nip =

3,1 wiT 5

B 1/2
O M0\ /2 (s;,_lMpsTil + 87 Mpsi 1 +w; ls’r*_lMpsTiJ

hir = T wi T2

_|_

(VM X + XMoo 0 M, Y\ 2 /sl Mysi 1\ 2
w;T T2

* OJZ'T

* I% —1Anrx * 1/2
( VM, 0F + XM, i + w; MY M, Y )) y
( 1/2

/ / . -1
8;—1Mpsy- | + 87 Mpsi 1 +w; ST*_IMpsTil)

wiTQ ’

T = QJTl + CZ'72T2 and Sy, = Ci’lsyl’_l + Q’QST2’_1. Here Nz’,T is the bias of slope
estimation and h; 7 is the bias of standard error estimation resulting from omitting breaks in
Pesaran’s CADF regression. The notation ”@®” is adapted from the Farey sequence denoting

a/b®c/d= (a+c)/(b+d).
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Following the same procedure in proving Theorem 1, it is easy to derive the limiting

distribution of the first term on the right-hand side of (47) to be

A ) elsi 1 , /P P /P\—1 /1P
D pract N S — (4T ) (T ¥ D7)~ (Trhir)
—
(U;Mi,pvi>1/2 <3;,—1Mp3i,—1)1/2 le X JQP ’
T-4 T2

where JI', JI and '} are defined in (19)-(21) and q;r, W7, h;r are defined in (12) and
(14).

We next consider the limiting behavior of the bias terms N; 7 as N — 0o. Using Lemmas
1 and 2 as well as the results of proving Theorem 1 in Pesaran (2007) and this paper, the

first element of X; 7 is O,(T~'/2). This is because it can be factored by the scaling matrix

H = diag[T~V?, T2, T71] as follows:

T/*Mp8i7_1 N T/*Si7_1 T/*PH HP/Si7_1
wiT wiT ’

» > (HP'PH) ! ( T

the order of the magnitude of each term on the right-hand side of the above equation is

Y'*s; 1 = Op(T—l/Q)7 T’:JI;H _ [A?’T* T/'X* yL1T*:| = [OP(T—I) Op(T—l/Q) Op(T_l/z)],

wil wiVT wiVT — wiT
LP;“I and HP'PH are Op(1). Hence, % is O,(T~1/?). Likewise, it is easy to

show that the second and third elements of ®; 7 are O,(T~'/2) and O,(T~'), respectively.
Therefore, ®; 7 is O, (T~'/2). Similarly, we can show that i; 7 is O,(T~'/*) and then conclude,

using (47), that

sfé? — (D7) (CL® )~ (T hir) O(T-1/2)

P,B N
t.7 (N, T) — + .
i () JE x JE +O(T-1/4) JP < JP +0(T-14)

If next to IV, T also tends to infinity then, using the convergence results in proving Theorem

2, we have

1 / —1
tP,B(N ) (Nﬂfeq fo Wi(r)dWi(r) — qf} (‘I’JI”D) hf}
¢ ’ / -1 1/2°
(fol W¢2(T)d(7“) - hf’} (‘I’JI”)) hf})

This completes the proof of this corollary.
Proof of Theorem 3:

Following the procedures of proving Theorems 1, 2 and the Theorem 5.1 in Pesaran (2007), it

is simple to prove Theorem 3. The detailed proof is available from the authors upon request.

30



References

Alba, J. D., Papell, D. H., 2007. Purchasing power parity and country characteristics:

Evidence from panel data tests, Journal of Development Economics 83: 240-251.

Bai, J. and Carrion-I-Silvestre, J.L., 2009. Structural changes, common stochastic trends,

and unit roots in panel data, Review of Economic Studies 76: 471-501.

Bai, J. and Ng, S., 2004. A PANIC attack on unit roots and cointegration, Econometrica
72: 1127-1177.

Becker, R., Enders, W. and Lee, J., 2006. A stationarity test in the presence of an unknown
number of smooth breaks. Journal of Time Series Analysis 27: 381-409.

Becker, R., Enders, W. and Hurn, S., 2004. A general test for time dependence in parame-
ters, Journal of Applied Econometrics 19: 899-906.

Bergin, P., Glick, R., Taylor, A., 2006. Productivity, tradability, and the long-run price
puzzle. Journal of Monetary Economics 53: 2041-2066.

Bierens, H., 1997. Testing for a unit root with drift hypothesis against nonlinear trend
stationarity, with an application to the US price level and interest rate. Journal of
FEconometrics 81: 29-64.

Breitung, J. and Das, S., 2004, ”Panel unit root tests under cross sectional dependence”,

manuscript, Institute of Econometrics, University of Bonn

Carron-i-Silvestre, J.L., Barrio-Castro, T.D. and Lépez-Bazo, E., 2005. Breaking the panels:
An application to the GDP per capita, Fconometrics Journal 8: 159-175.

Carron-i-Silvestre, J.L., Barrio-Castro, T.D. and Lépez-Bazo, E., 2001. Level shift in a
panel data based unit root test-an application to the rate of unemployment, working

paper, University of Barcelona.

Chang, Y., 2002. Nonlinear IV unit root tests in panels with cross-sectional Dependence,
Journal of Econometrics 110: 261-292.

Choi, I., 2002. Combination unit root tests for cross-Sectionally correlated Panels, Mimeo,

Hong Kong University of Science and Technology.

Choi, I. and Chue, T., 2007. Subsampling hypothesis tests for nonstationary panels with
applications to exchange rates and stock Prices, Journal of Applied Econometrics 22:
233-264.

Davies, R. B., 1987. Hypothesis testing when a nuisance parameter is only identified under
the Alternative, Biometrika 47: 33-43.

31



Enders, W. and Lee, J. (2009). The flexible fourier form and testing for unit roots: an

example of the term structure of interest rates, working paper, University of Albama.

Enders, W. and Lee, J. (2011). A unit root test using a Fourier series to approximate smooth

breaks, Oxford Bulletin of Economics and Statistics, Forthcoming.

Engel, C. and Hamilton, J.D. 1990. Long swings in the Dollar: are they in the Data and do

markets know It?, American Economic Review 80: 689-713.

Gallant, R.; 1981. On the basis in flexible functional form and an essentially unbiased form:
the flexible Fourier form, Journal of Econometrics 15: 211-245.

Hamilton, J.D., 1994. Time Series Analysis, Princeton University Press.

Im, K., Lee, J. and Tieslau, M., 2010. Stationarity of inflation: evidence from panel unit

root tests with trend shifts, working paper.

Im, K., Lee, S. and Tieslau, M., 2005. Panel LM unit root test with level shift. Ozford
Bulletin of Economics and Statistics, 67: 393-419.

Im, K., Pesaran, H., and Shin, Y., 2003. Testing for unit roots in heterogeneous panels,”
Journal of Econometrics 115: 53-T4.

Levin, A., Lin, F. and Chu, C., 2002. Unit root tests in panel data: asymptotic and finite-

sample properties, Journal of Econometrics 108: 1-24.

Leybourne, S., Mills, T. and Newbold, P., 1998. Spurious rejections by Dickey-Fuller test

in the presence of a break under the null, Journal of Econometrics 87: 191-203.

Kunsch, H. R., 1989, The Jackknife and the bootstrap for general stationary observations,
The Annals of Statistics 17: 1217-1241.

Maddala, G.S. and Wu, S., 1999. A comparative study of unit root tests with panel data
and a new simple test, Ozford Bulletin of Economics and Statistics 61: 631-652.

Molodtsova, T., and Papell, D.H., 2009. Out-of-sample exchange rate predictability with

Taylor rule fundamentals, Journal of International Economics 77: 167-180.

Moon, H.R. and Perron, B., 2004. Testing for a unit root in panels with dynamic factors,
Journal of Econometrics 122: 81-126.

O’Connell, PG.J., 1998. ”The overvaluation of purchasing power parity”, Journal of Inter-

national Economics 44: 1-19.

Papell, D., 2002. The great appreciation, the great depreciation, and the purchasing power
parity hypothesis,” Journal of International Economics 57, 51-82

32



Paya, I; Venetis, I. A. and Peel, D. A., 2003. Further evidence on PPP adjustment speed:
The case of effective real exchange rates and the EMS”, Ozford Bulletin of Economics
and Statistics 65: 421-436.

Pesaran, M.H., 2004. General diagnostic tests for cross section dependence in panels. Cam-
bridge Working papers in Economics No. 435, University of Cambridge, and CESi-
foWorking Paper Series No. 1229.

Pesaran, M.H., 2007. A simple panel unit root test in the presence of cross-section depen-
dence,” Journal of Applied Econometrics 22: 265-312.

Pesaran M.H., Smith, L. V. and Yamagata, T., 2009. ” A panel unit root test in the presence

of a multifactor error structure,” Working paper, University of Cambridge.

Phillips, P.C.B. and Sul, D. 2003. Dynamic panel estimation and homogeneity testing under

cross section dependence, Fconometrics Journal 6: 217-259.

Rodrigues, P.and Taylor, R. 2009. The flexible fourier form and local GLS de-trended unit
root tests. Working Papers, w200919, Banco de Portugal, Economics and Research

Department.

Sargan, J.D. and Bhargava, A., 1983. Testing for residuals from least squares regression

being generated by the Gaussian random walks. Fconometrica 51: 157-174.

Smith, L.V., Leybourne, S., Kim, T-H and Newbold, P. 2004. More powerful panel data
unit root tests with an application to mean reversion in real exchange rates, Journal of
Applied Econometrics 19: 147-170.

Sollis, R., 2005. Evidence on purchasing power parity from univariate models: the case of

smooth transition trend-stationarity,” Journal of Applied Econometrics 20: 79-98.

Wu, J.L. and Y.H. Hu. 2009. ”"New evidence on nominal exchange rate predictability,”
Journal of International Money and Finance 28: 1045-1063

33



Table 1. Simulated M; and M,

k=1 k=2 k=3 k= k=
M, M, M, M, M, M, M M, M M,
(o4} 7.728 4.563 6.831 4.551 6.444 4.332 6.307 4.259 6.208 4.222
C2 7.163 1.999 7.060 2.942 6.667 2.831 6.450 2.716 6.352 2.700
Cc3 6.925 0.473 7.441 1.864 7.084 1.937 6.819 1.860 6.679 1.823

Notes: Three different cases are considered and they are the model without an intercept and trend (C1),
with an intercept (C2) and with an intercept and trend (C3), respectively. Besides, the deterministic

component in all cases includes a Fourier function to capture smoothing breaks. M; and M, for
different cases are simulated based on N=300 and T=500 with 50,000 replications. The individual series
were generated as V=V, + fi+ & for i=1,..N and t=1, ...,T with VYjo, fi and & as

i.i.d.N(0,1).
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Table 2(a). Critical values of average of individual breaks and cross-sectional dependence augmented Dickey-Fuller distribution
(Case I: no intercept and no trend)

k=1 k=2 k=3 k=4 k=5

/N 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200
1%

30 -2.83 -2.64 -2.59 -2.52 -2.48 -2.45 -2.19 -1.99 -1.92 -1.84 -1.78 -1.75 -2.00 -1.82 -1.74 -1.67 -1.63 -1.60 -1.93 -1.76 -1.67 -1.62 -1.56 -1.53 -1.89 -1.71 -1.65 -1.59 -1.54 -1.51

(-1.75)

50 -2.81 -2.63 -2.59 -2.52 -2.48 -2.45 -2.21 -2.02 -1.94 -1.88 -1.83 -1.79 -2.04 -1.86 -1.79 -1.73 -1.67 -1.65 -1.98 -1.80 -1.73 -1.67 -1.61 -1.59 -1.94 -1.76 -1.70 -1.64 -1.60 -1.57

70 -2.80 -2.65 -2.58 -2.53 -2.48 -2.46 -2.21 -2.03 -1.96 -1.90 -1.84 -1.81 -2.06 -1.88 -1.81 -1.75 -1.70 -1.67 -1.98 -1.82 -1.75 -1.70 -1.64 -1.62 -1.95 -1.79 -1.73 -1.66 -1.62 -1.59

100 -2.81 -2.64 -2.58 -2.53 -2.49 -2.46 -2.23 -2.04 -1.98 -1.91 -1.85 -1.82 -2.06 -1.89 -1.82 -1.76 -1.71 -1.68 -2.00 -1.82 -1.77 -1.71 -1.66 -1.63 -1.96 -1.81 -1.74 -1.68 -1.63 -1.61

200 -2.80 -2.64 -2.59 -2.52 -2.49 -2.46 -2.24 -2.06 -2.00 -1.92 -1.87 -1.84 -2.09 -1.91 -1.84 -1.78 -1.73 -1.70 -2.01 -1.85 -1.79 -1.73 -1.68 -1.65 -1.99 -1.82 -1.76 -1.71 -1.66 -1.63

400 -2.79 -2.64 -2.57 -2.53 -2.49 -2.47 -2.24 -2.07 -2.00 -1.93 -1.88 -1.85 -2.09 -1.91 -1.85 -1.79 -1.74 -1.71 -2.03 -1.86 -1.79 -1.73 -1.69 -1.66 -1.98 -1.82 -1.77 -1.71 -1.67 -1.64
5%

30 -2.55 -2.43 -2.39 -2.36 -2.33 -2.32 -1.90 -1.77 -1.72 -1.69 -1.65 -1.64 -1.72 -1.61 -1.56 -1.53 -1.50 -1.49 -1.66 -1.56 -1.51 -1.47 -1.44 -1.43 -1.63 -1.52 -1.48 -1.45 -1.42 -1.41

50 -2.54 -2.43 -2.40 -2.37 -2.35 -2.33 -1.93 -1.80 -1.76 -1.72 -1.70 -1.68 -1.77 -1.66 -1.62 -1.58 -1.56 -1.54 -1.72 -1.60 -1.57 -1.53 -1.50 -1.49 -1.69 -1.57 -1.53 -1.50 -1.48 -1.47

70 -2.54 -2.44 -2.40 -2.37 -2.35 -2.34 -1.93 -1.83 -1.78 -1.75 -1.71 -1.70 -1.79 -1.68 -1.64 -1.60 -1.58 -1.56 -1.72 -1.63 -1.58 -1.55 -1.53 -1.52 -1.70 -1.60 -1.56 -1.53 -1.50 -1.49

100 -2.54 -2.44 -2.40 -2.37 -2.35 -2.34 -1.95 -1.83 -1.80 -1.76 -1.73 -1.72 -1.80 -1.69 -1.65 -1.62 -1.59 -1.58 -1.74 -1.64 -1.60 -1.57 -1.54 -1.53 -1.72 -1.62 -1.58 -1.55 -1.52 -1.51

200 -2.54 -2.44 -2.40 -2.38 -2.36 -2.35 -1.96 -1.85 -1.81 -1.77 -1.74 -1.74 -1.82 -1.72 -1.67 -1.63 -1.61 -1.60 -1.76 -1.66 -1.62 -1.59 -1.56 -1.55 -1.74 -1.63 -1.60 -1.57 -1.54 -1.53

400 -2.54 -2.45 -2.40 -2.38 -2.36 -2.35 -1.97 -1.85 -1.82 -1.78 -1.75 -1.74 -1.83 -1.72 -1.68 -1.64 -1.62 -1.61 -1.77 -1.67 -1.63 -1.60 -1.58 -1.56 -1.75 -1.64 -1.61 -1.57 -1.55 -1.54
10%

30 -2.38 -2.30 -2.27 -2.25 -2.24 -2.23 -1.73 -1.64 -1.61 -1.59 -1.57 -1.56 -1.57 -1.49 -1.46 -1.44 -1.42 -1.41 -1.51 -1.44 -1.40 -1.38 -1.37 -1.36 -1.49 -1.41 -1.37 -1.36 -1.34 -1.33

50 -2.38 -2.30 -2.28 -2.26 -2.25 -2.25 -1.77 -1.68 -1.65 -1.63 -1.61 -1.61 -1.62 -1.54 -1.51 -1.49 -1.47 -1.47 -1.57 -1.49 -1.46 -1.44 -1.42 -1.42 -1.55 -1.46 -1.43 -1.41 -1.40 -1.40

70 -2.38 -2.31 -2.28 -2.27 -2.25 -2.25 -1.78 -1.70 -1.67 -1.65 -1.63 -1.62 -1.64 -1.56 -1.53 -1.51 -1.50 -1.49 -1.58 -1.51 -1.48 -1.46 -1.45 -1.44 -1.55 -1.49 -1.46 -1.44 -1.42 -1.42

100 -2.38 -2.31 -2.28 -2.27 -2.26 -2.25 -1.80 -1.71 -1.68 -1.66 -1.65 -1.64 -1.65 -1.58 -1.55 -1.53 -1.51 -1.51 -1.60 -1.52 -1.50 -1.48 -1.47 -1.46 -1.58 -1.50 -1.48 -1.46 -1.44 -1.43

200 -2.38 -2.31 -2.29 -2.27 -2.26 -2.25 -1.81 -1.73 -1.70 -1.68 -1.66 -1.66 -1.67 -1.60 -1.57 -1.54 -1.53 -1.53 -1.62 -1.54 -1.52 -1.50 -1.48 -1.48 -1.60 -1.52 -1.50 -1.48 -1.46 -1.45

400 -2.38 -2.32 -2.29 -2.27 -2.26 -2.26 -1.81 -1.73 -1.71 -1.68 -1.67 -1.66 -1.68 -1.60 -1.58 -1.55 -1.55 -1.53 -1.63 -1.56 -1.53 -1.51 -1.50 -1.49 -1.61 -1.53 -1.51 -1.49 -1.47 -1.47

Notes: Numbers in the table are critical values of the BCIPS and BCIPS* statistics. The critical values of the BCIPS* statistic are reported in parentheses when they are
different from those of the BCIPS statistic. Critical values are simulated with 50,000 replications based on the OLS regression of Ay;, on Asin(2zkt/T), Acos(2zkt/T),

Viie1, Yiq and Ay, , over the sample t=1, ..., T, where Yy, = ZLM“__.,_HHS.H . The individual series were generated as y;, = Vi, + f; +¢&; fori=1,..., Nand t=1,..., T with

Yio, T, and &, asi.i.d.N(0,1). mo_nmxz_duz;MViz_d_s:ma t'(N,T) isthe truncated t-statistic described in (23).
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Table 2(b). Critical values of average of individual breaks and cross-sectional dependence augmented Dickey-Fuller distribution (Case IlI: intercept only)

k=1 k=2 k=3 k =4 k =5

/N 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200
1%

30 -3.45 -3.24 -3.16 -3.10 -3.03 -3.01 -2.98 -2.74 -2.66 -2.59 -2.51 -2.47 -2.69 -2.47 -2.38 -2.31 -2.24 -2.20 -2.56 -2.35 -2.27 -2.20 -2.13 -2.10 -2.50 -2.30 -2.22 -2.15 -2.09 -2.05

(-3.07) (-2.73) (-2.58)

50 -3.41 -3.21 -3.15 -3.08 -3.03 -3.00 -2.95 -2.75 -2.65 -2.58 -2.51 -2.48 -2.71 -2.49 -2.42 -2.35 -2.28 -2.25 -2.60 -2.40 -2.33 -2.26 -2.19 -2.16 -2.54 -2.35 -2.28 -2.22 -2.15 -2.12

70 -3.37 -3.20 -3.13 -3.08 -3.03 -3.00 -2.94 -2.74 -2.66 -2.59 -2.53 -2.49 -2.71 -2.51 -2.43 -2.37 -2.31 -2.27 -2.61 -2.43 -2.35 -2.28 -2.22 -2.19 -2.57 -2.39 -2.31 -2.24 -2.18 -2.15

100 -3.37 -3.19 -3.13 -3.08 -3.03 -3.00 -2.95 -2.74 -2.67 -2.60 -2.53 -2.50 -2.72 -2.52 -2.45 -2.38 -2.32 -2.29 -2.63 -2.43 -2.36 -2.30 -2.24 -2.21 -2.58 -2.39 -2.32 -2.26 -2.20 -2.17

200 -3.35 -3.18 -3.12 -3.07 -3.02 -3.00 -2.94 -2.74 -2.67 -2.60 -2.54 -2.50 -2.72 -2.54 -2.46 -2.40 -2.34 -2.30 -2.64 -2.45 -2.38 -2.31 -2.26 -2.23 -2.59 -2.41 -2.34 -2.28 -2.22 -2.19

400 -3.34 -3.18 -3.11 -3.07 -3.02 -3.00 -2.93 -2.75 -2.67 -2.60 -2.54 -2.51 -2.74 -2.53 -2.47 -2.40 -2.34 -2.31 -2.65 -2.47 -2.38 -2.33 -2.27 -2.24 -2.60 -2.42 -2.36 -2.29 -2.23 -2.20
5%

30 -3.19 -3.05 -2.99 -2.96 -2.92 -2.90 -2.68 -2.53 -2.47 -2.43 -2.38 -2.36 -2.42 -2.27 -2.21 -2.17 -2.12 -2.10 -2.31 -2.17 -2.12 -2.07 -2.03 -2.01 -2.26 -2.12 -2.07 -2.02 -1.99 -1.96

50 -3.16 -3.03 -2.99 -2.95 -2.92 -2.91 -2.68 -2.54 -2.49 -2.44 -2.40 -2.38 -2.45 -2.32 -2.26 -2.22 -2.18 -2.16 -2.37 -2.23 -2.18 -2.13 -2.10 -2.08 -2.32 -2.18 -2.13 -2.09 -2.06 -2.04

70 -3.15 -3.03 -2.99 -2.95 -2.92 -2.91 -2.69 -2.55 -2.50 -2.45 -2.42 -2.39 -2.47 -2.33 -2.28 -2.24 -2.20 -2.18 -2.38 -2.25 -2.20 -2.16 -2.13 -2.11 -2.34 -2.21 -2.16 -2.12 -2.08 -2.07

100 -3.15 -3.02 -2.98 -2.95 -2.92 -2.91 -2.70 -2.55 -2.50 -2.46 -2.42 -2.40 -2.48 -2.35 -2.30 -2.25 -2.21 -2.20 -2.39 -2.27 -2.22 -2.17 -2.14 -2.13 -2.36 -2.23 -2.18 -2.14 -2.10 -2.09

200 -3.14 -3.02 -2.98 -2.95 -2.92 -2.91 -2.69 -2.56 -2.51 -2.46 -2.43 -2.41 -2.50 -2.37 -2.32 -2.27 -2.24 -2.22 -2.42 -2.28 -2.24 -2.20 -2.16 -2.15 -2.38 -2.25 -2.20 -2.16 -2.13 -2.11

400 -3.14 -3.02 -2.98 -2.94 -2.92 -2.91 -2.69 -2.56 -2.51 -2.46 -2.43 -2.41 -2.49 -2.36 -2.32 -2.27 -2.24 -2.23 -2.42 -2.30 -2.25 -2.21 -2.18 -2.16 -2.38 -2.26 -2.21 -2.17 -2.14 -2.12
10%

30 -3.05 -2.95 -2.91 -2.88 -2.85 -2.84 -2.53 -2.41 -2.37 -2.34 -2.31 -2.29 -2.28 -2.17 -2.12 -2.09 -2.06 -2.05 -2.18 -2.07 -2.03 -2.00 -1.97 -1.96 -2.13 -2.03 -1.98 -1.95 -1.93 -1.91

(-2.02)

50 -3.03 -2.93 -2.90 -2.87 -2.85 -2.85 -2.54 -2.43 -2.39 -2.36 -2.33 -2.32 -2.32 -2.21 -2.18 -2.14 -2.12 -2.10 -2.24 -2.13 -2.09 -2.06 -2.04 -2.02 -2.19 -2.09 -2.05 -2.02 -2.00 -1.99

70 -3.03 -2.94 -2.90 -2.88 -2.85 -2.84 -2.55 -2.44 -2.40 -2.37 -2.34 -2.33 -2.34 -2.23 -2.19 -2.16 -2.14 -2.13 -2.26 -2.16 -2.12 -2.09 -2.06 -2.05 -2.22 -2.12 -2.08 -2.05 -2.03 -2.01

100 -3.03 -2.93 -2.90 -2.87 -2.86 -2.84 -2.55 -2.44 -2.40 -2.37 -2.35 -2.34 -2.35 -2.25 -2.21 -2.18 -2.15 -2.14 -2.27 -2.17 -2.14 -2.10 -2.08 -2.07 -2.23 -2.14 -2.10 -2.07 -2.05 -2.04

200 -3.02 -2.93 -2.90 -2.87 -2.86 -2.84 -2.56 -2.45 -2.42 -2.38 -2.36 -2.35 -2.37 -2.27 -2.23 -2.20 -2.17 -2.16 -2.29 -2.19 -2.16 -2.13 -2.10 -2.09 -2.26 -2.16 -2.12 -2.09 -2.07 -2.06

400 -3.02 -2.93 -2.90 -2.87 -2.85 -2.85 -2.56 -2.45 -2.42 -2.39 -2.36 -2.35 -2.37 -2.27 -2.23 -2.20 -2.18 -2.17 -2.30 -2.20 -2.17 -2.14 -2.11 -2.10 -2.27 -2.17 -2.13 -2.10 -2.08 -2.07

Notes: Numbers in the table are critical values of the BCIPS and BCIPS* statistics. The critical values of the BCIPS* are reported in parentheses when they are different from
those of the BCIPS statistic. Critical values are simulated with 50,000 replications based on the OLS regression of Ay, on c, Asin(2zkt/T), Acos2zkt/T), Vi,

Yiy and Ay, ,, over the sample t=1,...,T, where ¥, = Z-HMU__.ALS.” . The individual series were generated as y;; = Vi1 + f; +&; fori=1,...Nand t=1,...,T with vy;,, f;

and &, asi.i.d.N(0,1). mo_nmxz_dnz;MNiz_désma t (N,T) isthe truncated t-statistic described in (23).
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Table 2(c). Critical values of average of individual breaks and cross-sectional dependence augmented Dickey-Fuller distribution (Case I11: intercept and trend)

k=1 k=2 k=3 k =4 k =5
/N 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200
1%
30 -3.96 -3.75 -3.67 -3.58 -3.52 -3.47 -3.69 -3.48 -3.39 -3.31 -3.25 -3.22 -3.33 -3.10 -3.01 -2.93 -2.85 -2.81 -3.14 -2.93 -2.83 -2.75 -2.68 -2.64 -3.05 -2.83 -2.74 -2.66 -2.60 -2.55
(-3.51)

50 -3.90 -3.70 -3.62 -3.54 -3.48 -3.44 -3.62 -3.43 -3.35 -3.29 -3.23 -3.20 -3.33 -3.11 -3.02 -2.95 -2.87 -2.84 -3.17 -2.96 -2.88 -2.80 -2.73 -2.70 -3.08 -2.89 -2.80 -2.73 -2.66 -2.63
70 -3.87 -3.68 -3.60 -3.53 -3.47 -3.43 -3.62 -3.41 -3.33 -3.28 -3.23 -3.19 -3.32 -3.11 -3.03 -2.96 -2.89 -2.85 -3.18 -2.98 -2.90 -2.82 -2.76 -2.72 -3.11 -2.90 -2.83 -2.76 -2.69 -2.65
100 -3.85 -3.67 -3.59 -3.53 -3.46 -3.42 -3.59 -3.40 -3.34 -3.27 -3.22 -3.19 -3.32 -3.12 -3.04 -2.96 -2.90 -2.86 -3.18 -2.99 -2.91 -2.83 -2.77 -2.74 -3.12 -2.92 -2.84 -2.78 -2.72 -2.67
200 -3.84 -3.66 -3.59 -3.52 -3.45 -3.41 -3.57 -3.40 -3.32 -3.27 -3.21 -3.19 -3.32 -3.12 -3.05 -2.97 -2.91 -2.87 -3.20 -3.01 -2.93 -2.85 -2.79 -2.76 -3.13 -2.94 -2.87 -2.79 -2.73 -2.70
400 -3.84 -3.65 -3.58 -3.51 -3.45 -3.41 -3.57 -3.39 -3.32 -3.26 -3.21 -3.18 -3.32 -3.13 -3.04 -2.97 -2.91 -2.88 -3.20 -3.01 -2.93 -2.86 -2.80 -2.76 -3.13 -2.94 -2.87 -2.80 -2.74 -2.71
5%
30 -3.73 -3.58 -3.52 -3.46 -3.42 -3.39 -3.40 -3.26 -3.21 -3.16 -3.12 -3.10 -3.05 -2.90 -2.84 -2.78 -2.73 -2.71 -2.89 -2.73 -2.67 -2.62 -2.57 -2.54 -2.79 -2.65 -2.59 -2.53 -2.49 -2.46
50 -3.69 -3.55 -3.49 -3.44 -3.40 -3.37 -3.37 -3.25 -3.19 -3.15 -3.11 -3.09 -3.08 -2.93 -2.87 -2.82 -2.77 -2.75 -2.94 -2.79 -2.73 -2.68 -2.63 -2.61 -2.86 -2.72 -2.66 -2.61 -2.57 -2.55
70 -3.68 -3.54 -3.49 -3.44 -3.39 -3.36 -3.37 -3.23 -3.18 -3.14 -3.11 -3.09 -3.08 -2.94 -2.88 -2.84 -2.79 -2.77 -2.96 -2.81 -2.76 -2.71 -2.66 -2.64 -2.89 -2.75 -2.69 -2.65 -2.60 -2.58
100 -3.67 -3.53 -3.48 -3.44 -3.39 -3.36 -3.36 -3.23 -3.18 -3.14 -3.10 -3.09 -3.09 -2.95 -2.90 -2.84 -2.80 -2.78 -2.97 -2.83 -2.77 -2.72 -2.68 -2.66 -2.90 -2.77 -2.71 -2.67 -2.62 -2.60
200 -3.66 -3.53 -3.48 -3.43 -3.39 -3.36 -3.35 -3.22 -3.18 -3.14 -3.11 -3.09 -3.10 -2.96 -2.90 -2.86 -2.82 -2.79 -2.98 -2.84 -2.79 -2.74 -2.70 -2.68 -2.92 -2.79 -2.74 -2.68 -2.65 -2.62
400 -3.65 -3.53 -3.48 -3.43 -3.38 -3.36 -3.35 -3.22 -3.18 -3.13 -3.10 -3.08 -3.10 -2.96 -2.91 -2.86 -2.82 -2.80 -2.99 -2.85 -2.80 -2.75 -2.71 -2.69 -2.93 -2.79 -2.75 -2.70 -2.66 -2.63
10%
30 -3.60 -3.49 -3.45 -3.40 -3.36 -3.34 -3.26 -3.14 -3.11 -3.07 -3.05 -3.03 -2.91 -2.79 -2.75 -2.70 -2.67 -2.65 -2.75 -2.63 -2.59 -2.55 -2.51 -2.49 -2.66 -2.55 -2.51 -2.47 -2.43 -2.41
(-3.44) (-3.10)
50 -3.58 -3.47 -3.43 -3.39 -3.35 -3.34 -3.24 -3.14 -3.10 -3.06 -3.04 -3.03 -2.95 -2.83 -2.79 -2.75 -2.71 -2.70 -2.81 -2.70 -2.65 -2.62 -2.58 -2.56 -2.74 -2.63 -2.59 -2.55 -2.52 -2.50
70 -3.57 -3.47 -3.43 -3.39 -3.35 -3.33 -3.24 -3.13 -3.09 -3.06 -3.04 -3.02 -2.96 -2.85 -2.80 -2.77 -2.73 -2.71 -2.84 -2.72 -2.68 -2.65 -2.61 -2.59 -2.77 -2.66 -2.62 -2.58 -2.55 -2.53
100 -3.57 -3.47 -3.42 -3.39 -3.35 -3.33 -3.23 -3.13 -3.10 -3.06 -3.04 -3.03 -2.97 -2.86 -2.82 -2.78 -2.74 -2.73 -2.85 -2.74 -2.70 -2.66 -2.63 -2.61 -2.79 -2.68 -2.64 -2.61 -2.57 -2.55
(-3.56)
200 -3.56 -3.46 -3.42 -3.38 -3.35 -3.33 -3.23 -3.13 -3.09 -3.06 -3.04 -3.03 -2.98 -2.87 -2.83 -2.79 -2.76 -2.74 -2.87 -2.76 -2.72 -2.68 -2.65 -2.63 -2.81 -2.70 -2.67 -2.63 -2.60 -2.58
400 -3.56 -3.46 -3.42 -3.38 -3.35 -3.33 -3.23 -3.13 -3.09 -3.06 -3.04 -3.03 -2.98 -2.88 -2.84 -2.79 -2.77 -2.75 -2.88 -2.77 -2.73 -2.69 -2.66 -2.64 -2.82 -2.72 -2.68 -2.64 -2.61 -2.59

Notes: Numbers in the table are critical values of the BCIPS and BCIPS* statistics. The critical values of the BCIPS* statistic are reported in parentheses when they are
different from those of the BCIPS statistic. Critical values are simulated with 50,000 replications based on the OLS regression of Ay;, on c, t, Asin(2zkt/T),

Acos(2zkt/T), Viq, Vi and Ay, 4, over the sample t=1,...,T, where Yy, = ZLMM_&V\_; . The individual series were generated as y; = Yy + f; +&; for i=1,....N

and t=1,..., Twith y,,, f, and &, asi.i.d.N(0,1). mo__um*ﬁz_dnzLM_zumwAz_._.v_E:ma H_Az,d is the truncated t-statistic described in (23).
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Table 3. Size and power of the panel unit-root test allowing for smoothing breaks: no serial correlation, high cross-sectional dependence, breaks with high
amplitude (Intercept case)

k=1 k=2 k=3
/N 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200

Size
15 0.071 0.078 0.064 0.071 0.068 0.062 0.066 0.091 0.083 0.093 0.082 0.091 0.062 0.068 0.059 0.060 0.069 0.056
30 0.061 0.055 0.059 0.055 0.051 0.057 0.066 0.061 0.070 0.058 0.071 0.062 0.061 0.048 0.064 0.058 0.056 0.059
50 0.048 0.059 0.051 0.053 0.049 0.049 0.058 0.064 0.053 0.060 0.056 0.057 0.049 0.063 0.051 0.052 0.054 0.062
100 0.056 0.066 0.054 0.049 0.054 0.048 0.058 0.059 0.052 0.054 0.060 0.053 0.064 0.059 0.055 0.048 0.056 0.055
200 0.055 0.057 0.049 0.054 0.047 0.052 0.055 0.055 0.043 0.051 0.053 0.052 0.058 0.047 0.048 0.052 0.051 0.052
400 0.047 0.051 0.057 0.057 0.050 0.054 0.055 0.050 0.051 0.053 0.052 0.047 0.047 0.054 0.053 0.049 0.051 0.044

Power
15 0.094 0.108 0.110 0.115 0.130 0.116 0.098 0.112 0.109 0.117 0.133 0.123 0.081 0.104 0.095 0.099 0.113 0.108
30 0.140 0.171 0.192 0.192 0.206 0.228 0.157 0.192 0.216 0.246 0.279 0.335 0.174 0.212 0.248 0.274 0.304 0.366
50 0.272 0.330 0.410 0.537 0.603 0.735 0.393 0.438 0.593 0.728 0.792 0.914 0.422 0.489 0.677 0.826 0.889 0.984
100 0.671 0.931 0.982 0.999 1.000 1.000 0.869 0.994 0.999 1.000 1.000 1.000 0.922 0.999 1.000 1.000 1.000 1.000
200 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Notes: Numbers in the table denote the sizes of the BCIPS test. Data are generated by: vy, = (1—¢L)(z4 +a;1SIN2xkt I T) +a; , cos(2zkt I T)) + @ Vi1 + 7 fy + &, Tor
i=1,..,N and t=1,...,T, where vy, g and f ~iidN(0.1); » ~ii.dU[-L3] ( high cross-sectional dependence); «;,,¢;,~ i.i.d.U[1,2] (high amplitude);
Eit ~ _._.Q.zﬂo_qu with Qw ~1.1.d.U[0.5,1.5] . Size (under the null & =1) and power (under the null ¢ ~i.i.d.U[0.85,0.95]) are computed at the 5% nominal level

based on the following regression : Ay, = ;o +C;;Asin(2kzt/T) +¢; ,ACos(2Kk7t / T) +C; 3V 4 +Ci 4AY, +0y Vi 4 +€¢, 1=1,...,N, t=1,...,T, where Y, = zLM__.MHV\: ,

AY, =V, V4. BCIPS"(N,T)= ZLM“WH.:*AZ_J , where t; (N,T) is the truncated t-statistic described in (23).
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Table 4. Size and power of the panel unit-root test: high cross-sectional dependence, breaks with high amplitude, serially correlated errors (Intercept case)

k=1 k=2 k=3
/N 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200

Size: Positive residual serial correlations

30 0.048 0.047 0.045 0.037 0.034 0.038 0.035 0.021 0.018 0.012 0.007 0.006 0.021 0.008 0.007 0.004 0.001 0.000
50 0.048 0.058  0.041 0.047 0.042 0.044 0.038 0.037 0.024 0.022 0.018 0.013 0.025 0.020 0.017 0.012 0.004 0.003
100 0.051  0.065 0.053 0.046 0.048 0.043 0.044 0.045 0.038 0.034 0.033 0.025 0.043 0.040 0.028 0.024 0.019 0.015
200 0.057 0.053 0.045 0.051 0.047 0.049 0.053 0.044 0.038 0.038 0.042 0.038 0.048 0.037 0.036 0.035 0.034 0.028
400 0.043 0.048 0.056 0.059 0.051 0.051 0.051 0.046 0.048 0.046 0.045 0.040 0.043 0.048 0.047 0.043 0.038 0.034

Size: Negative residual serial correlations

30 0.053 0.065 0.060 0.057 0.045 0.053 0.048 0.055 0.043 0.043 0.050 0.050 0.037 0.033 0.026 0023 0023 0019
50 0.054 0.053 0.051 0.051 0.054 0.053 0.053 0.050 0.049 0.048 0.052 0.049 0.045 0.039 0.038 0.029 0.026 0.027
100 0.063 0070 0.052 0.052 0.054 0.053 0.052 0.067 0.047 0.051 0.041 0.053 0.058 0.061 0.046 0.044 0.040 0.039
200 0.068 0.052 0.055 0.045 0.054 0.057 0.058 0.056 0.049 0.049 0.052 0.047 0.064 0.039 0.049 0.043 0.043 0.043
400 0.052 0.046 0.053 0.053 0.048 0.053 0.053 0.053 0.050 0.056 0.054 0.048 0.053 0.046 0.046 0.048 0.049 0.051
Power: Positive residual serial correlations
30 0126 0135 0.157 0.140 0.154 0.161 0.089 0.075 0.088 0.068 0.078 0.080 0.054 0036 0.037 0025 0023 0016
50 0.204 0293 0.348 0353 0422 0437 0.196 0.268 0334 0321 0.404 0.428 0.155 0.219 0.252 0.246 0.308 0.352
100 0.590 0774 0941 0.955 0999  1.000 0.789 0915 0.993 0.997 1.000 1.000 0.812 0939 0997 0999 1000 1.000
200 0.999 1.000 1.000 1.000 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
400 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
Power: Negative residual serial correlations
30 0.108 0.148 0.144 0.139 0132 0.116 0.106 0.166 0.168 0.181 0.178 0.166 0.092 0.162 0.137 0.145 0.140 0.131
50 0.260 0.298 0.348 0346 0.482 0.464 0.374 0416 0501 0534 0722 0.700 0.414 0.444 0541 0590 0.817 0.829
100 0.390 0.893 0.903 0.994 1.000  1.000 0.572 0.987 0.993 1.000 1.000 1.000 0.656 0.996 0.997 1.000 1.000 1.000
200 0.990 1.000 1.000 1.000 1.000  1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000
400 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Notes: Numbers in the table denote the sizes of the BCIPS  statistic. Data are generated by: vy, = (1— ¢ L)(z; + a1 SIN27Kt I T) +a; , COS(2zKt/ T)) + Vi1 + 7 fi + &5
and &, = pj&iy +8;, fori=1,...,N and t=1,...,T. See Notes on Table 3 for parameters and initial values setting.
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Table 5. Size and power of the panel unit-root test: no serial correlation, high cross-sectional dependence, breaks with high amplitude (Trend case)

k=1 k=2 k=3
T/N 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200

Size
30 0.059 0.051 0.052 0.048 0.047 0.045 0.070 0.066 0.072 0.076 0.074 0.082 0.068 0.057 0.070 0.064 0.063 0.067
50 0.047 0.055 0.054 0.052 0.053 0.048 0.060 0.064 0.058 0.061 0.064 0.069 0.054 0.062 0.056 0.064 0.062 0.057
100 0.057 0.062 0.053 0.053 0.050 0.048 0.065 0.060 0.057 0.056 0.058 0.056 0.063 0.066 0.052 0.054 0.058 0.060
200 0.058 0.047 0.049 0.048 0.054 0.047 0.058 0.054 0.049 0.049 0.053 0.048 0.059 0.054 0.053 0.048 0.051 0.051
400 0.051 0.055 0.056 0.052 0.051 0.046 0.055 0.055 0.052 0.052 0.056 0.049 0.045 0.055 0.049 0.056 0.051 0.054

Power

30 0.074 0.069 0.069 0.063 0.065 0.072 0.096 0.107 0.103 0.102 0.107 0.132 0.108 0.126 0.127 0.128 0.136 0.176

50 0.090 0.136 0.120 0.150 0.178 0.182 0.142 0.227 0.189 0.275 0.253 0.270 0.173 0.325 0.269 0.443 0.456 0.552

100 0.315 0.572 0.763 0.884 0.973 0.997 0.558 0.838 0.955 0.989 0.999 1.000 0.656 0.933 0.992 1.000 1.000 1.000

200 0.943 1.000 1.000 1.000 1.000 1.000 0.995 1.000 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000

400 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Notes: Numbers in the table denote the sizes of the BCIPS test. Data are generated by: Vit = 441 A= L+ Q-G L) (1 + a1 SINQR7Kt/ T) + o 5 cOS(27KE/ T)) + 4 Yie 4
+7; f + &, fori=1,..,N and t=1,....T, where y,;, f ~i.i.dN(0.1); 44, g;~1idU(0,0.02) and y; ~i.i.d.U[-13] (high cross-sectional dependence); «;;,c;,~

i.i.d.U[1,2] (high amplitude); &, ~i.i.d.N(0,6?) with o7 ~i.i.dU[0.5,1.5]. Size (under the null ¢ =1) and power (under the alternative ¢ ~ i.i.d.U[0.85,0.95]) are
computed at the 5% nominal level based on the BCADF(0) regression : Ay, =C; o +7-t+C;;AsiN(2Kzt / T) +¢; ,AC0OS(2K 7t / T) +C; 3V 1 +C 4AV, +D; Vi 1 +€¢, 1=1,..0N,

t=1,...,T, k=1,...,3, where y, = ZLM“__.MHV:H ., AY, =V, - V. BCIPS"(N,T)= zLMWHH_Az,.C ,where t (N,T) is the truncated t-statistic described in (23).
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Table 6. Size and power of the panel unit-root test: high cross-sectional dependence, breaks with high amplitude, serially correlated errors (Trend case)

=1 k=2 k=3
/N 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200
Size: Positive residual serial correlations
30 0.063 0.062 0.066 0.053 0.053 0.058 0.048 0.031 0.033 0.030 0.027 0.026 0.020 0.011 0.009 0.006 0.002 0.002
50 0.057 0.061 0.060 0.061 0.073 0.069 0.050 0.043 0.039 0.039 0.032 0.033 0.025 0.020 0.014 0.012 0.007 0.004
100 0.056 0.069 0.059 0.057 0.057 0.063 0.059 0.049 0.044 0.046 0.045 0.043 0.043 0.039 0.024  0.022 0.021 0.018
200 0.057 0.048 0051 0.051 0.057 0.055 0.052 0.051 0.047 0.044 0.044 0.041 0.047 0.038 0.040 0.034 0.032 0.029
400 0.049 0.053 0.056 0.052 0.052 0.051 0.057 0.050 0.052 0.049 0.053 0.045 0.044 0.049 0.040 0.048 0.040 0.045
Size: Negative residual serial correlations
30 0.053 0.078 0.062 0.066 0.066 0.075 0.064 0.079 0.065 0.069 0.063 0.073 0.047 0.049 0.042 0.033 0.037 0.036
50 0.054 0.049 0.057 0.055 0.059 0.064 0.053 0.055 0.064 0.062 0.058 0.067 0.044 0.045 0.041 0.036 0.035 0.037
100 0.067 0.084 0.053 0.053 0.062 0.059 0.063 0.080 0.054 0.051 0.055 0.053 0.062 0.069 0.048 0.044 0.040 0.042
200 0.067 0.046 0.051 0.053 0.054 0.051 0.065 0.053 0.054 0.049 0.049 0.052 0.056 0.052 0.056 0.050 0.047 0.042
400 0.048 0.044 0.052 0.046 0.053 0.052 0.060 0.050 0.050 0.047 0.053 0.053 0.056 0.051 0.052 0.050 0.052 0.045
Power: Positive residual serial correlations
30 0.069 0.069 0.073 0.063 0.066 0.072 0.069 0.053 0.047 0.047 0.040 0.035 0.032 0.022 0.017 0.011 0.005 0.005
50 0.073 0.095 0.096 0.112 0.130 0.140 0.085 0.114 0.102 0.130 0.119 0.137 0.057 0.089 0.067 0.096 0.069 0.088
100 0.236 0.408 0.491 0.555 0.754 0.904 0.419 0.671 0.749 0.803 0.911 0.973 0.469 0.761 0.861 0.920 0.983 0.999
200 0.876 0.996 1.000 1.000 1.000 1.000 0.985 1.000 1.000 1.000 1.000 1.000 0.996 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Power: Negative residual serial correlations

30 0.061 0.087 0.070 0.077 0.071 0.087 0.069 0.102 0.090 0.087 0.073 0.097 0.055 0.088 0.073 0.064 0.062 0.068
50 0.070 0.081 0.097 0.106 0.124 0.124 0.095 0.124 0.152 0.172 0.176 0.182 0.112 0.150 0.187 0.224 0.270 0.310
100 0.285 0.338 0.498 0.681 0.905 0.982 0.521 0.540 0.766 0.920 0.993 1.000 0.639 0.664 0.903 0.990 1.000 1.000
200 0.984 1.000 1.000 1.000 1.000 1.000 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
400 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Notes: Numbers in the table denote the sizes or powers of the BCIPS test. Data are generated by: Vit = 41 A= Lt + Q-G L) (14 + 1 SIN2rkt / T) +a; , cos(27zkt / T))
+o Vi +yifi+& and g = pigiy +6;, fori=1,... N, t=1,....,T and k=1,...,3. See Notes on Table 5 for parameter and initial values setting.
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Table 7. Size of the panel unit-root test allowing for smoothing breaks when k is unknown

\AHH \AHN \AHW

T/N 10 20 30 50 100 200 10 20 30 50 100 200 10 20 30 50 100 200

The intercept case
30 0.072 0.059 0.060 0.050 0.047 0.053 0.080 0.073 0.066 0.064 0.062 0.059 0.059 0.047 0.059 0.051 0.049 0.049
50 0.071 0.064 0.049 0.049 0.045 0.051 0.074 0.075 0.057 0.060 0.052 0.050 0.062 0.057 0.049 0.050 0.046 0.057
100 0.074 0.070 0.056 0.047 0.052 0.046 0.073 0.070 0.051 0.052 0.060 0.048 0.066 0.057 0.053 0.049 0.054 0.053
200 0.076 0.064 0.055 0.055 0.047 0.052 0.065 0.053 0.036 0.049 0.052 0.051 0.059 0.049 0.045 0.050 0.049 0.052
400 0.080 0.062 0.063 0.058 0.051 0.052 0.075 0.050 0.042 0.046 0.041 0.042 0.061 0.050 0.038 0.046 0.046 0.044

The linear trend case
30 0.102 0.067 0.066 0.062 0.052 0.054 0.116 0.093 0.088 0.099 0.090 0.103 0.086 0.065 0.061 0.059 0.049 0.055
50 0.102 0.084 0.063 0.062 0.066 0.049 0.107 0.102 0.070 0.078 0.079 0.072 0.079 0.062 0.056 0.057 0.055 0.047
100 0.100 0.081 0.074 0.061 0.054 0.055 0.089 0.077 0.068 0.060 0.071 0.067 0.072 0.067 0.054 0.053 0.054 0.059
200 0.086 0.072 0.066 0.059 0.060 0.054 0.076 0.061 0.056 0.057 0.061 0.056 0.065 0.051 0.052 0.051 0.053 0.054
400 0.098 0.086 0.080 0.062 0.063 0.051 0.085 0.066 0.058 0.059 0.065 0.055 0.066 0.055 0.035 0.053 0.049 0.053

Notes: the number in the table is the size of the BCIPS™ statistic in which the frequency component (k) in the Fourier function is selected based on the minimum of
the sum of SSR rule described in the paper. The BCIPS statistic is defined as BCIPS (N,T) = ZLMNHTZ,J_ where t (N,T) is the truncated t-statistic
described in (23).
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Table 8. BCIPS* and CIPS* tests of real exchange rates

p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9 p=10 p=11 p=12
Monthly data, N=60, T=448, k =1
Ave( P ) 0.168, # 0.168, # 0.167, # 0.168, # 0.168, # 0.168, # 0.169, # 0.169, # 0.170, # 0.170, # 0.171, # 0.172, #
Ave(cl) -0.014 -0.014 -0.007 -0.008 -0.002 -0.028 -0.030 -0.029 -0.027 -0.027 -0.019 -0.021
Ave(c2) -0.013 -0.004 -0.012 0.013 -0.007 0.048 0.046 0.021 0.007 -0.009 -0.007 -0.007
BCIPS* -3.749* -3.535* -3.608* -3.493* -3.693* -3.502* -3.513* -3.582* -3.661* -3.789* -3.663* -3.679*
CIpS* -2.808* -2.632* -2.678* -2.578 -2.698* -2.529 -2.515 -2.549 -2.594 -2.673* -2.565 -2.544
AF 3.796* 3.554* 3.686* 3.613* 4.072* 3.785* 3.804* 3.983* 4.175* 4.411* 4.293* 4.404*
Monthly data, N=39, T=448, k=1
Ave( o) 0.280, # 0.278, # 0.278, # 0.279, # 0.278, # 0.278, # 0.278, # 0.279, # 0.280, # 0.281, # 0.282, # 0.281, #
Ave(cl) -0.050 -0.050 -0.033 -0.039 -0.040 -0.042 -0.035 -0.028 -0.031 -0.032 -0.028 -0.028
Ave(c2) 0.000 -0.003 -0.002 0.011 0.011 0.014 -0.003 -0.013 -0.022 -0.025 -0.026 -0.041
BCIPS* -3.669* -3.470* -3.546* -3.401 -3.417 -3.525%* -3.606* -3.754* -3.790* -3.831* -3.735* -3.783*
CIpS* -2.525 -2.361 -2.415 -2.274 -2.282 -2.328 -2.354 -2.447 -2.451 -2.466 -2.388 -2.372
AF 4.167* 3.916* -- - 3.915* 4.205* 4.440* 4.772* 4.887* 5.048* 4.861* 5.032*
Quarterly data, N=60, T=149, k=1 Quarterly data, N=39, T=149, k=1
p=1 p=2 p=3 p=4 p=1 p=2 p=3 p=4
Ave( P ) 0.190, # 0.191, # 0.196, # 0.199, # 0.302, # 0.302, # 0.307, # 0.306, #
Ave(cl) -0.020 -0.023 -0.019 -0.021 -0.028 -0.024 -0.017 -0.021
Ave(c2) 0.021 0.008 -0.036 -0.007 0.007 -0.013 -0.041 -0.043
BCIPS* -3.781* -3.458* -3.808* -3.588* -3.607* -3.567* -3.819* -3.626*
CIpS* -2.735* -2.421 -2.627* -2.414 -2.423 -2.308 -2.435 -2.228
AF 4.171* 3.878* 4.613* 4.440%* 4.226* 4.401* 5.056* 4.819*

Notes: k is the single-frequency component in the Fourier function and K is the estimated k. ‘#’ indicates that the cross-sectional dependence test of Pesaran (2004) rejects
the hypothesis of no cross-sectional dependence of residuals obtained from the ADF regression equation augmented with a Fourier function. Ave( o) is the mean of the

pair-wise, cross-sectional correlation coefficients of the residuals from the above regression. Ave(cl) and Ave(c2) are the cross-sectional average of the estimated
coefficients on the sine and cosine terms in the Fourier function. CIPS* is the panel unit-root test of Pesaran (2007) and BCIPS* is the panel unit-root test proposed by the
paper. “*” denotes significance at the 5% level. The AF statistic is the average of the F statistics across individuals in the panel. ‘--* indicates that a statistic is not

constructed.
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